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Preface

No podemos esperarnos que ningin aspecto de la realidad
cambie si seguimos usando los medios [...] de un lenguaje
que lleva el peso de toda la negatividad del pasado. El
lenguaje estd ahi, pero tenemos que limpiarlo, revisarlo y,
sobre todo, debemos desconfiar de él.

J. Cortéazar

What is co/end ‘calculus’ Coend calculus rules the behaviour of
suitable universal objects associated to functors of two variables T :
CP xC—D.

The intuition behind the process of attaching a special invariant to
such a functor T' can be motivated in many ways.

It is well-known that a measurable scalar function f : X — R from a
measurable space (X, ) can be integrated ‘against’ a measure p defined
on 2 to yield a real number

/X F()dp

(for example, when X is a smooth space, the measure can be legitimately
thought to depend ‘contravariantly’ on x, as du is a volume form living in
the top-degree exterior algebra of X ). In a similar fashion, the evaluation
map VY ®V — K for a vector space V is a pairing (¢,v) = ((v) between
a vector v and a co-vector ( : V' — /K, that becomes the sum ", (;v;
once a basis for V, and its dual basis, is chosen and the vector v has
coordinate (vy,...,v4), whereas ¢ has coordinates ((i,...,(q)-

At the cost of pushing this analogy further than permitted, a functor
T : C°? x C — D can be thought as a generalised form of evaluation
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of an object of C against another; the ‘quantity’ T'(C,C") can then be
‘integrated’ to yield two distinct objects having dual universal properties:

C1) a coend, resulting by the symmetrisation along the diagonal of T,
i.e. by modding out the coproduct [[..,T(C,C) by the equivalence
relation generated by the arrow functions T(_,C’) : C°?(X,Y) —
D(T(X,C"), T(Y,C")and T(C, _) : C(X,Y) = D(T(C, X), T(C,Y));

C2) an end, i.e. an object [, T(C,C) arising as an ‘object of invariants’
of ‘fixed points’ for the same action of T' on arrows; by dualisation, if
a coend is a quotient of [, T(C,C), an end is a subobject of the
product [[oc. T(C, C).

This also suggests a fruitful analogy with modules over a ring: if a functor
: CP xC — Set is a ‘bimodule’, that lets C act once on the left and once
on the right on the sets T'(C,C"), the end [, T(C, C) is the subspace of

invariants for the action of C, whereas the coend f T(C,C) is the space
of orbits (or “coinvariants”) of said action.

In fact, a rather common way to employ coends is the following: con-
sider a functor F' : C — Set (a ‘left module’) and a functor G : C°P — Set
(a ‘right module’), and tensor them together into a functor (C,C”) —
GC x FC'; the symmetrisation of F' x G yields a functor tensor product
of F,G as the set

C
F&G::/ FC xGC.

Note that in this light, the analogy is meaningful: if C is a single-object
category (so a monoid or a group G), such a pair of modules constitutes
a pair (X,Y) of a left and a right G-set, and their functor tensor product
can be characterized as the product X XY obtained as the quotient of
X x G for the equivalence relation (g.x,y) ~ (x,g.y), so that X x5 Y is
the universal G-bilinear product of sets, in that the “scalar” g € G can
pass left-to-right from (g.z,y) to (x, g.y) in the quotient. Of course, the
terminology works better when X, Y are vector spaces carrying a linear
representation of G.

Theorems involving ends and coends f T(C,C) and [,T(C,C) can
now be proved by means of the universal properties that define them;
it is easily seen that given T : C°P x C —> D there exist a category
C and a functor T : C — D such that f T(C,C) = colimzT and
[T c (C,C) = lims T. In the example above, the tensor product of a left
G- module and a right G-module (here ‘module’ means ‘k-vector space’)
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can be characterized as the coequalizer

®g€GX®kY XY —X®cY (01)
B

where a(g, (z,y)) = (g.z,y) and B(g, (z,y)) = (z,9.y)-
So, all co/ends can be characterised as co/limits; but they provide a

richer set of computational rules than mere co/limits. Often, establishing
that an object has a certain universal property is a difficult task, because
a direct argument tangles the reader to use elements. A general tenet
of modern category theory is that cleaner, more conceptual arguments
shall be preferred against element-wise proofs that are evil in spirit, if
not in shape.

Co/end calculus provides such conceptualisation for many classical
arguments of category theory: it is in fact possible to prove that two
objects of a category, at least one of which is defined as a coend, are
isomorphic by means of a chain of ‘deduction rules’.

These rules are described in the first half of the book, but here we
glimpse at what they look like.!

In order to make clear what this paragraph is about, let us consider
the statement that right adjoints preserve limits; it is certainly possible
to prove it by hand. Nevertheless, using little more than the Yoneda
lemma it is possible to prove that if R : D — C is right adjoint to L :
C — D, there is a natural isomorphism of hom-sets C(C, R(limy D)) =
C(C,limy RDj) for every object C, and every diagram D : J — D by
arguing as follows:

C(C, R(hmj DJ )

C(LC, limj DJ

lims C(C,RD,

)
)
lim 7 C(LC, D)
)
)

C(C, limj RDJ

1 The somewhat far-fetched conjecture that permeates all the book is that coend
calculus provides an higher-dimensional version of a deductive system, suited for
category theory (see [CWO01] for some preliminary steps in this direction), having
deduction rules similar to those of Gentzen’s sequent calculus. We will never
attempt to turn this enticing conjecture into a theorem, or even to make a
precise claim; the interested reader is thus warned that their curiosity will not
get satisfaction —not in the present book, at least. We record that the idea that
coends categorify logical calculus comes from William Lawvere, and it was first
proposed in [Law73].
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where each step of this “deduction” is motivated either by the fact that
L 4 R are adjoint functors, or by the fact that all functors C(X, _)
preserve limits. Once this is proved, Yoneda lemma (see A.5.3 for the
statement) entails that there is an isomorphism R(lim D) = lim RD .

A similar argument is a standard way to prove that a certain object,
defined (say) as the left adjoint to a certain functor, must admit an
‘integral expansion’ to which it is canonically isomorphic. For example,
in the proof of what we called ninja Yoneda lemma in 2.2.1, we carry on
the following computation:

set( [95C KC x C(X,C),Y)

Jiee Set (KC x C(X,C),Y)

Joce Set(C(X, C), Set(KC,Y))

[C,Set](C(X, —),Set(K _,Y))

Set(KX,Y)

where each step has to be interpreted as an application of a certain
deduction rule that interchanges coends with ends, places them in and
out of a hom functor, etc.

The reduction of proofs to a series of deduction steps embodies some
sort of ‘logical calculus’, whose introduction rules resemble formulas as

Cat(C,D)(F,G) ~ / D(FC,GC)
C

where the object Cat(C,D)(F,G) is decomposed into an integral like
Jo D(FC,GC), and elimination rules look like

C
/ FC xC(C,X)~ FX

where an integral is packaged into the object F'X (of course, the symmet-
ric nature of the canonical isomorphism relation makes all elimination
rules reversible into introductions, and vice versa). Altogether, this al-
lows to derive the validity of a canonical isomorphism as a result of a
chain of deductions, in a ‘categorified’ fashion.

The reader shall of course not concentrate now on the meaning of
these derivations at all; all notation will be duly introduced at the right
time; when the statement of our 2.2.1 will be introduced, the chain of
deductions above will look almost tautological, and rightly so.
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It is clear that done in this way, category theory acquires an alluring
algorithmic nature, and becomes (if not easy, at least) easier to under-
stand.

Thus, the ‘calculus’ arising from these theorems encodes many, if not
all, elementary constructions in category theory (we shall see that it sub-
sumes the theory of co/limits, it allows for a reformulation of the Yoneda
lemma, it provides an explicit formula to compute pointwise Kan exten-
sions, and it is a cornerstone of the ‘calculus of bimodules’, encoding
the compositional nature of profunctors, the natural categorification of
relational composition).

As it stands, co/end calculus describes pieces of abstract and universal
algebra [Curl2, GJ17], algebraic topology [MSS02, May72, Get09], repre-
sentation theory [LV12], logic, computer science [Kmel8], as well as pure
category theory. The present book wishes to explore in detail such a
theory and its applications.

So far, the motivations for the topic of this book. What about the
motivation for the book itself? It shall be noted that co/ends are not
absent from the already existing literature on category theory: the topic
is covered in [ML98], a statutory reading for every categorephile, and
Mac Lane himself used coends to characterise a construction in alge-
braic topology as a ‘tensor product’ operation between functors in his
[ML70]; coends are mentioned (but not used as widely as they deserve)
in Borceux’s Handbook (in its first two tomes [Bor94a, Bor94b]); however,
the topic lacks a treatment that it is at the same time systematic, easy
to read, and monographic.

As a result, co/end calculus still lies just beyond the grasp of many
people, and even of a few category theorists, because the literature that
could teach its simple rules is a vast constellation of scattered papers,
drawing from a large number of diverse disciplines.

This situation is all the more an issue because nowadays category the-
ory produces fruitful contamination with applied sciences: in the opin-
ion of the author, it is of the utmost importance to provide his grow-
ing community with a single reference that accounts for the simplicity
and unitary nature of category theory through co/end calculus, thereby
providing proof for the plethora of its different applications, and pop-
ularising this ‘secret weapon’ of category theorists, making it available
to novices and non-mathematicians. The present endeavour is but an
humble attempt to address this issue.



vi Preface

A brief history of co/ends. Like many other pieces of mathematics,
co/end calculus was developed as a tool for homological algebra: the first
definition of co/end was given in a paper studying the Ext functors, and
the father of co/end calculus is none other than Nobuo Yoneda. In his
[Yon60] he singled out most of the definitions we will introduce along
the first five chapters of this book.

Having read Yoneda’s original paper to write the present introduction,
we find no better way than to quote the original text, untouched, just
occasionally adding a few details here and there to frame Yoneda’s words
in a modern perspective, (but also in order to adapt them to our choice
of notation).

This strategy has multiple purposes: [Yon60] is a mathematical gem,
an enticing prelude of all the theory developed in the subsequent decades,
and a perfect prelude to the story this book tries to tell; even more so,
in reporting Yoneda’s words we believe we are also doing a service to the
mathematical community, since the integral text of [Yon60] is somewhat
difficult to find.

Our sincere hope is that this introduction, together with the whole
book the readers are about to read, credits the visionary genius of
Yoneda: category theory has few theorems, and one of them is a lemma.
The Yoneda lemma, in its myriad of incarnations, is certainly a cor-
nerstone of structural thinking, way before than of category theory: if
anything more was needed to revere Nobuo Yoneda, let this be co/end
calculus.

The paper [Yon60] starts introducing co/ends in the following way:

Let C be a category. By a left C-group we mean a covariant functor M of
C with values in the category Ab of abelian groups and homomorphisms.
[...] Also by a C*-group (or a right C-group) we mean a contravariant
functor K : C — Ab [...]. Functors of several variables with values in
Ab will accordingly be called B-C-groups, B*-C-groups, etc.

Let H be a C*-C-group, and G an additive group. By a balanced
homomorphism p : G = H we mean a system of homomorphisms
w(C) : G — H(C,C) defined for all objects C' € C such that for ev-
ery map v : C — ¢’ in C commutativity holds in the diagram

a—"9 mec)

H(C')l lH(C,’Y)

H(C/,Cl)m H(C, C/)
2B

Also by a balanced homomorphism A : H = G we mean a system of
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homomorphisms A(C) : H(C,C) — G defined for all objects C' € C such
that for every map v : C' — C’ in C commutativity holds in the diagram

a,o) 2, o

H(W,C‘)l lx(c’)

H(C,C) —= G
A(C)

Of course, here a left /right ‘C-group’ is merely an Ab-enriched presheaf
(covariant or contravariant) with domain C. The above paragraphs define
the fundamental notions we will use throughout the entire book, wedges
and cowedges. These are exactly natural maps from/to a constant, that
vary taking into account the fact that H(C, C') depends both covariantly
and contravariantly on C. There is a category of such co/wedges, and a
process dubbed co/integration picks the initial and terminal objects of
such categories:

An additive group I together with a balanced 6 : H = [ is called integra-
tion of a C*-C-group H if it is universal among balanced homomorphisms
from H, i.e. if for any other balanced homomorphism A : H =o G there
is a unique morphism ¢ : I — G such that ¢ 0 §(C) = A(C) for every
object C' € C.

[Integrations and cointegrations] are [...] given as follows: for a map
v:C — C"in C we put H(y) = H(C',C), H(v*) = H(C,C"), and
define homomorphisms

0, :H(v)— H(C,C)® H(C',C")
8y H(C,C)@ H(C',C') — H(v*)

by

(W) =hoy@ (~yol)
dy(hdh")y=v0oh—h"ox

Denote by %o and TI° the direct sum Y cec H(C,C) and the direct
product Hcec H(C,C) respectively. Also, denote by ¥; and II' the

direct sum Zvehom(c) H(y) and Hvehom(c) H(v*) respectively. Then
0~, 0~ are extended to homomorphisms

8:31 =% o 10— 11k

Now [Yon60] proves that the ‘integration’ fCH and the ‘cointegration’
/. c*' H of a C*-C-group are respectively given by the cokernel of dc ¢, and
by the kernel of dc¢r, for suitably defined maps dccr and dccor.

To avoid confusion, we stress that in this definition Yoneda employed
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the opposite choice of terminology that we will introduce later on: an inte-
gration for H is a coend fc H(C,C), but Yoneda denotes it [, H(C,C);
a cointegration is an end [, H(C,C) but Yoneda denotes it [, H(C,C).
Always be careful if you consult [Yon60], or references from the same
age.

The coend fc H of a functor H : C°? x C — D is a colimit (in the
particular case of Ab-enriched functors, a cokernel) built out of H, and
the end f o H is a limit; precisely the kernel of a certain group homo-
morphism. Once this terminology has been set up, given two functors
F,G:C — D, if welet H be the functor (C,C") — D(FC,GC"), a family
of arrows a¢ : FFC' — GC forms the components of a natural transfor-
mation « : ' = G if and only if the components a¢ : FFC — GC lie
in the kernel of a ‘differential’ § : [leec H(C,C) — H’yGhom(C) H(y*),
obtained in the obvious way ‘gluing’ all the dccr together.

In dealing with functors of more variables, we shall often inscribe x (or
Y, z) to indicate the two entries to be considered in the (co)integration,
namely we write

(X, X, 0. (0.2)
XecC

This is based on the following fact: let H, H' be C-C*-groups, and let
0:H — [.H, 0 : H — [,H be the integrations. Then a natural
transformation n : H = H’ induces a unique homomorphism fcn :

Jo H — [, H' such that (fc 77) 00(C) =0'(C)on(C,C). Thus if H is a
B-C*-C-group, then f)(:e)c H(B, X, X) is a B-group. On this account, for
an A-B*-B-C-C*-group H we have

/ H(AY,Y, X, X) :/ H(AY,Y, X, X)
YeBJXeC XeCcJyeB

Here Yoneda introduces one of the pillars of coend calculus, the Fubini
rule, i.e. the fact that the result of a co/integration is the same irre-
gardless of the order of integration; this is ultimately just a consequence
of the functoriality of the assignment sending a C-C*-group H into its
co/integration. Of course, there is nothing special about the codomain
of H being the category of abelian groups: any sufficiently co/complete
category D will do, as long as the co/integrations involved exist.

In modern terms, the Fubini rule can be obtained as a consequence of
a much deeper, and hopefully more enlightening, result: we prove it in
our 1.3.1.

Next for a B-group M and a C-group N, M ® N : N(C) @ M(B) is a
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B-C-group, and hom(M, N) = hom(M B, NC) is a B*-C-group. For an
A-group M and a B-C-C*-group H we have:
MA® HB,X,X)=MA® H(B,X,X)

Xxec xXecC

*

Xec

/ hom(MA, H(B, X, X)) = hom (MA,
. xec

H(B, X,X))

/* hom(H (B, X, X), MA) :hom( ’

H(B, X, X), MA)
XecC

xec
As an immediate consequence of these statements we get another fun-
damental building-block of a coend ‘calculus’ given two functors M :
B — Ab and N : B°® — Ab, they can be tensored by the integration
MXN := fBeBN(B) ®z M(B).

A rather interesting perspective on this construction is the following:
the result remains true when the Ab-category B has a single object, so it
is merely a ring B: in such a case, a functor M : B — Ab is a left module,
and a functor N : B°? — Ab is a right module; the integration (or in
modern terms, the coend) [ BN ®z M in this case is exactly the tensor
product of B-modules: it has the universal property of the cokernel of
the map

PMeiN 5 Me,N
beB

defined by o(b,m,n) = b.m — n.b.

As the reader might now suspect, few analogies of them are more
fruitful than the one between modules over which a monoid object acts,
and presheaves C — Set.

Structure of the book. We shall now briefly review the structure of
the book: in the first three chapters we outline the basic rules of co/end
calculus; after having defined a co/end as a universal object and having
proved that it can be characterised as a co/limit, we start denoting
such object as an integral [,T(C,C) or fCT(C’, C). This notation is
motivated by the fact that co/ends ‘behave like integrals’ in that a Fubini
rule of exchange holds: see 1.3.1.

Then we introduce the first rules of the calculus: the Yoneda lemma
A.5.3 can be restated in terms of a certain coend computation, and
pointwise Kan extensions can be computed by means of a co/end.

After this, we study the single case of left Kan extensions along the
Yoneda embedding: in some sense, the theory of such extensions alone
embodies “all” category theory.
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The subsequent chapter begins to introduce more modern topics de-
scribed by means of co/end calculus. The theory of weighted co/limits,
of profunctors and operads is a cornerstone of ‘formal’ approaches to
category theory. Weighted co/limits are the correct notion of co/limit in
an enriched or formal-categorical (see 2.4 and [Gra74]) setting; profunc-
tors are a bicategory where one can re-enact all category theory, and are
deeply linked to categorical algebra and representation; operads, initially
introduced as a technical mean to solve an open problem in homotopy
theory, constitute now the common ground where universal algebra and
algebraic topology meet. The final point of the chapter will be 6.4.7,
where we draw a tight link between profunctors and operads.

The subsequent chapter studies higher-dimensional analogues of co/-
ends; first, we study co/ends in 2-categories; then we move up to infinity
and study homotopy-coherent analogues of co/ends, in simplicial cat-
egories [Ber07], quasicategories [Lur09], model categories [Hov99] and
derivators.

Appendix A serves as a short introduction to category theory: it fixes
the notation we have employed in the previous chapters. Elementary
mathematics is a prerequisite to appreciate it, but we will introduce
most categorical jargon from scratch.

Each chapter has a short introduction to its content, in the form of
a small abstract; this allows the interested reader to get a glimpse into
the content and fundamental results of each chapter (often, one or two
main theorems). We believe this format is easier to consult than a com-
prehensive survey of each chapter given all at once in the introduction,
so we felt free to keep this short introductory paragraph on the content
of the book pretty terse.

Several exercises follow each chapter of the book; there are questions
of every level, sometimes easy, sometimes more difficult; some of them
make the reader rapidly acquainted with the computational approach to
category theory offered by co/end calculus; some others shed a new light
on old notions. In approaching them, we advise you to avoid element-wise
reasoning; instead, find either an abstract argument, or a ‘deduction-
style’ one.

Some of the exercises are marked with an ®® symbol (eyes wide with
fear): this means they are more difficult and less well-posed questions
than the others. This can happen on purpose (and thus part of the
exercise is understanding what the question is) or not (and thus the
question and its answer are not completely clear even to the author). In
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this second case, it is likely that a complete answer might result in new
Mathematics that the solvers are encouraged to develop.

Other kinds of ‘small eyes’ are present along the book: the paragraphs
decorated with a ®® contain material that can be skipped at first reading,
or material that deepens a prior topic in a not-so-interesting detour; @@
is used to signal key remarks and more generally important material
that we ask the reader to digest properly and analyse in full detail.

Notation. Having to deal with many different sources along the expo-
sition, the hope to maintain a coherent choice of notation throughout
the whole book is wishful thinking; however, the author did his best to
provide a coherent enough one, striving to make it at the same time
expressive and simple.

In general, 1-dimensional category-like structures will be denoted as
calligraphic letters C, D, ...; objects of C are denoted C,C’--- € C. In-
stead, 2-categories are often denoted with a sans-serif case Cat, K, A, ...;
in this case, an object of the 2-category of small categories is denoted
C € Cat, but an object of an abstract 2-category is denoted A € K.

Functors between categories are denoted as capital Latin letters like
F,G, H, K and suchlike (although there can be little deviations to this
rule); the category of functors C — D between two categories is almost
always denoted as Cat(C, D) (or less often [C, D]; this will be done espe-
cially when [C, D] is regarded as the internal hom of the closed structure
in Cat, or when it is necessary to save some space); the symbols _, = are
used as placeholders for the “generic argument” of a functor or bifunctor
(they mark temporal precedence of saturation of a variable); morphisms
in the category Cat(C, D) (i.e. natural transformations between functors)
are often written in lowercase Greek, or lowercase Latin alphabet, and
collected in the set Cat(C,D)(F, G).

The simplex category A is the topologist’s delta (opposed to the al-
gebraist’s delta A, which has an additional initial object [—1] := &),
having objects nonempty finite ordinals [n] := {0 < 1--- < n}; we de-
note A[n] the representable presheaf on [n] € A, i.e. the image of [n]
under the Yoneda embedding of A in the category sSet = A of simplicial
sets. More generally, we indicate the Yoneda embedding of a category C
into its presheaf category with X —or simply &—, i.e. with the hiragana
symbol for “yo”.

Acknowledgments. Writing this book spanned the last five years of
my life; it would probably take five more years to do it in the form the
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topic deserves to be told. I did my best, and if I managed to be proud
of the result, it’s because I've been helped a lot.

The draft of this book accompanied me in all sorts of places: this has
made the list of people who helped and guided me through it quite long.
After all this time, it remains all the more true today that ‘in some sense,
I am not the only author of this note’, as I used to write in the early
stages of this project.

Several people participated and extensively commented such draft(s);
each of them helped to make the present book a little better than it
could have been if I would have been alone.

I would like to thank S. Ariotta (for providing me more help than I
deserved, in the proof of the co-Fubini rule in 7.3), J. D. Christensen, .
Di Liberti, E. de Oliveira Santos (for an attentive proofreading when my
eyes were bleeding), D. Fiorenza (a friend and an advisor I will never be
able to refund for his constant support), A. Gagna, N. Gambino (for of-
fering me me the opportunity to discuss the content of this note in front
of his students in Leeds; in just a few days I realised years of meditation
were still insufficient to teach co/end calculus), L. (for accompanying
me there, and for being the best mate for a much longer trip), F. Gen-
ovese (for believing in co/end calculus with all his heart, and for making
dg-categories more understandable through it), A. Joyal (for letting me
sketch the statement of 4.2.2 on the back of a napkin in a cafe in Paris),
G. Marchetti, A. Mazel-Gee, B. Milewski, G. Mossa, D. Palombi (for shar-
ing with me his truffles, his friendship, his monoidal categories, and his
typographical kinks), D. Ravenel (for believing in the title of this draft
more than I will ever do), M. Roméan, G. Ronchi (for accepting my harsh
ways while I was learning how to be a mentor, and because he Believes
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Dinaturality and co/ends

SUMMARY. Naturality of a family of morphisms ac : FC — GC
defines the correct notion of map between functors F, G; yet, it is not
capable to describe more subtle interactions that can occur between F
and G, for example when both functors have a product category like
C°? x C as domain. A transformation that takes into account the fact
that F, G act on morphisms once covariantly and once contravariantly
is called dinatural.

As ill-behaved as it may seem (in general, dinatural transformations
can’t be composed), this notion leads to the definition of a co/wedge
and co/end for a functor T': C°? x C — D: a dinatural transformation
having constant co/domain, and a suitable universal property. This
is in perfect analogy with the theory of co/limits: universal natural
transformations from/to a constant functor. Unlike colimits, however,
co/ends support a calculus, that is a set of inference rules allowing to
mechanically prove nontrivial statements as initial and terminal points
of a chain of deductions.

The purpose of this chapter, and indeed of the entire book, is to
familiarise its readers with the rules of calculus.

Los idealistas arguyen que las salas hexagonales son una
forma necesaria del espacio absoluto o, por lo menos, de
nuestra intuicién del espacio.

J.L. Borges — La biblioteca de Babel

1.1 Supernaturality

We chose to let the name “supernaturality” describe the two sorts of gen-
eralisations of naturality for functors that we will investigate throughout
the book: dinaturality, in 1.1.1, and extranaturality, in 1.1.8.
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1.1.1 Dinaturality

This first section starts with a simple example. We denote Set the cate-
gory of sets and functions, considered with its natural cartesian closed
structure (see A.4.3.AD4): this means that we have a bijection of sets

Set(A x B,C) = Set(A,CP) (1.1)

natural in all three arguments, if we let C® denote the set of functions
f: B — C. The bijection above is defined by the maps

(f:AxB—C)m APy (4 BB L2, 0B

(g:A—CB) s Ax B L5, 0B x B 22, ¢

by means of suitable unit and counit maps n and € (see A.4.1) wit-
nessing the adjunction. Let us concentrate on the counit map alone (a
dual reasoning will yield similar conclusions for the unit): it is a natural
transformations having components

{eX,(B) ZXB xB—X | X € Set} (12)

This family of functions sends a pair (f,b) € X x B to the element
fb € X, and thus deserves the name of evaluation.

For the purpose of our discussion, we shall consider this family of
morphisms not only natural in X (as every counit morphism), but also
mutely depending on the variable B in its codomain. This means that
X B x B is the image of the pair (B, B) under the functor (U, V) — XY x
V, and X can be regarded similarly as the image of (B, B) under the
constant functor in X. Both functors have thus ‘type’ Set°® x Set — Set.

The evaluation maps ex (p) however do not vary naturally in the vari-
able B; the most we can say is that for each function f € Set(B, B’) the
following square is commutative:

, f
xXB «xpX>X2 xBy B

x| l (13)

XP' x B ——— X.
This relation doesn’t remind naturality so much, but it can be easily
deduced from the request that the adjunction isomorphisms (1.1) are
natural in the variable B; in fact, such naturality imposes the commu-
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tativity of the square

Set(A, XB') — Set(A x B/, X)
Set(A,Xf)l/ lSet(Axf,X) (1.4)
Set(A, XB) ——= Set(A x B, X)

for an arrow f : B — B’ (the horizontal maps are the adjunction iso-
morphisms _ +— eo (_ x B)), and this in turn entails that we have an
equation

exﬁ(B/)o(uxB’)o(Axf):exﬁ(B)o(Xfou)><B (1.5)
ex. o (XP x f)o(ux B)=ex o (X x B)o(ux B) (1.6)

for every u : A — X B' But since this is an equality for every such u,
then the functions ex (g o (XB/ x f) and ex(py o (X x B) must also
be equal.

So, it would seem that there’s no way to frame the diagram above in
the usual context of naturality for a transformation of functors. Fortu-
nately, a suitable generalisation of naturality (a ‘super-naturality’ con-
dition), encoding the above commutativity, is available to describe this
and other similar phenomena.

As already said, the correspondence (B, B') +— CP x B’ is a functor
with domain Set®” x Set; it turns out that these functors, where the do-
main is a product of a category with its opposite, supports a notion of
dinaturality besides the classical naturality; this notion is more suited to
capture the phenomenon we just described: in fact, most of the transfor-
mations that are canonical, depending on two variables (C, C") € C°P xC,
but not natural, can be seen as dinatural.

Definition 1.1.1 (Dinatural transformation). Let C,D be two cate-
gories. Given two functors P, Q : C°? xC — D a dinatural transformation
«: P = @ consists of a family of arrows

ac : P(C,C) = Q(C,C) (1.7)

indexed by the objects of C and such that for any f : C — C’ the
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following diagram commutes

PG pe, o) -2 (o, C)

P(C',C)
P<c/,f>l l@(qn (1.8)

! ! ! ! !
P(C ;C)Q—C,>Q(C ’C)MQ(CaC)
Remark 1.1.2. The notion of dinaturality takes into account the fact
that a functor P : C°P? x C — D maps at the same time two ‘terms’ of
the same ‘type’ C, once covariantly in the second component, and once
contravariantly in the first: on arrows f : C — C” the functor P acts in
fact as follows:

P(C',C)
P(C,f) w)
/ (1.9)
P(C,0) (

P(C',C")

Given two such functors, say P,Q : C°°? x C — D, we can consider the
two diagrams (1.9) and

c,c

Q(C.C) Q(
Q(C.C)

c,c

In the same way a natural transformation F' = G can be seen as a family
of maps that ‘fill the gap’ between F(f) and G(f) in a commutative
square, a dinatural one between P and ) can be seen as a way to close
the hexagonal diagram connecting the action on arrows of P to the
action on arrows of Q:

pP(C’,C)
P(C,C) (

P(C',C")

: ; (1.11)
Y '

Q(C,C) Q(C, ")
m ‘%)
Q(C,C)

c,c’
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This is precisely the diagram drawn in (1.8).

Remark 1.1.3. If we let Po be the functor (U, V) = CY x V, the counit
components ec(g) : Po(B, B) — C of the cartesian closed adjunction
form a dinatural transformation € : Po = A¢, where A¢ is the constant
functor at C.

Such dinatural transformations, having constant codomain, deserve a
special name:

Definition 1.1.4 (Co/wedge). Let P : C°P? x C — D be a functor;

wC1) A wedge for P is a dinatural transformation Ap = P from the con-
stant functor on the object D € D (we often denote such constant
functor simply by the name of the constant, D : C°? x C — D), de-
fined by the rules (C,C") — D, (f, f') — idp.

wo2) Dually, a cowedge for P as above is a dinatural transformation P =o
Ap having codomain the constant functor on the object D € D.

Remark 1.1.5. Wedges for a fixed functor P as above form the class of
objects of a category Wd(P), where a morphism of wedges is a morphism
between their domains that makes an obvious triangle commute; given
two wedges a : D =0 P and o : D’ = P a morphism u : consists of an
arrow u : D — D’ such that the triangle

D v D’

> 112

P(C,C)

is commutative for every component acc and ag . (Note the role of
quantifiers: the same u makes (1.12) commute for every component of
the wedges.)

Dually, there is a category Cwd(P) of cowedges for P, where mor-
phisms of cowedges are morphisms between codomains (of course there
is a relation between the two categories: cowedges for P coincide with
the opposite category of wedges for the opposite functor).

We now define the end of P as a terminal object in Wd(P), and the
coend as an initial object in Cwd(P).

Definition 1.1.6 (Co/end). Let P : C° x C — D be a functor;

e The end of P consists of a terminal wedge w : end(P) =o P; the object
end(P) € D itself is often called the end of the functor.
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e Dually, the coend of P as above consists of an initial cowedge « :
P =o coend(P); similarly, the object coend(P) itself is often called the
coend of P.

Spelled out explicitly, the universality requirement means that for any
other wedge 5 : D =o P the diagram

wc

P(C,C) (1.13)
e

P(C",C") —= P(C,C")

P(f,1)
commutes for a unique arrow h : D — end(P), for every arrow f : C —
C'. Note again the role of quantifiers: the arrow h is the same for every

component of the wedge. A dual diagram can be depicted for the coend
of P.

Remark 1.1.7 (Functoriality of ends). Given a natural transformation
n : P = P’ between functors P, P’ : C°? x C — D there is an induced
arrow end(n) : end(P) — end(P’) between their ends, as depicted in the
diagram

end P/ c’ P/(C/, C/)
end(n) 7
\ e
m(P) P(C', C/) P'(f,C")
\L (1.14)
we P'(C,C) P(C,C)
el e
P(C,C) e P(C.C)

When all ends exist, sending a functor P into its end end(P) is a (co-
variant) functor end : Cat(C°P x C, D) — D: the usual argument applies,
as the arrow end(n) o end(n’) must coincide with end(non’) in a suitable
pasting of cubes. Similarly, the unique arrow induced by idp : P = P
must be the identity of end(P).
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1.1.2 Extranaturality

A slightly less general, but better behaved! notion of super-naturality,
that allows again to define co/wedges and thus co/ends, is available: the
notion is called extra-naturality and it was introduced in [EK66b].

Definition 1.1.8 (Extranatural transformation). Let A, B,C,D be cat-
egories, and P, ) be functors

P:AxB®xB—D,
Q:AXCPxC—D.

An extranatural transformation o : P = () consist of a collection of
arrows

QABC :P(A,B,B) —}Q(A,C,C) (1.15)

indexed by triples of object in Ax B xC such that the following hexagonal
diagram commutes for every triple of arrows f : A — A, g: B — B/,
h:C — (', all taken in their suitable domains:

P(f,B’,9)
>

P(A,B', B) P(A',B,B') —22° L 4, C,C)
P(Agﬁ)l l@(w,cm
P(A, B, B) ———— Q(A,C",C") QA C,Cy;

_—
QUfh,C)
(1.16)

Notice how this commutative hexagon can be equivalently described as
the juxtaposition of three distinguished commutative squares, depicted
in [EK66b]: the three can be obtained letting respectively f and h, f and
g, or g and h be identities in the former diagram, which thus collapses

to

P4, B, B) =28, par B, B) P4, B, B) =224 pa g By
aABCl laA/Bc P(A,g,B)l laAB/c
0(A,C,C) QA C,0) P(A, B, B) Q(A,C,C)

xABC

_
Q(f.C,0)

L We say better behaved since extranaturality admits a graphical calculus
translating commutativity-checking into checking that certain string diagrams
can be deformed one into the other.
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P(A,B,B) —“—Q(4,C,C)

O‘ABC’"L lQ(A7C7h’) (117)

! ! !
QA C',C) WQ(A,C,C)
Remark 1.1.9. We can again define co/wedges in this setting: if B=C
and in P(A,B,B) — Q(A,C,C) the functor P is the constant func-
tor on D € D, and Q(A,C,C) = Q(C,C) is mute in A, we get a
wedge condition for D = @Q); dually we obtain a cowedge condition for
P(B,B) - Q(A,B,B) =D’ for all A, B,C.

It’s worth to mention that a extranatural transformation contains
more information than a dinatural, since in 1.1.8 we are given arrows

F(B,B) 222 (B, B') (1.18)

that are simultaneously a cowedge in B for each B’, and a wedge in B’
for all B, B’ € B. We shall see in a while that extranaturality can be
obtained as special case of dinaturality.

Both dinatural and extranatural transformations give rise to the same
notion of co/end, defined as a universal co/wedge for a bifunctor F :
C°? x C — D. (More formally: the notion of dinatural co/wedge is in-
distinguishable from the notion of extranatural co/wedge, and thus the
two give rise to the same notion of co/end.)

We should prefer extranaturality for a variety of reasons:

e it is less general (see 1.1.12), but it still makes co/ends available;

e it gives rise to a fairly intuitive graphical calculus (see 1.1.10); more-
over, it behaves better under composition (see Exercise 1.4);

e extranaturality is the correct notion in the enriched setting (see 4.3.7
and the caveat right after).

Definition 1.1.10 (®® Graphical calculus for extranaturality). The
graphical calculus for extranatural transformations depicts the compo-
nents aspc, and arrows f: A — A', g: B — B, h: C — C’, respec-
tively as planar diagrams like

F(A B, B) A B C

Y
[

[ ]
f g h
]
G(A, C, C) A B C

<
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where wires are labeled by objects and must be thought oriented from
top to bottom. The commutative squares of (1.17) become, in this rep-
resentation, the following three string diagrams, whose equivalence is
graphically obvious (the labels f, g, h are allowed to ‘slide’ along the
wire they live in):

W, |
A~

U/
| M

|
DT
|
D (]

-
|
D

Remark 1.1.11. The notion of extranatural transformation can be spe-
cialised to encompass various other constructions: simple old naturality
arises when F,G are both constant in their co/wedge components, so
the cap and cup in a4pc vanish:

The wedge and cowedge conditions arise when either F,G are constant,
so that the straight line and one among the cup and the cap in aapc

U

vanish:

[

All the others mixed situations (a wedge-cowedge condition, naturality
and a wedge, etc. that do not have a specified name) admit a graphical
representation of the same sort, and follow similar graphical rules of
juxtaposition, when the boundaries of their associated cells agree in

shape in the obvious sense.

All extranatural transformations can be obtained as particular cases of
dinatural; on the contrary, there are dinatural transformations which are
not extranatural: an example is given in Exercise 1.5.
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Proposition 1.1.12. ®® FExtranatural transformations are particular
kinds of dinatural transformations.

Proof (due to T. Trimble) Given functors F : C°? x C x C — D and
G:CxCxCP —D,set A=C xCP xC°, and form two new functors
F' G : A°P x A — D by taking the composites

F' = (C% xCxC) x (CxCPxcP) 2% corsowetyp

(XY, 72, XY, Z) — (X', X,Y) K F(X' X, Y
G = (C% x C x C) x (C x €% x ¢P) Py ¢ e s cov & p
(XY, 25 X.Y.2) = (Y',2,2) S G(Y', 2, 2)

Now let’s put A’ = (X', Y’, Z') and A = (X, Y, Z), considered as objects
in A. An arrow ¢ : A’ — A in A thus amounts to a triple of arrows
f: X' =2 X,9g:Y =Y h:Z— Z all inC. Following the instructions
above, we have F/(A', A) = F(X', X,Y’) and G(A’,A) = GY', 7', Z).
Now if we write down a dinaturality hexagon for o : F/ = G’, we get a
diagram of shape

Fr(A,A) T8 pra, Ay 24 g4, A)

F(¢,1)l la'(w) (1.19)

FI(A",A') —= G'(A", A) —= G(A', A)
Y G'(1,9)

which translates to a hexagon of shape

F(1,1,1)
—_—

F(X,X"Y) F(X,X,Y)——=G(Y, Z,2)

F(f,l,g)l lmg,h,l) (1.20)

FX',XY)——=GY’, Z/’Z/)Gu—hT)G(Y/’ YA
where the unlabeled arrows are the extranatural components. This is the
extranaturality hexagon of 1.1.8. O

1.1.3 The integral notation for co/ends

A suggestive notation for co/ends, alternative to the eponymous one
‘co/end(F)’, is due to N. Yoneda, which in [Yon60] introduces most of
the notions we are dealing with, in the setting of Ab-enriched functors
C°P x C — Ab:
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Notation 1.1.13. The integral notation denotes the end of a functor
F e Cat(C°? x C,D) as a ‘subscripted-integral’ [, F(C,C), and the
coend coend(F') as the ‘superscripted-integral’ fc F(C,0).

From now on we will systematically adopt this notation to denote the
universal co/wedge co/end(F) or, following a well-established abuse of
notation, the object itself; when the domain of F' has to be made explicit,
we will also employ more pedantic variants of [, F and [ “ F like

CceC
/F(C,C), / F(C,0). (1.21)
CceC

Remark 1.1.14. In reading [Yon60], one should be aware that Yoneda
employs a reversed notation to denote ends and coends: he calls integra-
tion what we call a coend, which he denotes as fCeC F(C,0), i.e. in the
way we denote an end; and he calls cointegrations our ends, which he
denotes [;._. F(C, Q).

No trace of this ambiguity survived in the current literature, so we
will not mention the Yoneda convention ever again.

Functoriality of co/ends acquires a particularly suggestive flavor when
written in integral notation: the dream of every freshman learning calcu-
lus is that the integral of a product of functions is just the product of the
integrals of the two functions. In category theory this is true, provided
the integral of a function is the map induced between two co/ends, and
that product is composition of arrows.

Notation 1.1.15. The unique arrow end(n) induced by a natural trans-
formation n : F = G between F,G € Cat(C°® x C,D) can be written
as [, : [ F — [5G, and uniqueness of this induced arrow entails
functoriality, i.e. [o(noo) = [ no [poand [ idp =id} p.

A similar convention holds for coends.

Remark 1.1.16. As [ML98, IX.5] puts it,

[...] the ‘variable of integration’ C' [in [, F] appears twice under the
integral sign (once contravariant, once covariant) and is ‘bound’ by the
integral sign, in that the result no longer depends on C' and so is un-
changed if C is replaced by any other letter standing for an object of
the category C.

This somehow motivates the integral notation for co/ends, and yet the
analogy between integral calculus and co/ends seems to be too elusive
to justify.
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There seems to be no chance to give a formal explanation of the simi-
larities between integrals and coends, but it is nevertheless very sugges-
tive to employ an informal justification for such an analogy to exist. See
Exercises 1.6 or 2.2.6, or even 1.4.5.

1.2 Co/ends as co/limits

A general tenet of elementary category theory is that universal objects
(i.e. objects having the property of being initial or terminal in some
category) can be equivalently characterized

U1) as limits (so the existence and uniqueness is simply translated in a
category of diagrams),

U2) as adjoints (so the uniqueness follows from uniqueness of adjoints, see
A4.2),

U3) as the representing object of a certain functor (so the uniqueness fol-
lows from the fact that the Yoneda embedding X, is fully faithful,
A5.4).

The language of co/ends makes no exception: the scope of the following
subsection is to characterise the co/end of a functor F : C°? x C — D
as a co/limit over a suitable diagram F (obtained from a canonically
chosen correspondence F + F), and (see A.3.8) consequently as the
co/equaliser of a single pair of arrows.

Remark 1.2.1. Given F' : C°? x C — D and a wedge 7 : D = F', we
can build the following commutative diagram

Fc,c)— G pe, e
TC
/ ’
D / _ RO F(f,C") P(C.g)
\ (1.22)
ron — F(C,C")
F(C/I, C//) F(C/, Cl/)F(f7C )
F(g,c//)

where C L5 ¢’ % O are morphisms in C. From this commutativity we
deduce the following relations:

TgonF(gof,C”)oTCu :F(C,gof)oTC
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= F(f,C") o F(9,C") o7cn = F(f,C") o7
:F(C,g)OF(C,f)OTC:F(C,g)OTf-
where 77, 7, are the common values F(f,C") o 7cv = F(C, f) o 7¢ and

F(C',g) o 1cr = F(g,C") o 7¢v respectively, and 740y is the common
value F(C,g) ot = F(f,C")o,.

These relations imply that there is a link between co/wedges and co/-
cones, encoded in the following definition.

Definition 1.2.2 (@@ The twisted arrow category of C). For every cat-
egory C we define TW(C), the category of twisted arrows in C as follows:

e (TW(C))o = hom(C) (of course, this will not be U-small if C was only
Ut -small);

e Given f: A— A', g: B — B’ amorphism f — ¢ is given by a pair
of arrows (h: B — A,k : A’ — B’), such that the square

A< B

fl lg (1.23)

A/TB/

commutes (asking that the arrow between domains is reversed is not
a mistake), i.e. that g =k o foh.

Endowed with the obvious rules for composition and identity, TW(C)
is easily seen to be a category, and now we can find a functor

Cat(C°P x C,D) ——— Cat(tw(C), D) (1.24)
defined sending F' : C°? x C — D to the functor F : TwW(C) — D :

c
[ 1 } — F(C,C"); it is extremely easy now to check that bifunctoriality
C/

for F' corresponds to functoriality for F', but there is more to this remark.
Remark 1.2.3 (Co/ends are co/limits, I). @@ The family of arrows
{77 | f € hom(C)} (1.25)

constructed above is a cone for the functor F, and conversely any such
cone determines a wedge for F, obtained setting {7¢ = 74, }cec-

A morphism of cones maps to a morphism between the corresponding
wedges, and conversely every morphism between wedges induces a mor-
phism between the corresponding cones; these operations are mutually
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inverse and form an equivalence between the category Cn(F) of cones
for [ and the category Wd(F) of wedges for F. (We leave this to the
reader to check and to properly dualise.)

Equivalences of categories obviously preserve initial and terminal ob-

jects, thus we have isomorphisms?

C
/ F(C,C) 2 limyy(e) F; / F(C,C) = colimyy(coryor F (1.26)
C

Remark 1.2.4. @@ According to A.3.8, co/limits in a category exist
as soon as it has co/products and co/equalisers. So we would expect
a characterisation of co/ends in terms of these simpler pieces as well;
such a characterisation exists, and it turns out to be extremely useful in
explicit computations.

It is rather easy to extract from the bare universal property that there
must be an isomorphism

fCF(C,C)Neq<HF(C,C’)};:§* Il rc.c) (1.27)
cec 0O

where the product over morphisms C' — C’ can be expressed as a dou-
ble product (over the objects C,C’ € C, and over the arrows f be-
tween these two fixed objects), and the arrows F™*, F, are easily ob-
tained from the arrows whose (f;C,C’)-components are (respectively)
F(f,C") and F(C, f). This is a consequence of the fact that an ‘element’
in [[o F(C,C), regarded as a family (z¢ | C' € C), shall equalise both
actions of I’ on arrows at the same time in order to belong to the end
Jo F(C,C). The dual statement of 1.2.4, expressing

-
ch(C,C)%coeq<HF(C,C)<— [T Fe.o) (29
cec Fe sooor

is left as an exercise for the reader to formalise, in 1.9.

The following remark is elementary but extremely useful: it asserts
that the co/limit of a functor has the same universal property of the co/-
end of the same functor, when it is ‘promoted’ as mute in its remaining
variable.

2 Notice that the colimit is taken over the category Tw°P (C), the opposite of

TW(C°P): an object of TW°P(C) is an arrow f : C’ — C in C°P, and a morphism
from f: C — C’ to g: D — D’ is a commutative square (u, v) such that vgu = f.
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Remark 1.2.5. Let F' : C — D be a functor; we can always regard
it as a functor F’ : C°P x C — D mute in its first variable: this means
that we can extend the action of F' defining a new functor F’ such that
F'(C,C") = FC' for every C,C" € C, and F'(C, f) = Ff, F'(f,C") =
idgr for every f : C — C'; from this, and from 1.2.3 above, since all
mute functors can be regarded as arising this way, it follows that the
co/end of a functor that is mute in one of its variables coincides with its
co/limit.

Definition 1.2.6. There is an obvious definition of preservation of co/-
ends from their description as co/limits, which reduces to the preserva-
tion of the particular kind of co/limit involved in the definition of end(T")
and coend(7T): let F: D — & be a functor, and let T : C°? x C — D be
a functor; we say that

PR1) F preserves the end of T if the family of maps
P(jéTKLC»—EE;FT«ZC) (1.29)

exhibits the universal property of the end of the composed functor
crxchLpLig

PR2) F reflects the end of T if, whenever Fw¢ is the end of the composition
F oT, then we exhibits the end of F.

A dual definition defines the concept of preserving and reflecting co-
ends; since ends are limits, it is clear that a functor that preserves all
limits preserves all ends, and since limits are ends of mute functors, also
the converse is true; dually for coends.

An alternative, equivalent way to put this result is the following:

Theorem 1.2.7. Every co/continuous functor F : D — £ preserves the
co/ends that exist in D:

o if T':C°° xC — D has an end fc T(C,C), and F : D — £ commutes
with all limits, then

F( J.1(C, 0)) ~ [ FT(C,C) (1.30)

meaning that the image of the terminal wedge of T under F is a ter-
minal wedge for the composite functor FoT :C°P x C — &£, and thus
the two terminal objects are canonically isomorphic;
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e Dually, if T : C°P x C — D has a coend ch(C,C), and F : D — &
commutes with all colimits, then

F(fc T(C, C)) ~ [C FT(C,0) (1.31)

meaning that the image of the initial wedge of T under F is a initial
cowedge for the composite functor FoT : C°P? x C — &, and thus the
two initial objects are canonically isomorphic.

Similarly, a functor that reflects all co/limits reflects all co/ends.
As a capital example of a functor that preserves all ends, we have the
hom functors:

Corollary 1.2.8 (The hom functor commutes with integrals). From the
fact that the hom bifunctor C(—, =) : C°P? x C — Set is such that

C(colim F, C) = HmC(F, C)
C(C,lim F) = 1imC(C, F) (1.32)

and from (1.27), (1.28) we deduce that for every D € D and every functor
F :C°? x C — D we have canonical isomorphisms

D(/CF(C,C),D) %/CD(F(C,C),D)
D(D,/CF(C,C)) %/CD(D,F(C, ) (1.33)

We close the section recording a notable but somewhat technical re-
sult.

Remark 1.2.9 ([ML98, IX.5.1] Co/ends are co/limits, IT). ®® Define
the subdivision graph (pC)% of a category C as the directed graph having
a vertex C% for each object C' € C, and a vertex f¥ for each morphism
f:C — C"in C, and edges all the arrows C% — f% and C"% — f5, as
f: C — C' runs over morphisms of C.

The subdivision category C% is obtained from (pC)?¥ formally adding
identities and giving to the resulting category the trivial composition
law (composition is defined only if one of the arrows is the identity).

Every functor F : C°P x C — D induces a functor F¥ : C¥ — D, whose
limit (provided it exists) is isomorphic to the end of F'. More precisely,

Proposition 1.2.10. ®® In the above notation,
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o There is a final functor ¢ from C% to Tw(C); thus, the limit of F
computed over TW(C) is the same as the limit of F o< computed over
C;

e There is a functor F8 : C8 — D such that wedges for F correspond
bijectively to cones for F§;

the assignment F +— F$ sets up an isomorphism of categories between
wedges for F' and ones for F8, and thus the terminal wedge, i.e. the end
of F, must correspond to the terminal cone, the limit of F%. Dually,

o There is a cofinal functor ¥ from C¥ to TW(C°P)°P; thus, the colimit
of F done over TW(C°P)°P is the same as the colimit of F o done
over C§;

o There is a functor F% : C8 — D such that wedges for F correspond
bijectively to cocones for F3;

this assignment sets up an equivalence of categories between cowedges
for F' and ones for FS, and thus the initial cowedge, i.e. the coend of F,
must correspond to the initial cocone, the colimit of F¥.

We just address the case of ends, leaving dualisation process to the
reader. Recall that a functor F': C — D is final if every comma category
(C | F) is nonempty and connected.

To sum up, given a functor F' : C°? x C — D one can equivalently
compute the value of the end [, F as

e The terminal wedge a: [, F(C,C) = F;
e The terminal cone af : limes Fé= F§;
e The terminal cone & : limqy(c) F > F.

Proof Let us first define the functor ¢: on objects,

<(C%) = ide s(f=r (1.34)
while on morphisms f : C' — C’
cs Cc =cC c’s C'« C
g[i}l 1 §{¢]I I (1.35)
18 ¢ — f8 ¢ =c

This easily shows how ¢ is surjective on objects, and thus each comma
category (f } <) is nonempty. The image of ¢ visibly contains very few
morphisms; yet it is still final, because the comma category (f | <) is
easily seen to be connected.

To prove the second point, we shall show that every functor F : C°P x
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C — D induces a functor F¥ : C5 — D from the subdivision category;
we can define

c 18
‘L/

e an object function posing F¥(C%) = F(C,C) and F'*% [ } =F(C,C");

c
ok o8
e a morphism function, posing F$ [ iJ = F(C, f) and F% { l§ ] =
f f
F(f,C").

Let now o : D = F% be a cone for F¥; this means that for every
morphism of C¥ one among the diagrams

D D
N N
F(C,C) F(C,C") F(C',C) = F(C.C)

(1.36)

(chosen accordingly to the shape of f%) is commutative. But then, the
restriction of « to its diagonal component forms a wedge for F' with
domain D, because the square

D . F(C,0)

ac/l lF(Lf) (1.37)

F(C',C") —= F(C,C"
() 5 F1GO)

has accr as diagonal. Vice versa, given a wedge o : D =0 F' the square
(1.37) defines the components of a cone o : D = F% by acor =
F(1, floace = F(f,1)oacscs. It is evident that this sets up a bijection
between Wd(F) and Cn(F?#), and that this can in fact be promoted to
an isomorphism between the two categories. O

From this it ultimately follows that both characterisations of co/ends
as co/limits, either as diagrams with domain C%, or with domain Tw(C),
lead to the same theory.

1.3 The Fubini rule

An absolutely central theorem for coend calculus is the ‘exchange rule’
for integrals known as the Fubini rule: informally, it says that the result
of an integration on more than one variable does not depend on the
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order in which the operation is performed: in mathematical analysis, if
f: X xY — Ris a function such that [, |flduxxy exists finite, the
three integrals

/X</Yf<w’y>dy> dﬂf/y(/){f(say)dz) dy:/Xxyﬂsc,y)d(x,y).

(1.38)
are equal. In category theory, if a functor F' defined on C°P? X C x £°P x £
admits a co/end, then so do the two functors obtained integrating over
C first and over £ second, or in the opposite order.

Theorem 1.3.1 (@@ Fubini theorem for co/ends). Given a functor
F:CPxCx&PxE—D, (1.39)

we can form the end fc (C,C, _, =) obtaining a functor EP x & —
D whose end is [}, fC (C,C,E,E) € D; we can also form the ends
foE (C,C,E,E)eD andfCE) (C,C, E, E) identifying C°P x C X
EP x & with (C x E)°P x (C x ).

Then, there are canonical isomorphisms between the three objects:

/(CE F(C,C,E,E) = // (C,C,E,E) // (C,C,E,E)

(1.40)
Dually, there are canonical isomorphisms between the iterated coends

/(CE) F(C,C,E,E) & // (C,C,E,E) // F(C,C,E,E)

(1.41)

As usual, this is an existence and uniqueness result: one of the three
objects above exists if and only if so do the other two, and there are
canonical isomorphisms between them.

We shall only prove the statement for ends, (1.41) for coends being
the exact dual statement.?

One possible strategy to prove Fubini theorem would be to find suit-
able canonical map between the end f(C,E) F(C,C,E,FE) and (say) the
end | 5 [ F o F(C,C, E, E) (the same argument will then produce a canoni-
cal map between theend [, ;) F(C,C, E, E) and theend [, [, F(C,C, E, E)),
and then prove its invertibility. This is of course a viable option, but has
little conceptual content, and can result in a long, unenlightening proof.
3 The reader will have enough care to dualise properly the proof that follows: the

coend functor fc : Cat(C°P x C, D) — D will turn out to be a left adjoint, with
right adjoint HC, etc
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Instead, we prefer to offer a more elegant argument, especially because
the strategy of our proof will be recycled in 7.3 when we prove the
Fubini rule for oo-coends (the analogue of coends in (oo, 1)-category
theory, and more specifically in the setting of Joyal-Lurie quasicategories
[Joy, Lur09]).

Our strategy goes as follows: we assume that all ends exist. Thus, as
stated in 1.1.7, the correspondence T fCT is a functor. We shall
show that [ has a left adjoint He : D — Cat(C°? x C,D), and that
Heywe = He o He =2 Hge o He; the Fubini rule then follows from the
uniqueness of adjoints (see A.4.2) because every such ‘interchange iso-
morphism’ between the left adjoints must induce a similar isomorphism
between the right adjoints.

Note that this argument yields for free that the isomorphisms witness-
ing the Fubini rule above are natural in F, i.e. that f(C,E)’ Jo e Js o
are isomorphic as functors.

Let us then define the functor He : D — Cat(C°P x C, D) as follows:
to the object D € D we associate the functor home ®D : (C,C") —
C(C,C") ® D, where for a set X and an object D € D we denote X ® D
the coproduct [] .y D of X copies of D, also called the copower or
tensor of D by X. See 2.2.3 for the whole definition; note that this
yields a chain of isomorphisms

D(X ® D,D') = D(D,X h D) = Set(X,D(D, D')), (1.42)

where X M D is defined dually as []
when needed.

sex D. We will freely employ (1.42)

We shall prove that there is a bijection
Cat(C°? x C,D)(hom¢ ®D, F) =2 D(D, [, F) (1.43)
If @ : home ® D = F is a natural transformation it has components
accr :C(C,C"Y® D — F(C,C");
by (1.42), these maps mate to
accr D — C(C,C")h F(C,C")

It is easy to show that these mates form a wedge in the pair (C,C"), and
thus there is an induced morphism

&:D— C(C,C") th F(C,C"). (1.44)
(c.cn)
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Lemma 1.3.2. The latter integral f(c o C(C,C")m F(C,C") is in fact
isomorphic to [, F(C,C).

Proof of 1.3.2. We shall first find a candidate wedge
oo ;/ F(C,C) = C(C,C") th F(C,C"); (1.45)
c

for the sake of exposition, we treat the case D = Set; the core of the
argument is the same in the general case, using generalised elements.

Thanks to (1.27) we now know that an ‘element’ of [, F(C,C) is a
coherent sequence (ac | C' € C) in the product [[, F(C,C), such that
F(u,id¢)(ac) = F(ider, u)(ac) for every w: C — C” in C. This means
that we can map a coherent sequence (ac | C € C) into (say) a sequence
(F(u,C")(acr) | u: C — C"), and this sets up a map

/F(O,C)%C(Cc’)chc’ IT 1] F.c)
c C,C" u:C—C’
(1.46)

This in turn defines a wedge in the pair (C,C"), thus inducing a unique
morphism

[ F(C,C) —Z= Jic.on C(C.C") M F(C,C) (1.47)

between the ends. Now that we put all notation in place, we leave as
an exercise for the reader to show that w(ccry is a terminal wedge, and
thus that @ is in fact an isomorphism. O

Proof of 1.3.1. A natural transformation a : home ® D = F induces
“loa:D—
o & sets up the desired ad-

an arrow like in (1.44), and this induces a unique arrow @
fc F(C,C). The correspondence o +— !
junction like in (1.43).

Unwinding its definition, we easily see that the functor He : D —
Cat(C°P x C,D) has the property that Hexe = He o He = Hg o He
(it easily follows from a commutativity of the involved coproducts: we
invite the reader to fill in the details). This, in turn, shows the Fubini rule,
since every isomorphism between left adjoint functors L = L’ induces

an isomorphism of right adjoint functors R’ = R. O

Remark 1.3.3. From the binary case shown above an easy induction
shows that the iterated co/end of a functor F : [, C;® x C; — D
gives the same result with respect to their integration variables, taken

in whatever order. More formally, if o : {1,...,n} — {1,...,n} is any
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permutation of an n elements set, then there is a canonical isomorphism

// F(Cl,Cl,...,Cn,Cn)%/ F(Cl,01,.--,cn,cn)
Co1 JCon (C1,...,Cn)
(1.48)

and similarly for the coend of F'.

1.4 First instances of co/ends

A basic example exploiting the whole machinery introduced so far is
the proof that the set of natural transformations between two functors
F,G : C — D can be characterised as an end:

Theorem 1.4.1. Given functors F,G : C — D whose domain is a small
category, and whose codomain is locally small, we have the canonical
isomorphism of sets

Cat(C,D)(F,G) = / D(FC,GO). (1.49)
C

Proof A wedge 7¢ : Y — D(FC,GC) consists of a function y — (7¢,y :
FC — GC | C € C), which is natural in C € C (this is simply a
rephrasing of the wedge condition): the equation

G(f)otoy =Tc yo F(f) (1.50)

valid for any f : C' — C’, means that for a fixed y € Y the arrows 7¢
form the components of a natural transformation F' = G; thus, there
exists a unique way to close the diagram

Y — & D(FC,GC)
L T (1.51)
.
" Cat(C,D)(F,G)
with a function sending y +— 7_, € [[oce P(FC,GC), and where
Cat(C,D)(F,G) — D(FC,GC) is the wedge sending a natural transfor-
mation to its c-component; the diagram commutes for a single h: Y —

Cat(C,D)(F,G), and this is precisely the desired universal property for
Cat(C,D)(F,G) to be [, D(FC,GC). O

Remark 1.4.2. A suggestive way to express naturality as a ‘closure’
condition is given in [Yon60, 4.1.1], where for an Ab-enriched functor
(see A.7.2) F :C° x C — Ab from a complete Ab-category C°P x C, one
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can prove that natural transformations F' = G form the kernel ker § of
a map

§: P AB(FY,GY) » P Ab(FX,GY). (1.52)
YeC [ X—=Y

Remark 1.4.3. If we let F' = G = id¢ in the isomorphism above, we get
that the end of the hom functor hom : C°P x C — Set is the monoid M (C)
of endo-natural transformations of the identity functor ide. This monoid
is of great importance in homological algebra and algebraic geometry, as
it constitutes a precious source of information on C (morally, M (C) can
be thought of as the 0-th term of a sequence of cohomology groups H™(C)
associated to C). Similarly, the presence of a ‘nice’ functor F : C — Set
(for example, a faithful and conservative one) yields a fairly rich monoid
of endomorphisms M (F) = [, Set(FC, FC).

‘Reconstruction theory’ is the branch of category theory that asserts
that under suitable conditions on F, its domain is a category of M (F')-
modules, i.e. there is an equivalence (or a full embedding) between C
and Mod(M (F)).

The set of dinatural transformations between two functors can also
be characterised as an end, where the hom functor has been “completely
symmetrised”. The result was first proved in [DS70].

Example 1.4.4 (Dinatural transformations as an end). Let F, G : C°P x
C — D be two functors; define a new functor

Da(F,G)[, =] : C° x C — Set (1.53)

e on objects, sending the pair (A, B) to the set D(F(B, A), G(A, B));
A X

e on morphisms, sending a pair of arrows [fJ, ig} to the diagonal of the
B Y

commutative square
Dul(F, G)[B, X — Da(F,G)[B.Y]
l l (1.54)
Du(F, G)[A, X] — Dy(F,G)[A, Y]

whose horizontal and vertical arrows are defined by the action of F, G
on morphisms: for example the left vertical arrow is defined as

D(F(X,B),G(B,X)) - D(F(X,A),G(A, X))
ur G(f,1)ouo F(1, f). (1.55)
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It is a natural question to wonder what is the end of Dy(F, G): [DS70]
was the first to observe that such end is in fact isomorphic to the set of
dinatural transformations o : F' = G.

In order to prove this, observe that if we consider the parallel mor-

phisms
I pFc.0)cc.0)= [[ PFEE,C),GC.C) (1.56)
cecC f:c—=c’

induced by the conjoint action of Dg(F,G) on morphism as in (1.27),
then u,v are defined sending a sequence (z¢ | C' € C) respectively in

(x| C€C) (O Norac | f1 A5 B) |

(vc | C€C) = (G(f)oxpoF(,f)|f: A= B) '
The equaliser of this pair of maps is evidently selecting the set of “coher-
ent” sequences (z¢) such that these two actions are equal, i.e. such that
the family z¢ : F'(C,C) — G(C, C) specifies a dinatural transformation
F = G in the sense of 1.8.

Example 1.4.5 (®® Stokes’ theorem is about co/ends). This remark
was first observed by [Cam] and it follows their exposition almost word-
by-word. Let N be the poset of natural numbers in the usual ordering,
and Mod(R) be the category of real vector spaces.

Fix a manifold X (or some other sort of smooth space). Then we have
functors

e C :N°°? — Mod(R) where C,, is the vector space freely generated by
smooth maps Y — X where Y is a compact, n-dimensional, oriented
manifold with boundary, and the induced map 0 : Cp,+1 — C), is the
boundary map. This is a chain complex, since 90 = &.

e : N = Mod(R) is the de Rham complex; €, = Q,,(X) is the space
of n-forms on X and the induced map d : Q,, — Q41 is the exterior
derivative. This is the usual de Rham complex of X.

Consider the usual tensor product on Mod(R); taking the object-wise
tensor product of C nd 2, we obtain a functor C®£ : N°P xN — Mod(R),
while there is also the constant functor R : N°P x N — Mod(R)

Then Stokes’ theorem asserts that we have a cowedge

S:C@Q—HR

which, given a map ¥ — X and a differential form w on X, pulls the
form back to Y and integrates it (returning 0 if it’s the wrong dimension):
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y
Sn:C’n®Qn%Risdeﬁnedby([§},w)nycp*wifcp:Y%X. (The

integral [\, here, is not a co/end).
In fact, the cowedge condition for § amounts to the commutativity of
the square

o®id
CnJrl ®Qn ®chvn ®Qn

id®dl lfn (1.58)

Crg1 @ Q1 ——
Sn+1

which according to the definition of | is like saying that

Loy elyyw = [y ¢*dw. (1.59)

This is precisely Stokes’ theorem.

Exercise for the reader: what is the natural induced map f
neN

neN Cn ®

Q, — R? (hint: express the coequaliser defining f Cn ® €, as the
degree-zero cohomology of a suitable bicomplex (Ce ® 24, D)).

Exercises

1.1 Prove equations (1.5) and (1.6). Which commutative diagrams do
you need to derive them?

1.2 Show with an example that dinatural transformations a : P =
Q,5 : Q = R cannot be composed in general. Nevertheless, there
exists a composition rule of a dinatural a : P = @ with a natural
1 : P’ = P which is again dinatural P’ = @), as well as a composition
P = @ = Q' (hint: the appropriate diagram results as the pasting of
a dinaturality hexagon and two naturality squares).

1.3 What is the end of the constant functor Ap : C°P x C — D at the
object D € D? What is its coend?

1.4 ®® Show that extranatural transformations compose accordingly to
these rules:

o (stalactites) Let F, G be functors of the form C°P xC — D. If ax y :
F(X,Y) —» G(X,Y) is natural in X,Y and fx : G(X,X) — H is
extranatural in X (for some object H of D), then

onaX7X:F(X,X)—>H

is extranatural in X.
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o (stalagmites) Let G, H be functors of the form C°? x C — D. If
ax : F — G(X,X) is extranatural in X (for some object F' of D)
and Bxy : G(X,Y) — H(X,Y) is natural in X, Y, then

ﬂxﬁxoaxiF*}H(X,X)

is extranatural in X.

e (yanking) Let F, H be functors of the form C — D, and let G : C x
C°? x C — D be a functor. If ax y : F(y) — G(X, X,Y) is natural
in y and extranatural in X, and if 8xy : G(X,Y,Y) —» H(X) is
natural in X and extranatural in Y, then

Bxxoaxx : F(X)— H(X)
is natural in X.

Express these laws as equalities between suitable string diagrams (ex-
plaining also the genesis of the names ‘stalactite’ and ‘stalagmite’).
1.5 @@ Prove that dinaturality is strictly more general than extranatu-

rality, following this plot.
Let A[1] = {0 — 1} be the ‘generic arrow’ category, and S,T :
A[1]°P x A[1] — Set the functors respectively defined by

1 —">{2  0)—©01  {}—{1)
2 C)—0n {112

where ¢; chooses element i € {1,2}, and o permutes the two elements.
Show that there exists a dinatural transformation T = S, whose
components are identities, which is not extranatural when in 1.1.8 we
choose A = x and B = C° = A[l].

1.6 If (X, Q, pu) is a measure space, the integral of a vector function F
X — R" such that each F; = m;0 F : X — R is measurable and has fi-
nite integral, is the vector whose entries are (fX Fidu, -, fX Fnd,u).

Prove that category theory possesses a similar formula, i.e. that if
F:CP xC — [[i-, A; is a functor towards a product category, such
that

e cach A; has both an initial and a terminal object;
e cach co/end [(m; o F) exists;

then the ‘vector’ of all these co/ends, as an object (f Fi,....[ Fn) €
[T A, is the (base of a universal co/wedge forming the) co/end of F.
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Where did you use the assumption that each A; has an initial and a
terminal object?

1.7 Let D be a category. Show that the end of a functor T': A[1]°P x
A[1] — D is the pullback of the morphisms

T(0,do) T(do,1)
~—._> e_q

7(0,0) T(0,1) T(1,1),

i.e. that the following square is a pullback in D:

Jieap Ti:i) —=T(0,0)
]
T(1,1) —1T(0,1)
Dualise to the coend being a pushout.

1.8 ®® Let G be a topological group, and Sub(G) the set of its subgroups
partially ordered by inclusion; let X be a G-space, i.e. a topological
space with a continuous action G x X — X (the product G x X has
the product topology).

We can define two functors Sub(G) — Spec, sending (H < G) —
G/H (this is a covariant functor, and G/H has the induced quotient
topology as a space; there is no need for H to be normal) and (H <
G) — XH (the subset of H-fixed points for the action; this is a
contravariant functor).

e Compute the coend
H<ZG
0g(X) :/ X" xG/H

in the category Spc of spaces, if G = Z/2 has the discrete topology;

e Give a general rule for computing 0 (X) when G = Z/nZ is cyclic
with n elements;

e Let instead Orb(G) be the orbit category of subgroups of G, whose
objects are subgroups but hom(H, K) contains G-equivariant maps
G/H — G/K. Let again X~ and G/ _ define the same functors,
now with different action on arrows. Prove that

HeOrb(G)
/ X xG/H=X

(Elmendorf reconstruction, [EIm83]).
o Let E|F be a field extension, and {H < Gal(E|F)} the partially
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ordered set of subgroups of the Galois group of the extension. Com-
pute (in the category of rings) the coend

H
/ E" x Gal(H|F)

1.9 Dualise the construction in 1.2, to obtain a characterisation for the
coend fc F(C,C), characterised as the coequaliser of a pair (F*, F})
as in

II F¢c',o)= 1] Fc.o)
c—cC’ cec

1.10 Find an alternative proof that natural transformations can be writ-
ten as an end (see 1.4.1), using the characterisation of [, D(FC,GC)
as an equaliser in 1.2.4: as a subset of [[, D(F'C,GC), is precisely
the subset of natural transformations {r¢ : FC — GC | Gf o1¢ =
Tero Ff,Vf:C — C'}.

1.11 What is the co/end of the identity functor leepxc : C°P x C —
C°P x C? Use the bare definition; use the characterisation of co/ends
as co/limits; feel free to invoke Exercise 1.6.

1.12 A set of objects S C C, regarded as a full subcategory, finitely
generates a category C if for each object X € C and each arrow f :
S — C from S € S there is a factorisation

sH]]s e c
i=1
where h¢ is an epimorphism and {S1,...,5,} C S (n depends on C
and f).
Suppose T : C°? x C — Set is a functor, finitely continuous in
both variables, and C is finitely generated by S. Then if we denote
Tl|s : 8P x § — Set the restriction, we have an isomorphism

/CESTLS(Q 0~ /CEC r(C.0)

induced by a canonical arrow fces T'(C,C) — fcec T(C,0).
1.13 Let F 4 U : C <= D be an adjunction, and G : D°®? x C — £ a
functor; then there is an isomorphism

/C G(FC,C) /D G(D,UD).

Show that the converse of this result is true: if the above isomorphism



30 Dinaturality and co/ends

is true for any G and natural therein, then there is an adjunction
FAU.

1.14 Give a different proof of Fubini theorem 1.3.1 as follows: define
again He : D — home ®D, and find suitable unit and counit maps
(see A4.1).

e The unit of the adjunction n : idp = fc oH¢ is determined as a
morphism

nD:D—>/C(C(C,C)®D)

(parenthesisation is important: [, (C(C,C)® D) is not isomorphic
to ([, C(C,C)) ® D) which in turn corresponds to a wedge

D, (u) D — H D
v:C—C

defined on the component u : C' — C by the inclusion 4, in the
coproduct.

e The counit of the adjunction € : He o ( [, =) = idcat(corxc,p) is
determined as a natural transformation having components

ccor |1 /HQ@%F@O)
u:C—C’ ¢

which in turn have components
G%H/ma@ﬁF@d)
c

by the universal property of a coproduct, determined by sending a
coherent family (ac | C € C) into F(C,u)(ac) (o equivalently by
the wedge condition, F'(u,C")(ac")).

Show that these two definitions set up the desired adjunction (prove
the triangle identities for n and €, as in A.4.5).

Hint: to show that e, is indeed natural in C, C’, take two arrows

c Ch

a éo and 51 and split the naturality square into the pasting of two
1 Cy
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smaller squares

1C,
e, —ey Jo F F(Cy, Cp)

_Oﬁl LF(Lﬁ)

c107 ,
e, ser Jo F F(Cy1,01)
ao_l lF(a,l)
HCUHC{ fc F v F(COa Ci)
CoCy

each of which commutes by evident reasons.
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Yoneda and Kan

SUMMARY. In this chapter we begin to learn the rules of co/-
end calculus. First, we re-enact the well known Yoneda lemma as an
isomorphism of co/ends. Yoneda lemma is one of the deepest results
that can be examined with the technology built so far: every functor
F : C°®” — Set can be decomposed as a coend

C
F%/ FC xC(_,C).

This isomorphism has plenty of consequences; it is in fact equivalent
to the assertion that every presheaf is a colimit of a certain diagram
D : C — [C°P,Set] of representables, and that there is a canonical
choice for such D. Then we move to investigate Kan extensions; the
famous tenet that ‘every thing is a Kan extension’ is, here, translated
into the more appealing (for us!) statement that every sufficiently nice
thing is a co/end. We then glimpse to formal category theory; this latter
part draws on [Gra74] and other classical sources of the Australian
school of category theory.

The reason why this technique is so fast is that you are

not trying to cut them; you are throwing your sword into

them.

soke M. Hatsumi

Along the present chapter, an abstract 2-category will be denoted in
sans-serif, A, K...; an object in K will be denoted in uppercase roman
A,B,C...; an object of a 0-cell A € Cat will be denoted in roman

lowercase a,b,a’, b’ ...

This complies with the common notation for papers in 2-dimensional

algebra, and the different notation employed elsewhere should not cause
any confusion. Note in particular that we make the distinction between

the 1-category Cat (categories and functors) and the 2-category Cat

(categories, functors and natural transformations).

32
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2.1 The Yoneda lemma and Kan extensions

For the ease of exposition, we recall the statement of the Yoneda lemma:

Lemma. Let & : C — Cat(C°P,Set) be the functor sending X € C to
the presheaf associated to X ; then, for every F € Cat(C°P,Set), there
exists a bijection between the set of natural transformations £ X = F
and the set FX. This bijection is moreover natural in the object X.

We carry on the proof in full detail in our A.5.3 to convince even the
most skeptical reader that this result is a tautology. Few tautologies are,
however, richer of meaning.

Remark 2.1.1 (The Yoneda-Grothendieck philosopy). Yoneda lemma
entails that there is a copy of a category C in its category of presheaves
Cat(C°P, Set); indeed, if we let FF = X B to be representable (see A.5.2)
in the isomorphism above, we see that

Cat(C°P,Set)(k A, X B) = C(A, B) (2.1)

This means precisely that the Yoneda embedding functor X, : C —
Cat(C°P, Set) is fully faithful. To all practical purposes then, every ques-
tion about C is a question about the copy of C inside its category of
presheaves; the latter category is, however, always very well-behaved un-
der certain aspects; for example, it is always complete and cocomplete
(see A.3.10) even when C isn’t.

Thus, every diagram in C, say D : J — C admits a limit in [C°P, Set],
as we can build the limit

lim & (D) = limhome(_, Dy). (2.2)

If this functor is representable, say by an object L, it is easy to see that L
realises the universal property of lim D; in C; in fact, this is a necessary
and sufficient condition: thus, a completeness request on C has a 1-1
translation in terms of a request of representability of certain functors.

The idea that properties of C can (and should) be translated into rep-
resentability properties, and more extensively that representability con-
ditions play a major role in category theory, algebra and geometry, was
first advocated by A. Grothendieck, and it makes heavy use of Yoneda
lemma; thus we colloquially refer to it as the Yoneda-Grothendieck phi-
losophy.

The next step of this introduction to the chapter is to single out certain
universal 2-cells in a 2-category, and the fundamental properties thereof.
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Notation 2.1.2 (Extensions and lifts). Let f, g be 1-cells of a 2-category
K, respectively f : A — B (the extendable arrow) and g : A — C (the
extendant arrow). We say that a pair (u,n) exhibits the left extension
lang f of f along g if the 1-cell u : C' — B and the 2-cell n : f = ug can

be arranged in a triangle
A
;/Q;\i (2.3)
B<——C

c
initial among all such. This means that every pair (v, ) of a 1-cell [vi}
B

and a 2-cell a : f = wvg factors uniquely through n as a composition
a = (axg)on (the cell &x* g is the whiskering of A.2.3).

Remark 2.1.3. The notion of left extension is subject to dualisation, in
a way that it is worth recording explicitly: it is useful to have a diagram
illustrating at once all these universal constructions. The diagram below
has to be parsed as follows: moving horizontally reverses the direction of
1-cells, but not of 2-cells; moving vertically but not horizontally reverses
the direction of 2-cells, but not of 1-cells. The universality request ac-
lift, f = h
f=gh
we mean that there is a bijection between 2-cells lift, f = h and 2-cells
f=gh.

quires the same shape, and when we write (for example)

A f B lifty f = h
7 f=gh 4
zn o lifty f .
g g
lang f Jn
C lang f = h B A
f=hg f
(2.4)
A f B h = rifty f c
7 gh=f 7
Ae Vift, £
g g
7 rang f e
_hg=f B A
h = rang f f

So, a right extension is a left extension in K, the 2-category where all
2-cells have been reversed; a left lifting is a left extension in K°P, the
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2-category where all 1-cells have been reversed; and a right lifting is a
left extension in K°°°P where both 1- and 2-cells have been reversed.

Definition 2.1.4 (Pointwise and absolute extension). We say that a left
(resp., right) extension is pointwise if for every object C' and k: X — C
the diagram obtained pasting at g the comma object (see A.2.14) (g/k)
(resp., (k/g)) is again a left extension [Str81, 5.2]; this means that in
every diagram of 2-cells

(g k’)—)A—f>B

/
| v % (25)

X — C
if the left triangle is a left extension and the square is a comma object,
then the whole pasting diagram is a left extension; dually (in K®) for a
right extension.
We say that a left extension is absolute if it is preserved by all 1-cells,
in the same sense a functor preserves co/limits: in the left extension
diagram (k,n)

A—f>B—k>Y

l % (2.6)

C

the 1-cell k preserves the extension if the whiskering k % n exhibits ko h
as the left extension of ko f along g: there is an isomorphism k(lan, f) =
lang (kf), canonically.

Of course, the same nomenclature applies to define pointwise and ab-
solute left and right liftings.

Remark 2.1.5. Later in the chapter we will see that extensions in
Cat exist, whenever sufficient co/limits exist in the codomain of the
extendable arrow, and they carry a very expressive theory (to the point
that Mac Lane states that ‘everything is a Kan extension’ in [ML98]).
Instead, few lifts (both left and right) do exist in Cat.

The deep reason why this is true is that the Yoneda lemma does not
hold in the category Cat®P, as the opposite of a functor is not a functor
in general.

In fact, one tenet of the present chapter is that left extensions in Cat
(where they are called Kan extensions, in honour of D.M. Kan (see 3.1.2):
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this justifies the notation as lan is a portmanteau for 1(-eft)+ (K-)an) can
be computed as certain explicit co/limits (if they are left extensions, they
are colimits; right extension, they are limits). More precisely, pointwise
Kan extensions can be expressed as co/ends.

It is not possible to do the same for lifts, due to the peculiar behavior
of the universality requests in 2.4; the reason is somewhat trivial — the
dual of a functor is generally not a functor any more.

Example 2.1.6. To see that there is no way to compute a lift as a co/-
limits, let us consider the following example: let us consider the discrete
category {0,1}, and let dp: C — {0,1}, 61: D — {0,1} be the obvi-
ous constant functors (with disjoint images) from any two non-trivial
categories C, D.

Then there are no liftings of §y through §;, no matter how complete
and cocomplete C and D are. In fact, for any functor F': C — D, there are
no natural transformations ;0 F' — dg nor dg — d10F. The same is true,
if we substitute {0,1} with its free cocompletion Cat({0,1}°P,Set) =
Set/{0,1}.

The deep reason why we do not have nice formulae for Kan liftings,
is that Cat°® lacks an internal concept of (co)end; in other words the
internal language of Cat®® is not expressive enough.

On the contrary, the theory of extensions behaves much better, and in
fact it is possible to give a neat characterisation of pointwise extensions:

Proposition 2.1.7. Let A, B,C be categories, f,g be functors as in the
triangle below. Then, the following conditions are equivalent:

o The triangle
f

A——B

| 7 27)
h

C

is a pointwise right Kan extension;

o The triangle is a right extension, and it is preserved by every repre-
sentable J:V(B) = B(B, _) : B — Set, meaning that

rang homg(B, f) = homp (B, ran, f) (2.8)

Proof See [Leh14, 5.4]. O
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2.2 Yoneda lemma using co/ends

Tightly linked to the Yoneda lemma is the density theorem of A.5.7:
every presheaf F' : C°P — Set is, canonically, the colimit of a diagram of
representables, i.e. functors lying in the image of . : C — Cat(C°P, Set);
we prove this result in full detail in A.5.3, without using coends; however,
the scope of the present chapter is to convince the reader that co/end
calculus allows to concisely and effectively rephrase both the Yoneda
lemma and this result.

In our chapter 4, thanks to the machinery of weighted co/limits, the
fact that every presheaf is a colimit of representables acquires the more
alluring form

Every presheaf is the weighted colimit of the Yoneda embedding, weighted
by the presheaf itself.

Proposition 2.2.1 (ninja Yoneda Lemma). For every functor K : C°P —
Set and H : C — Set, we have the following isomorphisms (natural equiv-
alences of functors):

KN/CKC’XC(_,C’) (2.9)

K%/ Set(C(C, _), KC) (2.10)
CC

H%/ HC x C(C, ) (2.11)

Hg/ Set(C(_,C), HC) (2.12)
C

where the functor C x C°P x C°P in (2.10) is defined by
AAXC.Set(C(A, X), KC),
and similarly for Set(C(—,C), HC).

Remark 2.2.2. The name ninja Yoneda lemma is chosen to instill in
the reader the sense that this result is the Yoneda lemma in disguise;
the name comes from [Lei] where T. Leinster offers the same argument
we are about to give as a proof of 2.2.1:

Thle above one is] often called the Density Formula, or (by Australian
ninja category theorists) simply the Yoneda Lemma. (but Australian
ninja category theorists call everything the Yoneda Lemma. . .).

Note that the isomorphisms (2.10) and (2.12) follow directly from 1.4.1.
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We prove only isomorphism (2.9), as the remaining one can be easily
obtained by dualisation.

We put a particular emphasis on giving a detailed proof once, as it
is the first argument that truly exploits co/end calculus; it is a paradig-
matic example of the style of proofs we’re using from now on.

Proof Consider the chain of isomorphisms
cecC
Set(/ KC x C(X, C),Y) z/ Set(KC x C(X,C),Y)
cecC

~ / Set(C(X, C), Set(KC,Y))
ceC

= [C, Set] (C(X, - ),Set(K —,Y))
>~ Set(KX,Y)

where the first step is motivated by the coend-preservation property of
the hom functor 1.2.8, the second follows from the fact that Set is a
cartesian closed category, where

Set(A x B,C) = Set(A, Set(B, C)) (2.13)

for all three sets A, B, C, naturally in all arguments, and where C? =
Set(B, () is the set of all functions B — C, and the final step exploits
Theorem 1.4.1 and the classical Yoneda Lemma that says that the set
of natural transformations & ' (C) = F is in bijection with the set FC
for every presheaf F': C — Set. Here, F = Set(K _,Y).

Every step of this chain of isomorphisms is natural in the object Y
since the Yoneda embedding ¢ : C°? — [C, Set] is fully faithful, the
isomorphism of functors

Set( [CKCxC(X,0), y) > Set(KX,Y) (2.14)

ensures in turn that there exists an isomorphism between the represented
objects fc KCxC(X,C)2¥KX.

This is moreover natural in the object X. Accepting the validity of
(2.9) and re-doing each step backwards, we can get back the Yoneda
lemma in the form expressed in A.5.3. |

From now one we will make frequent use of the notion of tensor and
cotensor in an enriched category; the definitions for a generic V-category
can be found for example in [Bor94b, Ch. 6], and in particular its Def-
inition 6.5.1: we have already introduced this definition in the proof of
our 1.3.1.
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Definition 2.2.3 (Tensor and cotensor in a V-category). Let C be a
V-enriched category (see [Bor94b, 6.2.1] or our A.7.1), the tensor ® :
V x C — C (when it exists) is a functor (V,C) — V ® C such that there
is the isomorphism

C(VeC,c)=yWV,c(oCh), (2.15)

natural in all components; dually, the cotensor in an enriched category
C (when it exists) is a functor (V, C) — V th C (contravariant in V') such
that there is the isomorphism

C(C,V hC) = V(V,C(C',C)), (2.16)
natural in all components.

Example 2.2.4. Every co/complete, locally small category C is nat-
urally Set-co/tensored by choosing V- i C = [[ ., C and V ® C =
[I,cy €. We have employed this construction in the proof of 1.3.1.

Remark 2.2.5. The tensor, hom and cotensor functors are the proto-
type of what’s called a ‘two variable adjunction’ (see [Gra80, §1.1]); given
the hom-objects of a V-category C, the tensor

and the cotensor

_th=:VPxCC (2.18)

can be characterised as adjoint functors to the hom functors, saturated
in their first or second component: usual co/continuity properties of the
co/tensor functors are implicitly derived from this characterisation.

Remark 2.2.6 (®®, The Yoneda embedding is a Dirac delta). In func-
tional analysis, the Dirac delta appears in the following convenient abuse
of notation:

[ " H@)d( — y)de = £(y) (2.19)

(the integral sign is not a co/end). Here §(x—y) := d,(z) is the y-centered
delta distribution, and f : R — R is a continuous, compactly supported
function on R.

It is really tempting to draw a parallel between this relation and the
ninja Yoneda lemma, conveying the intuition that representable functors
on an object ¢ € C play the role of c-centered delta distributions.
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If the relation above is written as (f,dy) = f(y), interpreting inte-
gration as an inner product between functions (or more precisely as a
universal pairing between a space and its dual), then the ninja Yoneda
lemma says the same thing for categories: each presheaf F' : C°P — Set,
can be paired with a distribution concentrated on the point C' in an
‘inner product’ (&g, F) = fX K o(X) x FC; the latter object is now
isomorphic to F'C, in the same way the integral of a smooth function f
against a y-centered delta equals f(y).

The analogy between the pairing of a function and a delta distri-
bution, and the ninja Yoneda lemma.

2.3 Kan extensions using co/ends

In the following series of remarks, G : C — £ and F' : C — D are functors;
for the sake of exposition we assume that Lang F exists for all such F’s;
we shall see in the future that a sufficient condition for this to be true
is that D is a cocomplete category (see A.3.10), thus we assume that all
colimits exist in D.

Remark 2.3.1. The correspondence F' +— Lang F' is a functor
Cat(C,D) — Cat(&,D); (2.20)

to every natural transformation o : F = F’ is associated a natural
transformation Lang o : Lang F' = Lang F' defined as the unique 2-cell
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& such that
E F
@ C——="D
G zn A\ /
Lang F' 5 Lang F
E

Remark 2.3.2. The correspondence G — Lang is a functor
Cat(C, £)°P — Cat(Cat(C, D), Cat(€,D)); (2.22)

this means that to every natural transformation a : G = G’ is associated
a natural transformation Lan,, : Lang = Lang, defined as the mate of
the composite 2-cell

FZ Lang FoG Lang frxa Lang F o G'. (2.23)

In order to show that the correspondence G +— Lang is a pseudofunctor,
we have to find suitable coherence isomorphisms Langgs = Lang o Lang:
and Lan;q = id; this is the content of Exercise 2.5.

Remark 2.3.3. The functor Lang is (the unique up to isomorphism)
adjoint to the inverse image functor G* = _ o G; this follows directly
from the characterisation of Lang F' as the functor £ — D such that

Cat(&,D)(Lang F, H) = Cat(C,D)(F, HG). (2.24)
Remark 2.3.4. Dually, the correspondence G — Rang is a functor
Cat(C, £)°P — Cat(Cat(C, D), Cat(&, D)) (2.25)

that works as right adjoint to the precomposition functor _ oG, and it is
functorial, contravariant in the extendant component. Given o : G = G’
the components of Ran, are the mates of

Rang/ xa

Rang FoG £ " Rang FoG' = F. (2.26)

Remark 2.3.5. From the universal property of Lang — we can derive
L R

the unit and the counit of the adjunctions Lang ;—L{ G* and G* ;—R{

Rang: we leave this as Exercise 2.2 for the reader to spell out explicitly.

Proposition 2.3.6. Let again G : C — & be a functor and F : C — D
is a functor whose domain is a cocomplete category. Since both the co/-
tensors (see 2.2.3) and the co/ends involved in the equations below exist,
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then the left/right Kan extensions of G : C — & along F : C — D exist
and there are isomorphisms (natural in F and G)

C
LanFGz/ D(FC, _)®GC RanFGz/D(_,FC)mGC.
C
(2.27)

These Kan extensions are pointwise in the sense of 2.1.4.

Since this is our first instance of derivation in co/end calculus, we
apply a certain pedantry to the explanation, duly recording the results
that allow each step. Such verbosity will be soon abandoned, to let each
reader profit from the instructive meditation following the chains of iso-
morphisms we write.

Proof The proof consists of a string of canonical isomorphisms, exploit-
ing simple remarks and the results established so far: the same argument
is offered in [ML98, X.4.1-2].

1

Cat(D,f,’)(/CD(FC,_)@GC,H) /XD(/CD(FO,X)eaGO,Hx)

1282~ [ D(DFC,X)®GC,HX)
cX

(2.15) = [ Set(D(FC,X),£(GC,HX))
cXxX

141 / [D(FC, _),(GC, H-)]
C
(2.12)%/5(GC,HFC)%Cat(C,E)(G,HF).
C

The case of Ranp G is dually analogous and we leave it to the reader. O

Corollary 2.3.7. Let D : A — B be a functor;

cc1) if D is a left adjoint, then D preserves all pointwise left Kan extensions
that exist in A; dually,

ccz) if D is a right adjoint, then D preserves all pointwise right Kan ex-
tensions that exist in A.

Proof Left adjoints commute with tensors, i.e. D(X ® A) =2 X ® DA for
any (X, A) € Set x C, and with colimits (see A.4.6). The result follows,
and can easily be dualised. O

Example 2.3.8. Let T : C — C be a monad (see A.6.3) on C; the
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Kleisli category K1(T) of T is defined having the same objects of C and
morphisms KI(T')(A, B) := C(A,TB).

Given any functor F': A — C, the right Kan extension Tr = Rang F,
when it exists, is a monad on C, that we call the codensity monad of

F; using the end expression for Ranp F' we get that on objects TF is
defined as

Tw(C) /A C(C,FA) h FA. (2.28)

(See 2.2.3 for the rh operation.) Hom-sets in the Kleisli category K1(TF)
can be characterised as

KI(Tr)(C, C") = /A Set(C(C', FA),C(C, FA)). (2.29)

The multiplication and unit of TF can be found using the universal
property of T:

e The multiplication is obtained as the mate of

Ranp xexF
_—

Rang FoRanp Fo F Rangp Fo F 5 F (2.30)

under the adjunction isomorphism [C,C|(H,Rang F) = [A,C|(HF, F);
e the unit 7 :id = Ranp F' is obtained as the component of the unit of
the adjunction F* 4 Ranp at the identity.

The difficult part is to show that the two maps p : Tr o Tp = Tr and
7 :id¢ = TF indeed form a monad; we relegate this proof to an exercise
in 2.9; the interested reader shall try to translate in coend calculus the
proof in [Dub70, pp. 67—71].

Remark 2.3.9. There is a dual theory of density comonads: given a
functor F' : A — C the left Kan extension of F' along itself, when it
exists, has the structure of a comonad S (see A.6.17), where

e the co-multiplication is obtained as the mate of

Lang Fxnp+F
_—

F ™ Lanp Fo F Langp FoLanp Fo F' (2.31)

under the adjunction isomorphism
e the counit o : Lanp F' = id is obtained as the component of the counit
of the adjunction Lanp 4 F'* at the identity.

Find a similar expression for the hom sets of the co-Kleisli category
coKI(S*) (and see Exercise 2.10).
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Example 2.3.10 (Stalks of a sheaf ([GAV72, 6.8 and §7.1])). (Credits to
E. de Oliveira Santos) Let (X, 7) be a topological space, and i,: {p} —
X the inclusion of a singleton into X. From this, we get an induced
functor

O(ip) : O(X) — O({p})

. (2.32)
Ub——1i,"(U)
Considering now left Kan extensions along the opposite of O(iy),
O({p})
O(ip)™ L F
iLano(p)er (2.33)
7N
O(X)°p Set,

we obtain a functor Lanep;,)er : Cat(7°P,Set) — Cat({p},Set) = Set,
whose image at F is written [F,].

The restriction of this functor to the category of sheaves on X can be
identified with the stalk functor (—),: we have O({p}) = {@ < {p}} and
computing the images of @ and {p} under [F,] via the colimit formula
for left Kan extensions gives

7 1({p}) = colim ((O([p]) 4 {p}) — O(X)" L5 Set) .
= colimys,(F(U)),
=~ 7,

[7,](2) = colim ((O([p]) 4 2)7 = O(X)® 5 Set) .

= colimy, o (F(U)),
= F(2).

Example 2.3.11 (Analytic functors). A functor F : Set — Set is said
to be analytic if it consists of the left Kan extension of a functor f :
B(N) — Set (the ‘species’ of F') along the functor j : B(N) — Set; B(N)
is the category having objects natural numbers and such that B(N)(m,n)
are the bijective functions {1,...,m} — {1,...,n} (so this set is empty
if n # m).

In other words, B(N) is the groupoid arising as disjoint union of all
symmetric groups [],,~, Sym(n).

Representing the left Kan extension Lan; f as a coend we have

P(T) = / " f () (2.34)
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a functor is ‘analytic’ if it can be expressed as a Taylor series, and the
coend is in a suitable sense that Taylor series). The theory of analytic
functors, besides having an intrinsic interest, is capable to categorify
many phenomena in classical combinatorics. See for example the seminal

[Joy86], but also [AV08, GJ17].

2.3.1 Tannaka duality using coends

Example 2.3.12. Let V be a finite dimensional vector space over the
field K; let VV denote the dual vector space of linear maps V — K.
Then there is a canonical isomorphism

14
/ VVeor VK. (2.35)

The fastest way to see this is to notice that

14
/ hom(V, _) RV Lanid (ld) = idMod(K) (236)

(compare this argument with any proof trying to explicitly evaluate the
coend from its bare definition).

Remark 2.3.13. Let again V be a finite dimensional vector space over
the field K. The universal cowedge hom(V, V) <% K sends an endomor-
phism f : V — V to its trace 7(f) € K (which in this way acquires a
universal property).

The above argument holds in fact in fair generality, adapting to the
case where V' is an object of a compact closed monoidal category, and it
is linked to the theory of Tannaka reconstruction.

Let G be an internal group in a suitable category of spaces (it can be
a Lie group or an affine group, i.e. a group in the category of algebraic
varieties or schemes). The category Rep(G) of its finite dimensional rep-
resentations ¢ : G — Mod(K) carries many important properties: it has
a monoidal structure and an involution (_) turning it into a rigid mo-
noidal category (see [Sel10] for a glimpse on the vast zoology of monoidal
categories).

Tannaka theory tries to find sufficient conditions on a nice monoidal
category A ensuring that it is equivalent to Rep(G) for some space G,
and retrieves sufficient information to reconstruct such G (or equivalently
by Gel'fand duality, its algebra of functions) from 4. Such algebra of
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functions is built out of A alone in a canonical fashion, as long as it
comes equipped with a nice functor A — Mod(K) for some ring K.

Remark 2.3.14. ®® For the purposes of this remark, unveiling the
coend-y nature of the argument in [Sch13, 10.2.2],

e We fix a ground ring R, and we let K be a commutative R-algebra
and A an additive autonomous symmetric monoidal R-linear category;
this means that every object in A is dualisable.

o We let w: A — Mod(K) be a R-linear functor that is strong mono-
idal; since A is autonomous, this entails that the essential image of
w is contained in the subcategory of dualisable (i.e. finitely generated
projective) B-modules.

e We also assume that w is comonadic.

Under these assumptions, we can consider the density comonad of w,
i.e. the left Kan extension of w along itself (of course if w is comonadic,
and has a right adjoint r, then Lan,, w = w o r because Lan,, & _ or):
according to 2.3.6, the left Kan extension in study can be computed as
the coend

M — /AEA Mod(K)(wA, M) @ wA (2.37)

We now claim that the object H = Lan,, w(K) carries a natural structure
of Hopf algebra in Mod(K): indeed H results as

Lan,, w(K) = /A Mod(K)(wA, K) @ wA = /A(wA)V ®@wA (2.38)

(this is exactly how the object H is introduced in [Sch13, Bak07, UIb90]);
moreover, Lan,, w is strong monoidal by doctrinal adjunction [Kel74]
and thus H = Lan,, w(K) must carry a bi-algebra structure.

One form of the Tannaka reconstruction theorem now asserts that A
is monoidally equivalent to the category of representations of the space
Spec(H).

Here, we prove a slightly less sophisticated version of the theorem
using coends. The proof is obtained in various steps; we just sketch its
backbone to let the reader appreciate how, although there’s still a lot of
(non-formal) work left to do, the use of coends makes the essential idea
crystal-clear.

Theorem 2.3.15. Let K be a ring, F : A — mod(K) a K-linear,



2.3 Kan extensions using co/ends 47

faithful, strong monoidal functor with domain a K-linear rigid mono-
idal category. The codomain mod(K) is the category of finitely-generated
projective K-modules.

Then there is a bialgebra B € Mod(K) (now, not necessarily finitely
generated) such that A is monoidally equivalent to the category of B-
modules Mod(B).

Proof First, consider the codensity monad Ranp F' : Mod(K) — Mod(K),
and the density comonad Lang F of F'; the image of K under the monad
is the object Ranp F(K) and corresponds to the module

/homK(homK(kz,FA),FA):/homK(FA,FA) (2.39)
A A

i.e. to the monoid of endo-transformations Cat(A, Mod(K))(F, F) (see
1.4.1; the monoid operation here is vertical composition, which is of
course bilinear). We claim this is the algebra B we are looking for. Indeed,
the object Lany F'(K) is another K-module, and not very far from B:

A
LanFF(k)%/ homg (FA, k) ® FA

1%

/A(FA)* ®FA

A
z/ (FA® FA*)*

([ racen) -5
A

Now, ‘every object of A is a B-module’ in the following sense: the uni-
versal wedge of the end [, homg (FA, FA) is made by maps

€4 : B — homg(FA,FA) = End(FA) (2.40)

and this is a ring map giving F'A a structure of B-module; a morphism
f:A— A" in A now fits in the commutative square

B——— > homg(FA,FA)

l lFf* (2.41)
homg (FA', FA) e homg (FA,FA)

which means that for every b € B, F f(b.z) = b.F f(x) where b._ = €(b);
thus it is a homomorphism of B-modules.
This is enough to define a functor F' : A — Mod(B) (just corestrict
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F) in such a way that it is an equivalence of categories; it is indeed full
and strictly surjective on objects, and strong monoidal and faithful by
the initial assumption.

Moreover, the multiplication of B given by vertical composition of
natural transformation is compatible with a comultiplication on B*, and
precisely (if we shortly denote [F, F] = Cat(A, Mod(K))(F, F))

([F Fl®[FF] = [FF)*
[F,F]*® [F,F)* « [F,F]*

(2.42)

(and B = B* because as B-module it is of course 1-dimensional). O

2.4 A Yoneda structure on Cat

2.4.1 Formal category theory: a crash course

The language of category theory is built upon a certain number of fun-
damental notions: among these we find the universal characterisation of
co/limits, the definition of adjunction, (pointwise) Kan extension, and
the theory of monads.

It is often possible to ‘axiomatise’ these definitions, pretending that
they refer to the 1- and 2-cells of a generic 2-category other than Cat.

In some sense, category theory arises when the way in which abstract
patterns interact becomes itself an object of study, and when it is gen-
eralised to several different contexts. In a few words, the aim of formal
category theory is to provide a framework in which this process of con-
ceptualisation can be outlined mathematically. Quoting [Gra80],

The purpose of category theory is to try to describe certain general
aspects of the structure of mathematics. Since category theory is also
part of mathematics, this categorical type of description should apply
to it as well as to other parts of mathematics.

The basic idea is that the category of small categories, Cat, can be
promoted to a 2-category Cat with ‘formal’ properties in the same way
Set is a category with ‘formal’ properties (leading to the definition of a
topos). The aim of formal category theory is to outline these properties,
and the assumptions needed to ensure that a certain 2-category behaves
like Cat for all practical purposes.

Unfortunately, being too naive when performing this process doesn’t
always give the ‘right’ answer (because it doesn’t always build an object
with the right universal property).
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This is ultimately due to the fact that, when moving to the setting
of V-enriched categories (which is the adjacent step of abstraction from
Cat, the category Set-Cat of Set-enriched categories) the theory ‘behaves
differently’ in various ways, and some of these differences prevent V-cate-
gories to be as expressive as one would have liked them to be (a paradig-
matic example of this minor expressiveness is the lack of a Grothendieck
construction for generic V-presheaves: studying the way in which the
Grothendieck construction of A.5.9 ultimately pertains to formal cate-
gory theory has been addressed in the early literature on formal category
theory (see [Str74, SW78, Str80]).

Formal category theory can be thought as a way to encode the same
amount of information carried from Cat in other contexts: even though
it is always possible to do some constructions by mimicking definitions
from Cat (adjunctions and adjoint equivalences, extensions by universal
2-cells, etc.), things get a little hairy when we want to provide the theory
with an analogue of the Yoneda lemma.

In the 2-category Cat, we can use the above mentioned Grothendieck
construction to ‘revert’ set-valued functors on an object B into arrows
‘over’ B;! in the 2-category Cat the comma object of B : 1 — B to
idp : B — B together with its projection B/B — B is a good stand in
for the covariant functor represented by B (more generally, discrete left
fibrations over B stand in for general functors B — Set).

In the 2-category V-Cat, we care about V-valued V-functors and we
would like to do the same construction. But for an object B in a V-en-
riched category B, the comma B/B is more naturally an internal cate-
gory (whose object of objects is [ [ 5 B(B, X)) rather than an enriched
one (whose objects are morphisms p : B — X in the underlying category
of B). The skewness between these two presentations of category, one ‘in-
side’ a universe, and the other ‘with respect to’ a universe, generates all
sorts of subtleties and problems.

Now, we are left with the question:

Which additional structure on a 2-category K allows to recognise arrows
of K playing the same réle of discrete (op)fibrations in Cat, thus provid-
ing with a meaningful notion of (fibrational) Yoneda lemma internal to
K (see §A.5.3)7

1 We basically glue together a bunch of fibers HB Ep projecting onto B, in the
same manner we build the étale space of a presheaf F' : B°P — Set; the reader
might have noticed that this is secretly the same construction that gives the étale
space of a presheaf on a topological space (see 3.2.11).
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The axioms of Yoneda structure provide a possible answer to this ques-

tion.

Our aim here is to present them not for an arbitrary 2-category, as

they appear in [SW78] but for the 2-category Cat: we prove the validity
of each axiom as it appears in [SW78]; to do this, we will extensively use
the co/end calculus we know.

YD1)
YD2)

To start, we establish the following notation:

K is a 2-category, fixed once and for all;

Ads(A, B) C K(A4, B) is a full subcategory of ‘admissible’ 1-cells, which
is moreover a right ideal, meaning that the composition map restricted
to admissible 1-cells restricts as a family of maps

cxaBlads : Ads(A, B) x K(X, A) — Ads(X, B). (2.43)

This means that if [f}] and {g}ﬂ are 1-cells and ¢ is admissible, then

B
g o f is again admissible. We call admissible an object A such that
ida € Ads(4, A).

Now we assume that the following structure can be found on K:

YS1)

YS2)

for each admissible object A € K we can find an admissible 1-cell
¥4 :A— PA called a Yoneda arrow;?
for each f: A — B admissible 1-cell with admissible domain, we can

find a 2-cell
A
£a
f

B—-= PA

We say that a 2-category K has a Yoneda structure if it is endowed with

the data above, and if the following axioms are satisfied.

Axiom 2.4.1. In (2.44), the pair (B(f,1), x”) exhibits lany X 4.

Proof The proof that this axiom holds in Cat consists of the following

derivation in coend calculus: let f : A — B be a functor, then

A
laan:A(B)%/ B(fA,B) x % 4(A)

2 Tt is desirable for the correspondence A — PA to be a functor; it will be an

axiom. For the moment, the assignment P A is just any object depending on A.
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~ /AB(fA,B)  A(_, A)
221 B(f_,B).

Axiom 2.4.2. In (2.44), the pair (f, x/) exhibits the absolute left lifting
LiftB(f,l) K4

Proof The validity of this axiom in Cat is again a game of coend calcu-
lus: if we call Ny = lany & 4 = B(f,1) for short, we have lifty, 4 Ny .,
where Ny .: g — Nyog is the ‘direct image’ (or post/composition) func-
tor; then we have an isomorphism between sets of 2-cells

Cat(A, PA)( X4, Ny o g) = /A[Aop, Set] (£ A, Ny 0 g(A))
g/A[A"p,Set](okAA,B(f_,gA))

~ /A B(fA,gA)
~ Cat(A, B)(f. )

We leave to the reader the proof that this lifting is preserved by every
functor; a terse equivalent formulation of this axiom is that there is a

S
relative adjunction (see Exercise 2.11) f M{ B(f,1) with relative unit
the Yoneda map & 4. O

Axiom 2.4.3. Given a pair of composable 1-cells A EN; BN C, the
pasting of 2-cells

fa

A PA
fl wx*Bf %
B-x,>PX (2.45)
gl X’
C(g,1)
C

exhibits the extension langs & 4 = C(gf, 1), and the pair (idpa,idy )
exhibits lany & 4.

Remark 2.4.4. The hidden meaning of this axiom is that P is a pseudo-
functor K°°°P — K (whose domain is the sub-class of admissible objects).

Let’s make this evident: given a pair of composable 1-cells A i> B
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C, the universal property of 9/ entails that there is a unique 2-cell §9/
filling the diagram

A— PA

f Yo TPf

B " PB (2.46)
l / Pg
c

Axiom 2.4.3 is equivalent to the request that this arrow is invertible
(exercise: draw the right diagram), and this yields that the above diagram
has the same universal property of the square

A4 pa

gfl il TP(gf) (2.47)

C ——= PC
feo

which in turn entails that there is a unique, and invertible, 2-cell P(gf) =
P foPg. This is of course half of the structure of pseudofunctor on P; the
remaining structure is given by the request that (idpa,idy ,) exhibits
lany &4, because this provides a unique, invertible 2-cell idpa =
P(id4) for every admissible object A. This result has a variety of differ-
ent interpretation: it follows from the Yoneda lemma as stated in A.5.7,
and from the coend expression for the density comonad, or by a direct
check of the universal property in study.

All the remarks in 2.4.3 are evidently true in Cat, since the (pseudo)
functoriality of the correspondence A +— [A°P Set] can be proved di-
rectly without great effort. Nevertheless, axiom 2.4.3 is still telling us
something about a ‘reduction rule’ for composition of Kan extensions:
indeed, it is possible to prove that (in the same notation of axiom 2.4.3)
that there is a (canonical!) isomorphism

Ogf s langy & 4 Zlany , & 4olan, K. (2.48)

The proof of this statement is another game of coends, using 2.3.6: try
to do it as an exercise (hint: there will be many coends involved; fix an
explicative notation and maintain it clear).
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2.4.2 Addendum: co/ends inside a Yoneda structure

Warning 2.4.5. The present section relies on material presented in
chapter 4 and 5; it can (and should) be skipped at first reading, but can
be used as reference for additional examples of weighted co/limits coming
back from said chapters.

Along the following remark we fix a 2-category K and we assume that
K has all finite limits, that it is cartesian closed, and that the functor P
is quasi-representable, i.e. it arises as A — [AY, Q] for some object Q € K
and a duality involution (_)Y on K (see [Shul6]); it is possible to prove
that there is an isomorphism €2 = P1, where 1 is the terminal object of
K.

The purpose of this section is to establish how the Yoneda structure
having such P as presheaf construction possesses a formal analogue of
co/end calculus.

Remark 2.4.6. ®® In a quasi-representable Yoneda structure P : Ads —
K, Yoneda embeddings are maps in K of the form A — [AY, P1]; if the
product AY x A is admissible in the Yoneda structure generated by P
we can consider the admissible maps

ha:AY x A— Pl (2.49)

as the mates of the Yoneda embeddings & 4. These maps play the role of
internal homs, so that admissible objects can be thought as canonically
P1-enriched: in order to define co/ends we shall write them as certain
weighted co/limits using the maps h4 as weights (see 4.1.13.wcC3, co/-
ends are precisely hom-weighted co/limits).?

Let’s stick for a moment to the case where the ambient 2-category is
Cat; by definition of what is a weighted colimit in a Yoneda structure
[SWT78, §4], the presence of an isomorphism

/X A(A, X) x A(X, A') = A(A, A') (2.50)

valid for a category A and objects A, A’ € A means that the left lifting of
& gov x4 along P1(h4,1), is .4, and such lifting is absolute; this yields

J: O
a relative adjunction h 4 EELZEY P1(h4,1); this final request means

3 It is worth to remind that fr every small category A € Cat the composition maps
are given by a family of functions cgp. : A(a, b) X A(b,c) = A(a, c) such that
Ca,_,c is a cowedge, and in fact an initial one.
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that the triangle

A°P x A
F q0p x4 ha
/ Xi;‘\ (2.51)
P(A%® x A) Pia) P1
A

is an absolute left lifting; this is precisely axiom 2.4.2 applied to h 4.
It is worth to investigate how far this formalisation of co/end calculus
can go:

Remark 2.4.7 (Co/ends in a Yoneda structure, ®®). The 1-cell P1(h4, 1)
admits a left adjoint Lan ¥ avoa b 4; computing this Kan extension in Cat
we get

(4,47
Lany o, 4 DalF) = / [AP % A, Set](& aonx.a(A, A'), F) x ha(A, A")
(4,47
o / F(A, A)) x A(A, A')

~ /aF(A,A).

Thus, the adjunction Lany ,  ha - P1(ha,1) is an abstract analogue

of the adjunction fA : [A°P x A, Set] < Set : hom th _, where the left
adjoint fA takes the coend of a functor F' : A°°? x A — Set, and the
right adjoint is the hom-weighted limit functor hom h X : (A4, A") —
Xhom(A’A/), the same that helped prove the Fubini theorem in 1.3.1 (see
4.1.13.wcg for the precise result).

It is now straightforward to go further: axiom 2.4.2 entails that in a
Yoneda structure an admissible object A for which A x A°P is still ad-
missible (this translates into the property that the domain of a relative
monad P : A — K is closed under product and duality involution), thus
there are absolute left liftings

A°P x A
& q0p x4 ba
= (2.52)
P(A°P x A) Piad) Pl
Ay

in which P1(h4, 1) has a left adjoint, precisely Lany ,  ba. Such a left
adjoint is the functor taking the ‘coend’ of an internal endo-profunctor
F:AY x A— P1.
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2.5 Addendum: relative monads

Notation 2.5.1. Along the present section, categories of functors X —
Y are often denoted as [X, )]; this complies with the notation for carte-
sian closed categories and serves to avoid cumbersome accumulation of
symbols when iterated functor categories such as

Cat(Cat(Cat(A°P, Set)2P, Set)?P, Set) (2.53)

are considered. Context always allows to determine where the hom-cat-
egory [X, )] lies.

Another notational simplification is the following: every functor J :
X — Y induces a left extension functor Lany; = Ji : [X,)] — [V, )]
This notation draws from algebraic geometry and it is chosen since we
have to iterate several left extensions and to iteratively apply the func-
tors Jy + J* and compose their unit and counit maps.

In this subsection address a deeper study of the presheaf construction:
we shall prove that

e albeit not an endofunctor, the presheaf construction functor P of the
Yoneda structure on Cat is a relative monad on the category of func-
tors cat — Cat; this means that it is an internal monoid in the skew-
monoidal category of those functors; in simple terms, a skew-mono-
idal category (M, <) is like a monoidal category, but the associator
axyz: (X<4Y)<Z = X < (Y < Z) and left and right unitors are not
invertible maps: thus, aggregations of objects

Xo<a X< <X, (2.54)

are not well-defined without specifying their parenthesisation. We in-
troduce the notion in full generality, and we prove that, under suitable
cocompleteness assumptions on ), the category Cat(X,)) becomes
skew-monoidal.

e We then prove that P is a particularly well-behaved relative monad,
that in [DLL19] is called a yosegi box. In simple terms, the action of
P on 1-cells is such that

YB1) every P, f fits into an adjunction Pf < P* f;
YB2) P, is a relative monad with respect to the inclusion j : cat C Cat;
YB3) the monad P is lax idempotent.

As shown in [DLL19], it turns out that these three properties charac-
terise uniquely the presheaf construction of a Yoneda structure.
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The upshot of the present section is thus the following: provided the
left extension along a given functor J : X — ) exists, the functor
category [X,)] becomes a skew-monoidal [Szl12] with respect to the
functor < : [X, )] x [X,Y] — [X,))] sending F,G to JIF oG.

In the present section we offer a characterisation of relative monads as
<-monoids: we can provide a formal analogue for a similar statement than
the one given for K = Cat in [ACU10]; while extremely useful a reference,
the proof in [ACU10] does apparently work only on Cat, whereas the
argument appearing here can be easily adapted to an abstract 2-category.

Although a relatively elementary argument, spelling out a complete
proof of this fact turns out to be a rather tedious task.

Definition 2.5.2. Let J : X — )Y be a functor such that the left
extension along J exists, defining a functor Jy : [X,)] — [V, ))]; then
the category [X,))] becomes a left skew-monoidal category under the
skew multiplication defined by

(F,G)— F<1G = J,)F o G} (2.55)
there are natural maps of association, left and right unit

(Fa@G)aH ", Fa(GaH)

JaF — 20 p
F— % s FaJ

(2.56)

such that the following diagrams are commutative:

SKM1) skew associativity:

(FaG)aH)aK — X9 (FaG)<a(H<K)
(Fa(GaH) <K VF.GHE (2.57)

'YF,GH,KJ(

Fa(G<H)<K) ——— F<(G<(H<K))

FavG,H, K



SKM2)

SKM3)

SKM4)

S1)

S2)

s3)
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skew left and right unit:

(FaG)aJ — 222 Fa(Gal)
QFQGT %
F«G FaG (2.58)

)\F<IG
/ T)\FQG

(JaF) 4G —— 55— J<a(F<G)

zig-zag identity:
JaJ

0y A (2.59)
X

interpolated zig-zag identity:

(FaJ)aG — 2% 5 Fa(J<@)

QF<1GT JF@\G (2-60)
Fa@G F«G

The natural maps -, A, ¢ are defined as follows in this specific case:

Given F,G, H € [X, )], the cell yp ¢ i is defined by 4r ¢ * H, where
r,c is obtained as the mate of J F'*7n¢g under the adjunction J, %{ J*:
the arrow

JF oG 2% 1 Fo J* MG = J*(JF o JiG) (2.61)
mates to a map J,(JiF o G) — JF o JiG.
Given F € [X,))], the cell \p : J<F = F is defined by the whiskering
o * F', where 0 = 0yq,, is the counit of the density comonad of J;
Given G € [X, )], the cell g : G — G < J is the G-component n¢ of
the unit of the adjunction J; 4 J*

Remark 2.5.3. A complete proof of 2.5.2 appears as Theorem 3.1 in
[ACU10]; the main argument is however heavily relying on the assump-

tion that K = Cat; it was our desire to produce a formal proof ex novo,

while explicitly recording some useful equations satisfied by the skew mo-

noidal structure in study; as a rule of thumb, the structure maps of this

skew monoidal structure are entirely induced by the J %{ J* adjunction

and from (the equations satisfied by) the unit and counit thereof.

Until the end of the section, we adopt the following notation, and

employ the following equations wherever needed:
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E1) we denote *ww : JU — V the mate of w : U — J*V under the
adjunction J %{ J*; similarly, we denote x® : U — J*V the mate of
x : U — V; in this notation, the bijection

(X, VU, V) = [V, V(LU V) (2.62)

reads as (*w)® = w and *(x*) = x.

E2) the first zig-zag identity for the adjunction J, % J*is (egpxJ)ongy =
idg; in particular, if B =idy we have (o x J) o ny = idy;

E3) the second zig-zag identity for the adjunction J % J*isegpodi(nr) =
id F;

E4) an irreducible expansion for the associator, expliciting all its compo-
nents, is

YFGH = (E']!FOJ!G o J!(J!F * ng)) x H (2.63)

E5) the density comonad of J, whose comultiplication v and counit o
satisfy the comonad axioms is defined by the maps

o=c¢ig :N(J) =1
v J(J) 2D L) 0 J) 2 () o J(T) (2.64)

in particular, the comultiplication and the associator of the skew-mo-
noidal structure determine each other.

Proof First of all, axiom SKM3 is one of the two triangle identities of the
adjunction J; 4 J*. It remains to prove the other coherence conditions.

skM1) It is easy to see that one can prove commutativity before precomposing
with K; one has then to prove the commutativity of the diagram

J(J(JFoG)oH) JreG.n J(IFoG)o JH

Hrar)| o

J(NF o (JiGo H)) Fpaxdi H
Tr.gen |

JF o (LG o H) o 3 i Fo GoH

(2.65)
note that the dashed arrow exists: it is the mate *a of &« = (JiIF o
JiG) * n; the plan is to prove that the two sub-diagrams in which
this arrow splits the whole diagram commute separately. In order to
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do this, we start from the square diagram C1: recall that E2 entails
that one of the squares

JA ey x A—% s X
szl Jg fl lJ*g (2.66)
JB — Y B —— J'Y

commutes if and only if the other does. Hence, if we denote f =
Yra * H,g = Apg * JH,a = (JIF o G) * ng,b = a, C1 commutes if
and only if the square

JFoGoH (JFoG)ni JWIFoG)oJHolJ
'(JgF*nG)*Hl l’(JgF*ng)*(JyHoJ)
JFoJGoH JFoJGoJHolJ

(J1FoJiG)*npy
(2.67)
commutes. It does, since their common value at the diagonal is simply
the horizontal composition *(J\F * ng) 8.

A similar argument shows that ¢2 commutes: we have to establish
the commutativity of

(S FxJGxng)

J(JWFoJiGoH) JF o J)GoJJH
.(']!Fm AI!G*UH)
JF o Ji(JIGo H)
(2.68)

a diagram that can be ‘straightened’ to the left one below:

A (N F*nGan) A A JF*ncar A

H ngF*’(JzG*nH) H lJ;F*’(J!G*nH)*J
— > A A—
(N F*xJ Gxng) J FxJy,Gxnpg

(2.69)
but now, the left diagram commutes if and only if the right one does;
and the latter commutativity follows from the definition of 7.

SKM2) A separate argument works for diagrams 2R and 2L: unwinding the
definitions, the commutativity of 2R amounts to the commutativity
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of
J(NFoG)oJ X% JJFoiGoJ
m!ml H (2.70)
JiFxng

J!FOG—> J!FOJ!GOJ.

If we denote for short JiF' * ng = w, this commutativity is equivalent
to the fact that J*(*w) onj roq = w, which is true since the left hand
side of this equation is (*w)®. For axiom 2L, the commutativity of
J(J)o FF ——— J*JF
H }*J!F (2.71)
J|(J) oF m Jl(J) o J*JIF
follows from the fact that the upper horizontal row coincides with the

horizontal composition o 8np = np o (0 * F); this means that 2L is
true if and only if the square

F—" _ J*JF
O'*FT TE*J;F (2'72)
JSJoF —— JiJoJ* | F
JiFsnp
commutes; this is obvious by the naturality property of 7.
skM4) Unwinding the definition, axiom skM4 asks the diagram

JF o Ji(J) 2% g F

'YFJT ‘ (273)
J!(JIFOJ) m JIF

to commute. In order to see that it does, we observe that the chain of
equivalences

(JFxo0)oeypoygo i(J\Fxny)=ecppoJi(J\FxoxJ)oJi(JIFxn;)
=eproJi(NFx((o*J)ony))

=egroidyros

holds, where the last step is motivated by E2. So, the composition
(JIF % o) o ypy equals €, r; this, together with E3, concludes. O

Remark 2.5.4 (A nice J gives a nice structure). In favourable cases
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the skew monoidal structure simplifies until it collapses to a straight
monoidal structure:

o if J is fully faithful, the unit ngp : F — JiF o J is invertible for every
F,so that FF = F«aJ;

e if J is dense, the density comonad ¢ is isomorphic to the identity
functor, so Ap : F = J < F is an isomorphism,;

o if each extension J\F' is absolute, then each 4r ¢ is invertible.

Remark 2.5.5. The bifunctoriality of composition has been implicitly
employed in the above proof; we spell it out explicitly for future refer-
ence.

In order to prove such bifunctoriality, we have to show the commuta-
tivity of the square

FaG Y PaK
chl lfQK (2.74)
H<«G —— H<K

H<g

given f: FF— H and g : G — K. In fact, unwinding the definition it’s
easy to realize that this diagram commutes since its diagonal coincides
with the horizontal composition Jyf8g.

Remark 2.5.6 (A note on <-whiskering). This begs the question of how
the whiskering of a 1-cell F' with a 2-cell @ works, on the left and on
the right; given the shape of the <-skew-monoidal structure, it turns out
that

a<dF = JaxF
F<a:=JF*a (2.75)

Definition 2.5.7 (Monads need not be endofunctors, but are always
skew monoids). We will be interested in the notion of a J-relative mo-
nad, or simply a relative monad when J is understood from the context;
J-relative monads are defined as internal monoids in the skew-monoidal
category ([X, V], <), thus they come equipped with a unit n: J = T and
a multiplication p : T'<T = T. However, since the monoidal structure
< satisfies pretty asymmetrical coherence conditions, the commutativ-
ity conditions satisfied by a relative monad get altered accordingly. In
particular,
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RM1) the unit axiom amounts to the commutativity of

JaT 2 rar I 14y

P (2.76)

where the right triangle ‘commutes’ in the sense that the composition
wo (T <m) o p makes the identity of T.

RM2) the multiplication p is ‘skew associative’:

(TaT)aT —— Ta(TaT) = TaT
MTJ P (2.77)

TaT m T

We are particularly interested in lax idempotent monads, i.e. as those
that satisfy one of the following equivalent properties:

Definition 2.5.8. Let T': A — B be a 2-monad between 2-categories;
we say that T is lax idempotent if one of the following equivalent condi-
tions is satisfied:

L1) for every pair of T-algebras (a, A), (b, B) and morphism f : A — B,
the square

TA X1, T8

[ ]

is filled by a unique 2-cell f : bo T'f = f o a which is a lax morphism
of algebras;

L2) there exists an adjunction a 4 n4 with invertible counit;
L3) there exists an adjunction pu - n % T with invertible counit;

L4) there is a modification A : T« = 1 * T such that A xn = 1 and
pxA=1.

The conditions for colax algebras are of course obtained replacing lax
algebra morphisms with colax ones.



2.5 Addendum: relative monads 63

cx1) for every pair of T-algebras a, b and morphism f : A — B, the square

TA T, T8

[ sk

is filled by a unique 2-cell f : foa = boTf which is a colax morphism
of algebras;

Ccx2) there exists an adjunction n4 - a with invertible unit;

cx3) there exists an adjunction 1 * T 4 p with invertible unit;

CcX4) there is a modification Y : n* T = T *xn such that T xn = 1 and
wx T =1.

The scope of the next section is to prove that the presheaf construction
satisfies the axioms of a lax idempotent monad.

2.5.1 Relative monads and presheaves

Warning 2.5.9. Throughout the section we will often blur the distinc-
tion between two choices of notation: if the typeface for a 2-category is A,
objects, i.e. 0-cells in A, are denoted as Roman letters A, B, ..., XY, ...,
1-cell are lowercase Roman f,q, ... this applies in particular to the case
of Cat and its objects, categories A,B,C,...; we invite the reader to
keep in mind this small clash of notation when comparing the section
with the rest of the book; a similar choice has been made -without fur-
ther mention- discussing particular shapes of 2-limits in chapter 4 (see
4.2.7 and 4.2.8).

In the present section we study the pair (Cat, P), where P : cat —
Cat is the presheaf construction sending A +— [A°P, Set|; this is defined
having domain the category cat of small categories, and codomain the
locally small ones; the embedding of cat into Cat will always be denoted
as j : cat C Cat: it is an inclusion at the level of all cells.

We fix a notation that can be easily generalized to the case of a pair
(K, P), where P : A — K is the presheaf construction of a Yoneda
structure on K.

Notation 2.5.10 (Presheaves). We consider the functor P : A —
[A°P_ Set] as a covariant correspondence on functors and natural transfor-

mations; more formally, P acts as a correspondence cat — Cat sending
functors f : A — B to adjoint pairs P,f : PA S PB : P*f, and its
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action on 2-cells is determined by our desire to privilege the left adjoint,
inducing a 2-cell ay : P,f = Pyg for each a: f = ¢g. Given f : A — B,
the functor P*f := PB(JXp o f,1) acts as pre-composition with f,
whereas P, f is the operation of left extension along f. The situation is
conveniently depicted in the diagram

A%B

*Al " l“tB (2.78)

PA —= PB
P f

Such diagram is filled by an isomorphism when it is closed by the 1-cell
P\ f and by the cell x*2°f when it is closed by P*f.

Definition 2.5.11 (Small functor and small presheaf). Let X be a
category; we call a functor F': X°P — Set a small presheaf if it results
as a small colimit of representables; equivalently, F' is small if it exist a
small subcategory i : A C X and a legitimate presheaf ' : A°P — Set of
which the functor F is the left Kan extension along i.

Remark 2.5.12. The same definition applies, of course, to a functor
F: X — Y between two large categories.

Notation 2.5.13 (Small presheaves). It turns out that the category of
small presheaves on X is legitimate in the same universe of X (while the
category of all functors X°P — Set isn’t). Given a locally small category
there is a Yoneda embedding X — [X°P,Set|,, having the universal
property of free cocompletion of X (see [AR20, §3]). We explicitly record
how the functor [_°P,Set]s : Cat — Cat acts on 1- and 2-cells: the
universal property of [_°P,Set]s proved in [AR20] implies that in the
square

A—T1 B
;Al 5 (2.79)
[A°P Set], > [B°P, Set]s
the dotted arrow exists (it is the Yoneda extension of g o f). The

action of [_°P,Set]s on 2-cells is uniquely determined as a consequence
of this definition.

Lemma 2.5.14. Let j : cat C Cat be the embedding of small categories
in locally small ones. For every large category X there is a natural iso-
morphism [X°P, Set]; = Lan; P(X) (a convenient shorthand is to denote
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the left extension of P along j as jiP; this is compatible with the notation
in 2.5 and we will adopt it without further mention). More in particular,
there is a canonical isomorphism between P< P = jiP o P and the func-
tor [(P _)°P, Set]s, where for a large category X, the category [X°P, Set]s
designates small presheaves X°P — Set.

Proof To show that the universal property of the Kan extension is
fulfilled by [X°P,Set]s we employ a density argument: given a functor
H : Cat — Cat, every natural transformation o : P = H o j can be
extended to a natural transformation a from small presheaves to H,
using the fact that each F' € [X°P,Set]s, can be presented as a small
colimit of representables: the components of ax are defined, if F =
iWF € [X°P, Set], fori: A — X, as

-

[X°P, Set], - [A%P, Set], = [A°P, Set] 24 HjA=HA X% HX
O

Corollary 2.5.15. From this it follows that there is a canonical isomor-
phism

A€cat
[X°P, Set], = / [X, A]°P x [A, Set] (2.80)

(in particular, this specific coend exists even if it is indexed over a non-
small category); this will turn out to be useful in the proof of 2.5.17.

Remark 2.5.16. It is reasonable to expect 71 P to be the small-presheaf
construction; this construction is the legitimate version of the Yoneda
embedding associated to a (possibly large) category X. It is important
to stress our desire to exploit the results in [FGHW16], but minding that
P has additional structure (their approach qualifies P as a monad, but
only in the sense that it is a j-pointed functor, endowed with a unit
n : j — P and with a ‘Kleisli extension’ map —instead of a monad
multiplication— sending each f : jA — PB to f* : PA — PB); in
view of 2.5.2, now we would like to say that [cat, Cat] is a skew-monoidal
category with skew unit j, and composition (F, G) — jiF oG: this would
yield ‘iterated presheaf constructions’ P<P, P<(P<P),(P<P)<P,...,
all seen as functors cat — Cat. Unfortunately, given a functor F : cat —
Cat it is impossible to ensure that jiF exists in general (cat is a U*-
category, and Cat can’t be Ut-cocomplete), thus —if anything— the skew-
monoidal structure of 2.5.2 does not exist globally. Fortunately some left
extensions —precisely those we need— exist, so we can still employ the
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‘local’ existence of ji P and its iterates to work as if it was part of a full
monoidal structure.

It also turns out (and this is by no means immediate, see 2.5.18) that
the unitors Ap : j< P — P and pp : P — P <j and the associator
vp: (P<4P)aP — P < (P <aP) are all invertible.

The preliminary results in this section legitimate the practice to nai-
vely consider iterated presheaf constructions: once we consider small
functors, the category [X°P, Set]; lives in the same universe of X, and
so do all categories [[A°P, Set]°P, Set]s, [[[A°P, Set]°P, Set], ", Set],.

Lemma 2.5.17 (5, P preserves itself). There is a canonical isomorphism
Ypp :j!(j[PO P) = 3 PojP. (2.81)

Proof Relying on the previous lemma, we compute the coend
Agcat
WGP o P) = / 4, X] x [(PA)*, Set], (2.82)

which is now isomorphic to [[X°P,Set]%, Set]s in view of the Yoneda
reduction and of 2.5.14 (note that the definition of A\A.PA and AA.jiPA
entail that AA.[PA°P, Set| is covariant in A). O

Lemma 2.5.18. There are canonical isomorphisms Ap : j< P = P,
op: P2 P<jand yppp: (P<P)dP = P (P<P), determined as
i S1-S3.

Proof The isomorphisms come from the unit and associativity con-
straints of $1-$3; as noted in 2.5.4, ¢ is invertible in every component
because j is fully faithful, and similarly A is invertible in every compo-
nent if we show that j is a dense functor. Once we have shown this,
2.5.17 above will conclude, since from (2.63) the associator yppp coin-
cides with the composition 4pp * P.

Now, the functor j is dense, because the full subcategory of Cat on
the generic commutative triangle [2] = {0 — 1 — 2} is dense. So cat,
being a full supercategory of a dense category, is dense. [l

Remark 2.5.19. We often write nP, Pn, uP...to denote what should
be written as n< P, P<an, u<4 P ... Keeping in mind 2.5.6, that clarifies
what is the formal definition for <-whiskerings, there is non chance of
confusion: n< P = jin*x P, P<an = j P xn, and similarly for every other
whiskering.

Proposition 2.5.20. The presheaf construction P = [_°P Set] is a lax
idempotent j-relative monad.
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In simple terms, a relative monad T : X — ) is the formal equivalent
of a monad in the skew-monoidal structure ([X, )], <); on [cat, Cat], such
structure exists ‘locally’ in the components we need allowing us to work
as if P really was a <-monoid. As already said, [FGHW16] does not
assume the existence of a multiplication map p: P < P — P, replacing
it with coherently assigned ‘Kleisli extensions’ to maps f: jA — PB.

A relative monad is now laz idempotent (or a KZ-doctrine) if it satisfies
the 2-dimensional analogue of the notion of idempotency; in short, when
the algebra structure on an object A is unique up to isomorphism as soon
as it exists. Following [GL12, 2.2], P-algebras as cocomplete categories,
thus, when an object is a P-algebra it is so in a unique way (this is of
course a behaviour of all formal cocompletion monads).

Proposition 2.5.21. P is a j-relative monad, if we denote j : cat C Cat
the obvious inclusion.

Proof As already noted, the relevant left extensions involved in this
proof exist; now, the diagrams we have to check the commutativity of
are the following, once we define the Yoneda embedding & 4 : A — PA
as unit, and P* %, : PPA — PA as multiplication of the desired
monad.

[[(PA)°P, Set]%?, Set]s “E245 [(PA)°P, Set],
lp”” J“A (2.83)

(PA)P,Set], ———— PA

P X
)oPP Set] 2 PA

\ l‘“‘ / (2.84)

In order to show that they commute, we will exploit the adjunctions
P k4P X, and Piua 4 P*puy (the functor P*py exists because it
must coincide with the Yoneda embedding of [PA°P, Set], into the iter-
ated presheaf category [[PA°P, Set]°", Set]s; it must act as the Yoneda
embedding Q — [PA°P, Set]s(_,Q), and this evidently lands into the
category of small presheaves on [PA°P, Set], when restricted to small
functors).

For what concerns the unit axiom, the commutativity of the left tri-
angle can be deduced from the chain of isomorphisms

HA © JZPA'ELan;PA;A(JZA)o J:pA
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(J:PA is ff) = LaH;A(J:A)
(X 4 is dense) X idpa.

The right triangle corresponds to the composition

[A°P Set] — [[A°P, Set]’”, Set]; ————— [A°P, Set]
Pr———=(Q—[Q P]) ——— (a—[&4(a), P| = Pa)

which is again isomorphic to the identity of PA thanks to the Yoneda
lemma.

In order to show that the multiplication is associative, we prove that
Piua = upa as a consequence of the fact that there is an adjunction
uwp i{ P, having moreover invertible counit. The argument will be fairly
explicit, building unit and counit from suitable universal properties of
the presheaf construction and from the definition for P*pu4 and ppa:

e P*uy sends ¢ : PA°P — Set into [PA°P,Set]s(_,() (it plays the
exact same role of a large Yoneda embedding; this will entail that the
counit of the adjunction up < P*u is invertible);

e upa actssending \F.O(F) € [[PA°P, Set]s"", Set]s to Aa.O(hom(_, a)).

With these definitions, the composition pp a0 P* 4 is in fact isomorphic
to the identity of [P A°P, Set|s; we not find the unit map: we refrain from
showing the zig-zag identities as they follow right away from the explicit
description of the co/unit.

The unit will have as components morphisms © = P*ua(upa(©))
natural in © € [[PA°P, Set];°”, Set],: given one of these components, its
codomain can be rewritten as the coend

P pa(ppa(©)) = Ax.[PAP, Set]s(x, npa(©))

o )\X,/ Set(x(F), ppa(©)(F))
FePA

~ My / Set(x(F), O(PA(_, F)))
FePA
+— Ax-0(x)

and we obtain the candidate morphism in the last line as follows: its
component at x € [PA°P, Set]; must be an arrow

O(x) — Set(x(F),©0(PA(-,F))) (2.85)
FePA
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which is induced by a wedge
O(x) — Set(x(F),0(PA(-, F))); (2.86)

such wedge comes from (the mate of) ©2", ©’s function on arrows: the
Yoneda lemma now entails that such action induces a map

X(F) = [PA™, Set](PA(-, F),x) = Set(0(x), O(PA(—, F)))
(2.87)
that by cartesian closure can be reported to
@(X) — Set(X(F)aG(PA(—aF))) (288)
Of course, this is a wedge in F', and we conclude. O

Proposition 2.5.22. The monad P is lax idempotent in the sense of
2.5.8: there exist an adjunction pa i{ NPA.

Proof The existence of an adjunction pa4 i{ npa. will imply all the
equivalent conditions in 2.5.8, that we nevertheless recall in 2.5.23 below
for the convenience of the reader. From the definition of these maps,
there is a natural candidate to be the counit, and this will be invertible
as a consequence of the Yoneda lemma. Indeed, the isomorphism 1 =
A onpa corresponds to the map

Aa.Fa— AG.hom(G, F) — Aa.hom(A(_,a), F) & Fa. (2.89)

The unit is instead given by the action of a certain functor on arrows,
in a similar way as above: given y € [PA°P, Set],, there is a canonical
map

X(F) = PA(F, Aa.x(hom(_, a)))
= /GA Set(Fa, x(hom(_,a)))

coming from (the mate of) a wedge
Fa = PA(hom(_,a), F) — Set(x(F), x(hom(—_,a))) (2.90)
defined by the action on arrows of x. O

The following remark, which is a particular case of 2.5.8, characterizes
P-algebras as categories whose Yoneda embedding & 4 has a left adjoint
a. These are the cocomplete categories [GL12, §2]; it is rather easy to see
that one of the axioms of P-algebras asserts that a(A(_,a)) & a, and
since « is a left adjoint it is uniquely determined by sending a colimit
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of representables into the colimit in A of representing objects (all such
colimits, in particular, exist).

Remark 2.5.23. It turns out from the general theory of lax idempotent
monads that P satisfies the following equivalent conditions:

pL1) for every pair of P-algebras a,b and morphism f : A — B, the square

pAa XL, ppB

al lb (2.91)

pL2) if & : PA — A is a P-algebra, there is an adjunction o - n4 with
invertible counit;

pPL3) there is an adjunction 4 4 npa with invertible counit.

In particular, we have shown condition PL3; since PL2 holds, there is
only a possible choice up to isomorphism for a P-algebra structure on
an object A, namely the arrow playing the role of left adjoint to the
Yoneda embedding.

Exercises

2.1 Show that the mate of (2.23) (with the same notation therein) is a
natural transformation

Lan, F' : Lang F' = Lang I

which is the component at F' of a transformation Lan, : Lang: =
Lang; in other words show that the square

Lang, 7
Lang: F —= Lang H

Lan, F\H] ﬂ/Lana H

Lang F' =—= Lang H
Lang 7

commutes for every natural transformation 7: F = H.

L
2.2 Write explicitly the unit and the counit of the adjunctions Lang ;—L{
R
G* and G* ;—R{ Rang.
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2.3 Show that presheaf categories are cartesian closed, via coends: if
Cat(C°P, Set) is the category of presheaves on a small C, then there
exists an adjunction

Cat(C°?, Set)(P x Q, R) = Cat(C°P, Set)(P, R?)

by showing that R%(c) = Cat(C°P, Set)( &, x Q, R) does the job (use
the ninja Yoneda lemma, as well as 1.4.1).

2.4 Let K be a 2-category, and e : X — X an endo-1-cell; show that the
following conditions are equivalent:

e ¢ is the identity 1-cell of X;
e for every f: X — A there is a triangle

that exhibits f as the right extension of itself along e.

How can this statement be dualised?

2.5 Use equations (2.27) and the ninja Yoneda lemma that Lanq and
Ranjq are the identity functors, as expected. Use again (2.27) and
the ninja Yoneda lemma to complete the proof that F' +— Lanp is a
pseudofunctor, by showing that for A EiN B, A G ¢ D there is a
uniquely determined laxity cell for composition

Lang (Lang(F)) & Langa(F)

(hint: play with the coend Lang (Lang(F))D until you get
b'e’s
/ (D(HX, D) x C(GY, X)) ® FY;

now use the ninja Yoneda lemma plus co-continuity of the tensor, as
suggested in Remark 2.2.5).

2.6 Show that the unit  : F' = Lang F oG is a wedge in the component
G; dually, the counit ¢ : Lang(H o G) = H of the same adjunction
is a cowedge. Are the two dinatural transformations the end and the
coend of the respective functors?

2.7 Let C be a small compact closed monoidal category [Day77]; Show
that the functor Y — [ ¥ XV®@Y ®X carries the structure of a monad
on C.
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2.8 Use coend calculus to prove that if a functor G is fully faithful,
then so is Lang(—). Use coend calculus to prove that if a functor
i : C — D has small domain and is dense, then the left Kan extension
of the Yoneda embedding X, along i is a fully faithful functor D —
[C°P, Set]. Chapter 3 will extensively study this kind of phenomena.

2.9 Show that if Tp = Ranp F € Cat(D, D) is the codensity monad of a
functor F' : C — D, the twomaps y: TroTr = Tr and 0 : id¢ = T
indeed form a monad, according to A.6.3.

2.10 Use the end expression in (2.29) for the hom set in the Kleisli
category of the codensity monad of F' : A — C, and define the Kleisli
composition in KI(Tr) by means of the universal property of (2.29).
You shall obtain that the Kleisli composition of f : A — TrB and
g:B—TrC is

pcoTgof:A—=TC

Do the same for the co-Kleisli composition in coK1(S¥'), the density
comonad of F.

2.11 ®® The following exercise draws a piece of the theory of relative
adjunctions: we recall that if J: A —-C, F: A— B,and G: B — C
are functors, an adjunction between F' and G, relative to J, consists
of a family of natural isomorphisms

B(FA,B) = C(JA,GB).

If this is the case, we say that G has a J-relative left adjoint. This is

J
denoted F u{ G Dually, (in the same notation) we say that G has a
J-relative right adjoint F if there exists a natural isomorphism

C(GB,JA) 2 B(B,FA).
This is denoted G m{ F.

e Show that F' ﬂ{ G if F = liftg J and this lifting is absolute; the
unit n : J = Goliftg J = GF is the relative unit of the adjunction;
dually, G m{ Fif F = riftg J and this lifting is absolute; the counit
€: Goriftg J = GF = J is the relative counit of the adjunction.
Note in particular that if ' ﬂ{ G there is no counit, and if F' ﬁ{ G
there is no unit.

e Is this criterion also necessary? Namely, is it true that if F ﬂ{ G
then F = lift J is absolute? If not, does this mean that there can
be two non-isomorphic G, G’ such that F ﬂ{ G,G'? What is the

J
structure, if any, of the class of functors {G | F l{ G}?
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e Assume that
[J1]
F—{G 1 and F—{[h] Gy

are relative adjunctions; it is then possible to build a 2-cell

n*xGa Gixe

J1G2 GlFG2 G1J2

pasting the relative unit of F —1{ G with the relative counit of
F m{ (2. Under which conditions is this 2-cell an isomorphism?
e What does the invertibility of the relative unit n : J = GF of a
relative adjunction F ﬂ{ G imply for G, F (F is ‘relatively fully
faithful’: what does it mean?). Dual question for the relative counit
of F 7] G.
2.12 Let R be a ring regarded as a one-object category enriched over
Ab. A presheaf on R is a right R-module; let A be a cocomplete
Ab-enriched category and X : R — A an enriched functor;

e Show that the class of such functors X corresponds to the class of
objects of A with an action of R;
e compute the left Yoneda extension X ® _ of M : R — Ab and its
right adjoint; why the notation X ® _
2.13 Let F' : C — D be a functor, and let C> be the category C with

an additional terminal object adjoined (see A.3.4 for the precise no-
tation). There is an obvious embedding functor C < C”: show that

the triangle
C
/ \i
> 00000 o D
F

is a right extension; who is the 2-cell n : F = F o0? Why?
2.14 Prove that in the Yoneda structure on Cat the following additional
axiom holds:
B(f,1)
_—=X
Let B~ o PA bea 2-cell; if it has the property that the pasting
~—7

g

A—2A paA
l <

&O’
B
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exhibits lifty & 4, then o is invertible.

2.15 Prove that the 2-cell
f

A———>B

NI

pPAa<tl pp
witnesses the fact that there is a laz dinatural transformation J :
id = P. Take the occasion to define the notion of lax dinaturality;
don’t despair if you can’t: wait for 7.1.1. What is the definition of
lax dinaturality in the 2-category Cat? How is the cell v : k4 =
Pfo Xpo f defined in the canonical Yoneda structure on Cat?



3

Nerves and realisations

SUMMARY. The present chapter studies a single kind of Kan exten-
sions: the ones where the extendant functor is the Yoneda embedding
¥ : C — [C°P,Set]. Far from being too narrow, the resulting theory
of Yoneda extensions is astoundingly rich and pervasive; the central
object of study of the whole chapter are extensions of the form

Lany F 4 Lanp &

induced by a functor F' : C — D; these are called nerve-realisation
adjunctions. Exploiting the results of the previous chapter, many the-
orems turn out to be purely formal consequences of the basic rules of
coend calculus.

In order to motivate such pervasivity, we propose a collection of
examples of nerve-realisation adjunctions drawing from algebra, topol-
ogy, geometry, logic, and more category theory.

Form itself is Void and Void itself is Form.

Form is not other than Void and Void is not other than Form.
The same is true of Feelings, Perceptions, Mind, and
Consciousness.

Heart sutra

3.1 The classical nerve and realisation

3.1.1 Overture: the universal property of [C°P, Set]

The case in which a Kan extension is done along the Yoneda embedding
acquires particular significance in the general theory of Kan extensions:
since in a cocomplete category D all tensors and colimits in (2.27) exist,
every functor F' : C — D having small domain and cocomplete codomain

75
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has an extension to the category of presheaves on C, in a diagram

c
y:ix (3.1)

[CoP, Set] —————=D
F

filled by an invertible 2-cell 7. The scope of this introductory section is
to outline this as a universal property. The rest of the chapter is devoted
to show how pervasive and expressive the theory of “Yoneda extensions’
is.

Let C be a small category, D a cocomplete category; then, precom-
position with the Yoneda embedding . : C — [C°P, Set] determines a
functor

Cat([C°P, Set], D) =%, Cat(C, D), (3.2)

that restricts a functor G : [C°P,Set] — D to act only on representable
functors, confused with objects of C, thanks to the fact that J is fully
faithful. We then have that

Theorem 3.1.1.

YE1) The universal property of the category [C°P,Set] amounts to the ex-
istence of a left adjoint Lany , to precomposition, that has invertible
unit (so, the left adjoint is fully faithful).

This means that Cat(C,D) is a full subcategory of Cat([C°P,Set], D).
Moreover

vi1) The essential image of Lan  consists of those F' : [C°P,Set] — D
that preserve all colimits.

viz) If D = [E°P, Set], this essential image is equivalent to the subcategory
of left adjoints F : [C°P, Set] — [E°P, Set].

Proof The first claim asserts that the following are equivalent:

e every F : C — D extends uniquely to £ : [C°P, Set] — D (this in turn
means that there is such an ' and that if £’ , F both extend F , they
are canonically isomorphic);

e there exist an adjunction Lan ﬁ _ o & that has invertible unit.

Proving these claims amounts more or less to playing with definitions,
and to notice that that since F' is unique up to isomorphism, the corre-
spondence F' — F'is a functor determined up to isomorphism. Given the



3.1 The classical nerve and realisation 77

universal property of F =Lan » F', the counit of the adjunction is deter-

mined by the fact that there is a unique e : Go & =Lan . (G&X) — G
induced by the pasting diagram of 2-cells

c
e n\\cii;
=

| s

A

[C°P, Set

G

half of the triangle identities is simply the fact that the above triangle
factors the identity of G o &. The unit of the adjunction is invertible,
as a consequence of a general fact: if the extendant arrow y is a fully
faithful functor, then there is a canonical isomorphism Lan,(F)oy = F
(in case y = X is the Yoneda embedding, there’s an easy coend proof
for this: find it using the ninja Yoneda lemma).

Now, we shall prove that the counit eg : Lan (G o &¢) = G of the
above adjunction is invertible if and only if the functor G is cocontinuous.

Let G be cocontinuous; then since the counit is obtained as the canon-
ical map

Lanot(GJ:)(P)%/ PX x G(hom(_, X))

—>G</XPX><hom(_,X)>

=GP

it’s easy to see that G is cocontinuous if this is an isomorphism. Vice
versa, if the counit gives an isomorphism G = Lan . (G X&) then

X
G(colim; Pj) %/ colimy P; X x G(hom(_, X))

b'e
%colimJ/ P; X x G(hom(_, X))
= colim ; G(FPj)

(this is in fact a consequence of a more general result: every functor that
is of the form Lan, F' is cocontinuous; prove this more general fact using
the commutation of coends and colimits).

To complete the proof, we just observe that a cocontinuous functor
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L : [C°P,Set] — [E£°P, Set] between presheaf categories has a right adjoint
given by the coend

CeC
/ (€% Set] (LC, X) & C, (3.4)

where ® is a tensor in the sense of 2.2.3.

3.1.2 Realisations of simplicial sets

We start the present section running two examples in parallel. This way,
it will seem evident how they are particular instances of the same general
construction. Consider the category A made of finite nonempty ordinals
and monotone functions, and let us consider the Yoneda embedding
XA A — [A% Set]; the presheaf category over A is usually called
the category sSet of simplicial sets; if Spc now denotes a nice category
of topological spaces’
A — Cat which ‘represent’ every object [n] € A either as a topological
space or as a small category:

we can define two functors p : A — Spc and @ :

e The category i[n] is obtained regarding a totally ordered set {0 <1 <
-+ < n} as a category (every poset is a category, in the usual sense:
a morphism = — y between the elements of a poset is the judgment
that z < y);

e The topological space p[n] is defined as the geometric n-simplex A™
embedded in R™*! as the subset

{(xo,...,zn)GR"+1 |0§xi§1,z;l:0zi:1}. (3.5)

endowed with the subspace topology. (What is the affine function
Af : A™ — A™ induced by a monotone function f : [m] — [n]?
Draw pictures of p[n] for small values of n and define the face maps
A™ = A" ! and degeneracy maps A" — AT

Everyone having their hands a bit dirty of algebraic topology will understand
what we mean by ‘nice’ here; the rest of our readers shall take for granted that
the whole category of all topological spaces is not nice; it is in fact full of
pathological objects we don’t want to consider. We shall then restrict to a
smaller subcategory Spc C Top, like the one of compactly generated spaces or the
one of spaces with the homotopy type of a CW-complex.
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Looking for the left Kan extension of these two functors along the Yoneda
embedding, we are in the situation depicted by the following diagrams:

A — = Cat A—L Spc
T 7
sSet sSet

We want to consider the left extensions L, L’ of the two functors i, p
along the Yoneda embedding kA : A — sSet; according to our 3.1.1
above these extensions are left adjoints.

We denote the adjunctions so determined as

Lany i+ N; and Lany p - Ny; (3.7)

the two right adjoint functors are called the nerves associated to functors
i and p respectively, and are defined as follows:

e the categorical nerve sends a category C to the simplicial set N;(C) :
[n] — Cat(i[n],C); the set of n-simplices N;(C),, coincides with the set
of composable tuples of arrows

Codl 0y 20y Oy 2. (3.8)

In particular, N(C)o is the set of objects of C, and N(C); its set of
morphisms. Thus the category C can be reconstructed from its nerve.

e the geometric nerve sends a topological space to the simplicial set
N,(X) : [n] = Spc(pln], X) = Spc(A™, X)) (the singular complex of a
space X).2

The left adjoints to N, and N; must be thought as ‘realisations’ of a
simplicial set as an object of Spc or Cat:

o The left Kan extension Lan p is called the geometric realisation | X,|
of a simplicial set X,, and it can be characterised as the coend

neA
/ A" x X, (3.9)

which in turn coincides to a suitable coequaliser in Spc in view of
our 1.2 and 1.2.4 (and their duals). The product A™ x X,, is indeed
a product of topological spaces when X,, is thought as discrete: it is
The name is motivated by the fact that if we consider the free-abelian group on
Ny (X)n, the various Cp, =Z - Np(X)n = HN (X) Z organise as a chain

o(X)n

complex where differentials are determined as alternating sums of face maps, and
whose homology is precisely the singular homology of X.
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the space HseXn A" C R™! with the subspace topology on a disjoint
union.

The shape of this object is determined in light of our description of
the coend as a suitable coequaliser (in 1.2 and 1.2.4 —and their duals),
i.e. as a quotient space of [, A™ x X,, and it agrees with the more
classical description presented in almost all books in algebraic topol-
ogy: the topological space |X,| is obtained choosing a n-dimensional
disk A™ for each n-simplex = € X,, and gluing these disks along the
boundaries OA™ according to the degeneracy maps of X,.

The resulting space is, almost by definition, a CW-complex, because
each standard n-simplex is homeomorphic to a closed disk: this means
that | Xe| has the topology induced by a sequential colimit of pushouts
of spaces Xy — X(1) — ... all obtained starting from a discrete
space of 0-simplices X(g) = A% x Xy (A° C R is a single point).

o The left Kan extension Lan , ¢ is the categorical realisation 71 (X,) of
a simplicial set X,, resulting as the coend

neA
/ in] X Xa. (3.10)

The Set-tensor i[n] X X,, is interpreted as a product in Cat, where
the set X, is thought as a discrete category; faces and degeneracies of
X prescribe how the set [[,cx {0 — 1--- — n} glue together in the
quotient ([],ca i[n] x Xn) /=~

Note that 71(X,) realises Xo in the sense that the set of objects
(resp., of morphisms) of tau;(X,) is precisely the set of 0-simplices
(resp., of 1-simplices) of X,. This is the category whose objects are
0-simplices of X,, arrows are 1-simplices, and where composition is
defined asking that f,g € X; compose if there exists a 2-simplex o
having 0-th face g and 2-nd face f; identities are witnessed by degen-
erate simplices.

In modern terms (like the ones in [JT07, Joy02, Lur09]), when X,
is an oco-category, we call 71 (X, ) the homotopy category of X,.

Remark 3.1.2. It should now sound as a reasonable conjecture that
these examples arise as particular instances of a general theorem. This
is indeed the case: the general pattern unifying both these constructions,
that we will call it the ‘nerve and realisation paradigm’, was first sug-
gested by D.M. Kan’s works in algebraic topology, and in particular on
the eponymous Dold-Kan correspondence; in this perspective we can re-
cover the classical/singular nerve as particular instance of the paradigm,
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and many more examples embodied from time to time in different set-
tings; describing this pattern by means of co/end calculus is the scope
of the following sections.

3.2 Abstract realisations and nerves

The upshot of the present section is that whenever F' : C — D has small
domain and cocomplete codomain, the universal property of the Yoneda
embedding in 3.1.1 determines a functor Lan , F'; this functor is always
a left adjoint (compare this to the axioms of a Yoneda structure in 2.4.1,
2.4.2).

Algebraic topology, representation theory, geometry and logic consti-
tute natural factories for examples of ‘nerve and realisations’; more or
less everywhere there is an interesting cocomplete category D, there
lies an interesting example of nerve-realisation adjunction, induced by a
functor F': C — D with small domain.

We now want to lay down the foundations and the terminology allow-
ing to collect a series of readable and enlightening examples.

Definition 3.2.1 (Nerve and realisation contexts). Any functor F :
C — D from a small category C to a (locally small) cocomplete category
D is called a nerve-realisation context (a NR context for short).

Given a NR context F', we can prove the following result:

Proposition 3.2.2 (Nerve-realisation paradigm). The left Kan exten-
sion of F' along the Yoneda embedding & : C — [C°P, Set], i.e. the functor

Ly =Lan, F : [C°, Set] — D (3.11)

is a left adjoint, Lp 4 Ng. Lp is called the D-realisation functor or the
Yoneda extension of F', and its right adjoint the D-coherent nerve.

Proof The cocomplete category D is Set-tensored, and hence Lan, F'
can be written as the coend in (2.27); so the claim follows from the chain
of isomorphisms

D(Lany F(P),D) = D(/C[COP,Set](J:C,P) ® FC, D)
g/ D([C*, Set)( X ¢, P) @ FC, D)
C

g/ Set (IC°P, Set]( X ¢, P), D(FC, D))
C
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~ / Set(PC, D(FC, D).
C

If we define Np(D) to be C'+— D(FC, D), this last set becomes canoni-
cally isomorphic to [C°P, Set](P, Ng(D)). O

It is straightforward to recognise the choice of F' leading to the nerves
N, and Nj;. Also, in light of 3.1.1 the previous result can be rewritten
as follows:

Remark 3.2.3. There is an equivalence of categories, induced by the
universal property of the Yoneda embedding . : C — [C°P, Set],

— o X¢: Cat(C,D) = Caty(Cat(C°P, Set), D) (3.12)

whenever C is small and D is cocomplete locally small. The left hand
side is the category of cocontinuous functors [C°P, Set] — D.

Remark 3.2.4. It is well-known to algebraic topologists that the geo-
metric realisation functor L, = |_| : sSet — Spc commutes with finite
products: coend calculus simplifies this result a lot reducing it to a di-
rect check on representables; it is unfortunately not powerful enough to
provide an additional simplification.

In fact, we can only define a bijection between the sets |A[n] x A[m]| =
A™ x A™; after that, a certain amount of dirty work is necessary to show
that this bijection is also a homeomorphism with respect to the natural
topologies on the two sets. The formal proof that L, commutes with

finite products is left as an exercise at the end of the chapter.

3.2.1 Examples of nerves and realisations

A natural factory of NR contexts is homotopical algebra, as such nerve
and realisation functors are often used to build Quillen equivalences
between model categories. The existence of such Quillen equivalences is
somewhat related to the fact that ‘transfer theorem’ for model structures
often apply to well-behaved nerve functor: if D is a model category and
F : C — D is a NR functor, oftentimes there is a Quillen adjunction
Set = D, and sometimes a Quillen equivalence induced by the right
adjoint Np.

Quillen adjunctions between model categories are certainly not the
only examples of NR paradigms. The following list attempts to gather
other important examples from different areas of algebra, geometry and
logic: for the sake of completeness, we repeat the description of the two
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above-mentioned examples of the topological and categorical realisations.

Example 3.2.5 (Categorical nerve and realisation). If our NR context
is i : A — Cat, we obtain the classical nerve N; of a (small) category C,
whose left adjoint is the categorical realisation (the fundamental category
71X of X described in [Joy02]). The NR adjunction

71 : 8Set & Cat : N; (3.13)

gives a Quillen adjunction between the Joyal model structure on sSet
(see [Joy02]) and the folk model structure on Cat. This adjunction yields
a Quillen adjunction between the category Cat and the category of sim-
plicial sets; the fibrant objects in sSet, co-categories, constitute a model
to study category theory in a homotopy coherent fashion.

Example 3.2.6 (Geometric nerve and realisation). If our NR context
is p: A — Spc is the realisation of a representable [n] in the standard
topological simplex, we obtain the adjunction between the geometric
realisation |Xo| of a simplicial set X, and the singular complex of a
topological space Y, i.e. the simplicial set Y, having as set of n-simplices
the continuous functions A™ — Y.

If we apply object-wise the free abelian group functor Z[_] : Set —
Ab to this simplicial set we obtain the simplicial abelian group ZY,,
which under the Dold-Kan correspondence 3.2.10 gives rise to a (positive
degree) chain complex, the singular complex of Y. The homology of this
chain complex coincides with the singular homology of Y.

Example 3.2.7 (sSet-coherent nerve and realisation). Let F : A —
Cata be the functor that realises every simplex [n] as a simplicial cate-
gory having objects the same set [n] = {0,1,...,n} and as hom(s, j) the
simplicial set obtained as the nerve of the poset P(i, j) of subsets of the
interval [4,j] which contain both i and j.3

This sets up a NR context, and if we consider Lan, F' we obtain the
(Cordier) simplicially coherent nerve and realisation, defined as follows:

e the left adjoint sends a simplicial set into the simplicial category

/ F[n] x X, (3.14)
obtained in a similar fashion of 71 (X,) by taking simplicial categories

3 In particular if 4 > j then P(i,5) is empty and hence so its nerve is the constant
simplicial set on @.
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F[n] as shapes and the simplices s € X,, as gluing instructions. Of
course, colimits of (enriched) categories tend to be wildly complicated,
but it is an instructive exercise to try to understand how the functor
Xe — || Xo|| behave on simple examples. We address the reader to
[DS11, Rie].

e the right adjoint Na : Cata — sSet sends a simplicial category C
into a simplicial set constructed remembering that C carries a sim-
plicial structure. Intuitively, simplicial functors F[n] — C carry more
information than plain set-enriched functors [n] — C.

This adjunction establishes another Quillen adjunction sSet < Cata
which restricts to an equivalence between quasicategories (fibrant ob-
jects in the Joyal model structure on sSet [Joy08]) and fibrant simpli-
cial categories (with respect to the Bergner model structure on Cata
[Ber07]).

Example 3.2.8 (Moerdijk generalised intervals). The construction giv-
ing the topological realisation of A[n| extends to the case of any ‘inter-
val’ in the sense of [Moe95, §I11.1], i.e. any ordered topological space J
having ‘endpoints’ 0, 1; indeed every such space J defines a generalised
topological n-simplex A™(J) as follows:

A™MT) = {(z1,...,xp) |2 € Jyag < --- <, } C I (3.15)

endowed with the subspace and product topology. These data assemble
into a NR context A®(J) : A — Spc that gives rise to an adjunction
Lany A*(J) 4 Naes. Instead of going deep into the technicalities, we
address the reader to [Moe95, §I11.1] for more information.

Example 3.2.9 (Toposophic nerve and realisation). The correspon-
dence D : [n] — Sh(A"™) defines a cosimplicial topos, i.e. a functor
from A to the category of (spatial) toposes, which serves as a NR con-
text. Some geometric properties of this nerve/realisation are studied in
[Moe95, §I1I]: we outline an instance of a problem where this adjunction
naturally arises: let X = Sh(X),Y = Sh(Y") be the categories of sheaves
over topological spaces X, Y.

Let X*)Y be the join (see A.3.12) of the two toposes seen as categories:
this blatantly fails to be a topos, but there is a canonical ‘replacement’
procedure

] Lan, D
Cat x Cat —— Cat ol sSet o Topos (3.16)

(X, V) —> X% Y —> Cat(A*, X+ V) —= X 0 Y
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that builds a topos out of X and )Y; various questions about this con-
struction are left as an exercise in 3.7

Example 3.2.10 (The Dold-Kan correspondence). The Dold-Kan cor-
respondence [Dol58] asserts that there is an equivalence of categories be-
tween simplicial abelian groups [A°P, Ab] and chain complexes Ch™*(Ab)
concentrated in positive degree, and it can be seen as an instance of the
NR paradigm.

In this case, the functor dk : A — Ch*(Ab) sending [n] to Z2[M (the
free abelian group on A[n]) and then to the Moore complex M (ZAI")
determined by any simplicial group A € [A°P, Ab] as in [GJ99] is the
NR context. The resulting adjunction

Lan, (dk) = DK : [A°P, Ab] < Ch™T(Ab) : N (3.17)
sets up an equivalence of categories.

Example 3.2.11 (Etale spaces as Kan extensions). (The present ex-
ample reworks [Bre97, 1.5]) Let X be a topological space, and o(X) its
poset of open subsets; let Spc/X be the slice category of morphisms with
codomain X and commutative triangles as morphisms.

There exists a tautological functor

t:0(X)— Spe/X (3.18)

U
sending U C X to itself, regarded as an object [ 1 ] ; this works as a NR
X

context, yielding a pair of adjoint functors
Lan, ¢ 4N, (3.19)

where N4 is defined taking the (pre)sheaf of sections of p € Spc/X.
The resulting left adjoint is precisely the functor sending a presheaf
F : 0o(X) — Set to the disjoint union of stalks F' = ][,y F», endowed
with the final topology that makes continuous all maps of the form
§:U — F sending = € X to the equivalence class [s], € Fj.

In order to see this, let’s unpack the definition of the left Kan extension
in study: we have to compute the coequaliser

luv

V] —— U
Hycw FU® Lﬂ — Myeox) FU® [}i{} — > Lan, «(F) (3.20)

ruv

where the parallel maps are defined on components by lyy(s,V) =
(sly,V) and ryy(s,V) = (s,U), and ® is the canonical Set-tensor of
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Spc/X. Such coequaliser imposes on ]_[er(X) FU® [z} a relation iden-
tifying (s, U) with all its restrictions (s|y, V') to smaller open sets.

This means that in the equivalence relation generated by these pairs,
a section (s € FU) is identified with a section (¢t € F'V) if they coincide
on at least an open W C U N V. This is very near to the universal
property defining the set of all germs ]y F%, and in fact it is exactly
what is needed to define a natural map qu : FU ® [}iUJ = Huex Fe
for each U € o(X) (the cocone condition for these ¢y entails that they
are “defined on germs of sections”, in a precise sense that can be easily
spelled out).

U
In fact, qu : FU ® [}i{} — [l,ex Fr corresponds, by the universal

property of the tensor functor on Spc/ X, to a natural family of functions
qu : FU — Spc/X (U], 11, Fr)- (3.21)

This is to say, every abstract section s € FU shall give rise to a “true
section” $: U — [], Fy.

A routine argument now shows that the family (qy | U € o(X)) is also
initial: every other cocone for the same diagram, say (yy : FU® [}l{} — Z

for some space Z, must determine a unique map ( : 11, F» — Z, whose
components are (, : F, — Z, sending [s], € F, to (,(s) for some (the
cocone condition makes this choice well-defined) (s,U) € FU x U|[z]
(U]x] is the filter of neighbourhoods of x € X) having germ [s], at x.

This adjunction restricts to an equivalence of categories between the
subcategory Sh(X) of sheaves on X and the subcategory Et(X) of étale
spaces over X, giving a formal method to prove [MLM92, 11.6.2].

Example 3.2.12 (The tensor product of modules as a coend). Any ring
R can be regarded as an Ab-enriched category (see A.7.1) having a single
object, whose set of endomorphisms is the ring R itself; once noticed this,
we obtain natural identifications for the categories of modules over R as
covariant and contravariant enriched presheaves on R:

Modp = Cat(R°P, Ab)
rMod = Cat(R, Ab). (3.22)

Given A € Modg, B € gRMod, we can define a functor Typ : R°? X R —
Ab which sends the unique object to the tensor product of abelian groups
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A ®z B. The coend of this functor can be computed as the coequaliser

r®l

coker( [I,crA®zB _—ZA®zB ), (3.23)
1®r

that quotients the object A ®z B for the submodule generated by the

sums ra ® b — a @ rb.

*ER
In other words, there is a canonical isomorphism / Tip = AQgrB.

Remark 3.2.13. The previous construction is in fact part of a richer
structure: we can define a bicategory Mod (see A.7.11) having

e O-cells the rings R, S, .. .;

e l-cells R — S the modules g Mg, regarded as functors M : R x S°P —
Ab;

e 2-cells f: pMg = rNg are the module homomorphisms f: M — N.

This bicategory Mod has a fairly rich structure induced by the one of
rModg: for example, bifunctoriality of the tensor product ® amounts
to the interchange law in the bicategory Mod.

Chapter 5 on profunctors will extensively generalise this point of view,
extending it to the case of multi-object categories, enriched over a generic
base.

Remark 3.2.14. The previous point of view on tensor products can
be generalised further (see [ML98, §IX.6], but more on this has been
written in [Yon60, §4]): given functors F,G : C°P?,C — V having values
in a cocomplete (see A.3.10) monoidal category, we can define the tensor
product of F,G as the coend

C
FXe G := / FC &y GC. (324)

Chapter 4 will generalise in some ways this point of view, regarding this
example as an instance of a weighted colimit of F' with weight G, in case
C is a V-enriched category.

To appreciate the next example we need to recall the following

Proposition 3.2.15. The following properties for a functor F : C — Set
are equivalent:

FL1) F commutes with finite limits;
FL2) Lan, F' commutes with finite limits;
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FL3) The category of elements C S F of F (see Def. A.5.9 and Prop. 4.1.11)
is cofiltered.

Proof We provide a proof using as much coend calculus as we can:
first of all, from A.5.7 we know that every presheaf is the colimit of the
Yoneda embedding over its own category of elements, thus if F' commutes
with finite limits its category of elements C S F' has the property that

colimg | o li? X(A)(D;) = liI]n colime [ p & (A)(Di) (3.25)

for every object X € C and diagram D : J — C with finite domain. This
is true only if C S F is filtered.
Condition FL2 now implies condition FL1 because Lan, F o &k = F
and the left hand side is a composition of finitely continuous functors.
Last, condition FL3 implies condition FL2, because

C
Lan;F(P)%/ PC®FC
C
~ / PC® (colimy X(D;)C)

C
~ / colimy (PC © X (D;)C)

COhmJ /C (PC® ;(D])C)

12

colim; P(Dj)

Now, assume P results as a finite limit limac 4 Pa; the category J is
filtered, thus we can complete the step as

Lan, F(limy P4) = colimy lim 4 Pa(D;)
= lim 4 colim y Py (D])
~limg Lan, F(Pa).

Example 3.2.16 (Giraud theorem using coends). Giraud theorem as-
serts that every Grothendieck topos is equivalent to a left exact localisa-
tions of a presheaf category [C°P, Set] (a Grothendieck topos is a category
of sheaves Sh(C,j) with respect to a Grothendieck topology j).

Such a classical ‘representation’ theorem is deeply intertwined with the
theory of locally presentable categories (see [AR94, CV06]), is contained
at the end of [MLM92].

We now try to outline an argument that employs coend calculus and
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Yoneda extensions; we will realise a Grothendieck topos £ as a full sub-
category of [C°P,Set] for C = £~ C & the subcategory of compact (or
finitely presentable) objects of £.4 A finite limit of finitely presentable
objects is again finitely presentable, and thus the inclusion ¢ : E<, C &
preserves finite limits.

The full embedding ¢ : C C £ works as a NR context as in 3.2.1, and
moreover it is a dense functor; this enables us to use coend calculus to
prove that

(i) The t-nerve N, is full and faithful; it will turn out to be the inclusion
of sheaves into presheaves [C°P, Set];

(ii) Lan, ¢ is a (left exact, thanks to 3.2.15 and to the fact that ¢ is left
exact) reflection of [CP, Set] onto &.

Hence, the NR adjunction has the following form:

_

Lan . (¢) : [C°P, Set) E:N, (3.26)

As said, since ¢ is dense, the nerve N, is fully faithful (see Exercise
3.5): it only remains to prove that the functor Lan (:) behaves like

sheafification. In view of the shape of unit and counit of Lan  (¢) %{ N,
(see exercise 3.3) means that we have to manipulate the following chain
of (iso)morphisms:

Lan (1)(P)(C) =E(C, Lan , 1(P))

A
%S(LC,/ PA x 1A)

A
e/ £(1C, PA x LA)

1%

A
/ PA X E(1C,LA)

Il

A
/ PAxC(C,A)
=pC

This gives an arrow PC — L PC which is easily seen to be the component
of a natural transformation, and in fact of a reflection (to show that

4 Recall that an object X € £ is compact or finitely presentable if the functor
hom(X, ) commutes with filtered colimits. This essentially means that X can
be presented with finitely many generators and relations in the ‘theory’ of £.
Also, an object is finitely generated if it commutes with filtered colimits of
monomorphisms.
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np has the correct universal property, it suffices to show that every
morphism P = F where F' is an object in £ uniquely extends to LP =

It remains to prove that this functor is left exact. To do this we in-
voke 3.2.15, since €., is closed under finite limit. It also remains to
characterise sheaves as those P such that np is invertible, but this is an
equivalent characterisation of orthogonal classes, addressed in Exercise
A11.

Example 3.2.17 (Simplicial subdivision functor). Let again A be the
category of nonempty finite ordinals. The Kan F1z™ functor is an end-
ofunctor of sSet turning every simplicial set X, into a Kan complez.’
This construction is of fundamental importance in simplicial homotopy
theory, and we now want to re-enact the classical argument given by
Kan in the modern terms of a NR paradigm on A, following [GJ99].

First of all, we note from [GJ99] that the non-degenerate m-simplices
of A[n] are in bijective correspondence with the subsets of {0,...,n} of
cardinality m + 1; this entails that the set of non-degenerate simplices
of A[n] becomes a poset s[n] ordered by inclusion.

We can then consider the nerve N,(s[n]) € sSet (see Example 3.2.6).
This organises into a functor sd : A — sSet, that works as a NR
paradigm: using 3.2.2 we obtain the adjunction

Ex
sSet _ T~ sSet (3.27)
sd

where Ex is the nerve Ngq associated to the NR paradigm sd (so a right

adjoint to Sd = Lan y sd): the set of m-simplices Ex(X),, is sSet(sd(A[n]), X).
There is a canonical map sd(A[n]) — Aln] which by precomposition

and by the Yoneda lemma, induces a map X, = sSet(Aln], X) EM

sSet(sd(A[n]), X) = Ex(X)n, natural in X € sSet. This gives to Ex(_)

the structure of a pointed functor, and in fact a well-pointed functor in

the sense of [Kel80]; this, finally, means that we can define

* HxX * X2
Ex®(X) 2 colim (X I Bx(X) 22 Bx?(x) 2B ) (3.28)

as an endofunctor on sSet. The functor Ex* enjoys a great deal of formal
properties useful in the study of simplicial homotopy theory (the most
important of which is that Ex™(X) is a Kan complex for each X €

5 A Kan complex is a simplicial set Y such that the functor hom(_, X) turns each
horn inclusion A*[n] — Aln] (see [GJ99]) into an epimorphism.
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sSet, see [GJ99]). A more intrinsic characterisation of this construction
is contained in [EP08], and defines not only Sd = Lan , sd as a Left Kan
extension, but also sd: the authors consider the diagram of 2-cells

FaXx&
A x A 2772 oSet x sSet —— = sSet

A o (3.29)

;Al Vo

sSet

Sd

where @ : AXA — A is the ordinal sum defined by [m]®[n] = [m+n+1].
Exercise 3.9 expands on this. In the notation of our Chapter 6, the
functor sd is the convolution X * & a.

Example 3.2.18 (Isbell duality). Let V be a co/complete symmetric
monoidal category V (this will be called a Bénabou cosmos in the subse-
quent sections), and C € V-Cat a V-enriched category (see A.7.1); then,
we have an adjunction

V-Cat(C, V)°P 1 V-Cat(C°P, V) (3.30)
Spec
This means that we find a bijection of hom-sets

V-Cat(C, V) (0(X),Y) = V-Cat(C,V)(Y,0(X))
= Y-Cat(C°, V)(X, Spec(Y)) (3.31)

induced by the functors
0:X s (c — V-Cat(C, V) (X, ;Cop(c*))),
Spec: Y (c — V-Cat(C, V)P (X on (C), Y)).

The adjunction property is a simple derivation in coend calculus:

V-Cat(C, V) (Y, 0(X)) :/ V(YD,/ V(XA,C(A,D)))

D

= / V(YD,V(XA,C(A,D)))
DA

%/AV(XA,/DV(YD,C(A,D)))
= V-Cat(C°?, V) (X, Spec(Y)).
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Exercises

3.1 Use coend calculus to show that the geometric realisation L, com-
mutes with finite products of simplicial sets, assuming that it does
commute with finite products of representables.

3.2 Compute the J-realisation (see Example 3.2.8) of X € sSet in the
case J is the Sierpinski space {0 < 1} with topology {@, J, {1}}. (hint:
the colimit [ A™(J) x X,, stops after two steps.)

3.3 Let F': C — D be a NR context. Write explicitly the unit and counit
of the nerve and realisation adjunction Lan , F' 4 Np.

3.4 @@ Show that the nerve functor Ng is canonically isomorphic to
Lang X, so that there is an adjunction

Lan, F 4 Langp X,

without using coend calculus.
3.5 Show that the following two conditions are equivalent, for a NR
context F': C — D:

e The nerve Np : D — Cat(C°P, Set) is fully faithful;
e The functor I is dense, i.e. the density comonad Lanpg F' is the
identity functor of D.

3.6 @@ A tensor-hom-cotensor situation (thc situation for short) con-
sists of a triple (®,A,[—, =]) of functors between three categories
S, A, B, whose covariance type is defined by the adjunctions

B(S® A, B) ~ S(S,[A, B]) = A(A, S A B).

More precisely, if ® : S x A — B, then A : §S°? x B — A, and
[—,=]: A°? x B — S. The aim of this exercise is to show that given a
the situation (®, A, [—, =]), we can induce a new one (X, A, {_, =)),
on the categories ST"" >/ Al B’ for any I,.J € Cat;

e Define FRG € B’ out of F € ST"*7 G € A!, as the coend

/ F(i, - )®Gi
and show that there is an adjunction
BN(FRG,H)=S"*(F (G, H) = A(G,F A H)

for suitable functors (_, =) and _ A =, developing B/ (FRG, H) =
. in two ways, with coend calculus.
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Assuming that the relevant structure exists, is it true that com-
position of the 2-category Cat is the ® functor of a thc situation
® : Cat(B,C) x Cat(A,B) — Cat(A,C)? What are the parametric
adjoints of _ o F and Go _7?

3.7 ®® Example 3.2.9 can be expanded and studied more deeply:

Is ® a monoidal structure on Topos?

Under which conditions on X,Y is X ® ) equivalent to a topos of
sheaves on a topological space X ® Y7

What are the properties of the bifunctor (X,Y) — X ® Y'? Does
this operation resemble or extend the topological join?

3.8 @@ In this exercise Spc is a nice category for algebraic topology.
Define the category I' having objects the power-sets of finite sets,

and morphisms the functions f : 2" — 2™ preserving unions and

set-theoretical differences.

(a)
(b)

Show that there is a functor A — T', sending the chain {0 < 1 <
-<ntinAto{@c{0}cC---C{0,...,n}}inT.

The category of presheaves of spaces A : I'°P — Spc is called the
category of I'-spaces; a I'-space is said to satisfy the Segal condition
(or to be Segal) if it turns pushout in I' into homotopy pullback in
Spc. Describe pushouts in I'; show that a I'-space is Segal if and only
if the following two conditions are satisfied: (i) A(0) is contractible;
(ii) the canonical map A(n) — []"_; A(1) is a homotopy equivalence
in Spc.

Let X € Spc and A : T'°P — Spc; define X ® A to be the coend (in

Spc)
nel’
/ X" x A(n)

Show that this defines a bifunctor I'°P x I' — Spc. Find a canonical
map connecting the tensor product of S* and A with the geometric
realisation of the simplicial space A°P — T'°P KN Spc.

Let C : T°P — Spc-Cat; let X ®r C be the coend (in the category

of topological categories)
nel’
/ X" x C(n).

Show that X ®p (—) : Spc-Cat — Cat commutes with finite prod-
ucts, namely if C, D are topological categories, then
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3.9 Write suitable coends for the Kan extensions that define sd and Sd
in (3.29), and for their right adjoints.

3.10 Generalise the NR paradigm to the setting of separately cocontinu-
ous (also called multi-linear) functors. Given F : C; X -+ X Cp, — D,
where each C; is small and D is cocomplete, show that there exists an
equivalence of categories

Cat(Cy X -+ x Cp, D) = Mult([CyP, Set] x - -+ x [CoP, Set], D)

where Mult(_, =) is the category of all functors that are cocontinuous
in each variable once all the others have been fixed (hint: show it ‘by
induction’ composing multiple Kan extensions). Given 8 € Cat(C; x

- % Cp, D), describe the right adjoint of each §() : [C{P, Set] — D
(it fixes all components on objects C; € C; for j # i, and the '}
component runs free). All these functors assemble to a ‘vector-nerve’
N :D — [C]P,Set] x -+ x [CSP, Set].

3.11 Let k¢ : C — [C°P,Set] be the Yoneda embedding, and ¢ :
C°? — Cat(C, Set) its contravariant counterpart. Show that in Ex-
ample 3.2.18 we can characterise O as Lan y (¢).

3.12 Regard a combinatorial species f : B(N) — Set as a NR context.
Show that there is an isomorphism

Lan y f(N¢(X)) = Lan; f(X)

in the notation of 2.3.11, if j : B(N) — Set is the natural functor.
What can you say about the composition

Ny oLan; f: Set — Set — [B(N)°P, Set]

for the same species f7
3.13 ®® Make the world a better place by providing it with a deeper
study of Isbell duality:

e An object of a category A is called Isbell autodual if it is a fixed
point of the comonad O o Spec; is there a general way to character-
ize all Isbell autodual objects? (Hint: start simple: what if A is a
monoid?)
e The Isbell envelope of a category A consists of the category having
— Objects the triples (A € A,£ : hom = P x Q where P : AP —
Set, @ : A — Set and £ is a natural transformation with compo-
nents £4 : hom(A, A") - PA x QA’;

— morphisms (a, ) : (4,§) — (4’,n) the pairs a : P = P’ and
B:Q = @ such that (Qxa)o&=(8*P')on.
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What are the properties of this category? Does it have an initial
object? A terminal object? Is there a functor between I(A) and the
category A C A of Isbell autoduals?

Explicitly determine the unit and counit of the Isbell adjunction in
3.2.18.

Let T’ C cat be a subcategory of cat; let Cat(A°P, Set)r C Cat(A°P, Set)
be the subcategory of presheaves commuting with limits of functors
having domain in I'; does the O functor land in the subcategory
Cat(A, Set)"? A particular case of this is when A is a Grothendieck
site, and we want to know whether O(F) is a sheaf if F is.

What does Isbell duality look like, when Cat(A°P, Set) is identified
with the category of discrete opfibrations over A, using A.5.147



4
Weighted co/limits

SUMMARY. The present chapter introduces the theory of weighted
co/limits. Such universal objects constitute a cornerstone of enriched
category theory, that can be easily formulated and understood in terms
of co/end calculus.

After having introduced the main definition of weighted limit and
colimit, we show that in presence of co/tensors in a V-category C the
limit im“"Fof F: J = C weighted by a functor W : J — V can be
written as an end

/ WJhFJ
J
and dually the colimit colim" F is a coend

J
/ WJI®FJ

for W : J°° — V. This allows to re-read many of the results we already
know (for example, Kan extension are weighted co/limits), and to find
that many constructions in category theory (comma objects, laxified
version of co/limits,. .. ) can all be expressed as weighted co/limits for
suitable weights . It turns out that weighted co/limits are the correct
notion of such universal object in enriched category theory: thus, we
conclude the section discussing the theory of enriched co/ends.

No, Time, thou shalt not boast that I do change:
Thy pyramids built up with newer might
To me are nothing novel, nothing strange.

W. Shakespeare — Sonnet CXXIII

We recall the fundamentals of enriched category theory in a section of

our Appendix, A.7.1, but the material therein is by no means sufficient
to provide a self-contained introduction to the topic; instead, the reader

unfamiliar with the basic notions can (and should) consult classical ref-

erences as [Kel82, EK66a] or [Bor94b, §6.2].

96
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Limits and colimits constitute a cornerstone of elementary category
theory, because of their ubiquity in describing universal construction.
Nevertheless, the notion soon becomes too strict when one moves to the
world of enriched categories; the ‘conical’ shape of a classical co/limit
is not general enough to encompass the fairly rich variety of shapes in
which universal objects in V-categories arise.

This feature of the enriched-categorical world can be justified in many
ways: naively speaking, the notion of cone for a functor F' : J — C is
based on the notion of constant functor; yet, in many cases, there is
no such a thing as a ‘constant’ V-enriched functor F' : J — C (we
shall notice in 4.3.8 that for the exact same reason V-enriched categories
do not support a sensible notion of dinaturality). Weighted co/limits
circumvent this issue by declaring that a limit depends on two argu-
ments: the diagram F' of which we want to compute the co/limit, and a
functor W € Cat(J,V) along which we ‘weight’ the co/limit: the span
y & J RN gives rise to an object of W-shaped F-diagrams, and
the terminal such diagram constitutes the W-weighted limit of F' (and
dually, the initial object is the W-weighted colimit of F').

In presence of a terminal functor (for example, when V = Set), conical
co/limits arise when we choose W : J — V to be the terminal presheaf,
that sends every object of J to the singleton of Set (and every morphism
to the identity function of the singleton).

The theory of weighted co/limits is fairly rich and spans through sev-
eral chapters of category theory. We cannot touch but the surface of this
intricate topic: the interested reader can consult [Kel89], a presentation
of unmatched clarity filled with enlightening examples.

Remark. As a consequence of the vastness of the topic, our approach
is a compromise between full generality and usability, for we are more
interested in translating the fundamentals about weighted co/limits into
results about suitable co/ends, than in drawing a fully general theory.
The focus is not on proofs; a few arguments, not directly linked to our
main topic, are only briefly sketched. The underlying structure of the
present chapters draws a lot from [Riel4, I1.7]. Quite often, the choice
of notation appears to be similar.

Notation. Throughout this section, a weight is a V-enriched functor W :
J — V, or more generally W : Z x J°P — V; we call ordinary a category
which is enriched over Set with its obvious cartesian closed structure.
All bases of enrichment V are Bénabou cosmot, i.e. symmetric monoidal
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closed, complete and cocomplete categories. These are the ‘good places’
to do enriched category theory.

Throughout the section we make heavy use of the category of elements
of a weight W : C°? — Set; the reader is invited to follow the present
section having thoroughly meditated on A.5.11 and A.5.13.

4.1 Weighted limits and colimits

Remark 4.1.1 (A sophisticated look at classical co/limits). Let F :
J — C be a functor between small ordinary categories.

e The limit lim F' of F' can be characterised as the representing object
of a suitable presheaf: to define lim F' up to isomorphism we have the
natural isomorphism

C(C,lim F) 2 Cat(J, Set)(1,C(C, F _)) (4.1)

where 1 is a shorthand to denote the terminal functor C — Set : C' +— 1
sending every object to the singleton set, and C(C, F'_) is the functor
J — Set sending J to J(C, FJ).

e Dually, the colimit colim F' of F' : J — C can be characterised, in the
same notation, as the representing object in the natural isomorphism

C(colim F, ) = Cat(J°P, Set)(1, T (F _, C)). (4.2)

So, Cat(J°P,Set)(1,C(F_,()) is a set (of natural transformations),
for every C, J(F_,C) : J°° — Set is a presheaf, as well as C —
Cat(J°P, Set)(1, J(F _,C)) : C — Set; if each functor of this sort is rep-
resentable, we say that F' admits a limit, precisely the representing object
for Cat(J,Set)(1, J(F, —)): clearly, this is nothing but an instance of
the Yoneda-Grothendieck philosophy introduced in 2.1.1.

The leading idea behind the definition of weighted co/limit is to gener-
alise this construction to admit shapes other than the terminal presheaf
for the domain functor in 1 — J(F _,C). We can package this rough
idea in the following definition:

Definition 4.1.2 (Weighted limit and colimit). Given a diagram of
functors
<t 7" Set (4.3)

we define the weighted limit of F by W (or, equally often, the limit of F
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weighted by W) as a representing object for the presheaf sending C' € C
to Cat(J, Set)(W,C(C, F _)).

In other words the weighted limit of F' by W is an object lim"“Fec
such that the isomorphism

C(C,lim" F) = Cat(J, Set)(W,C(C, F _)) (4.4)

holds naturally in C' € C. Dually we define the colimit of F : J — C
weighted by W : J°P — Set to be an object colim" F' € C such that the
natural isomorphism

C(colim" F, C) = Cat(J°P, Set)(W,C(F _,C)) (4.5)
holds naturally in C € C.

Notation 4.1.3. A common alternative notation for the object im" F
is {W, F}; a common alternative notation for coim"' F is W & F'; this
is meant to evoke a THC situation, through the isomorphisms

C(C.{W, F}) = Cat(J, Set)(W,C(C, F _)) (4.6)
C(W ® F,C) = Cat(J°P, Set)(W,C(F _,C)) (4.7)

although this is not properly the same arrangement of functors of 3.6,
the intuition is fruitful.

Example 4.1.4. Let [1] be the “generic arrow” category {0 — 1}, and
let [f7:[1] = C be the functor choosing an arrow f: X — Y in C, and
W : [1] — Set the functor choosing the arrow W0 = {0,1} — {0} =
W1; then a natural transformation W = C(C, f) consists of arrows
W0 — C(C,X),W1 — C(C,Y), namely on the choice of two arrows
h,k : C — X such that fh = fk: the universal property for lim" f
implies that this is the kernel pair of the arrow f, namely that h, k fill
in the pullback

(4.8)

X——Y

of the arrow f along itself. (The reader is invited to compute the colimit
of the same diagram as a preparatory exercise.)
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In order to characterize weighted co/limits as co/ends, we employ the
same notation of 4.1.2:

Proposition 4.1.5 (Weighted limits as ends). When the end below and
the Set-cotensor (see 2.2.3) (X, A) — X th A exist, we can express the
weighted limit im"' F for F : J — C as an end, as follows from the
chain of computations

Cat(T, Set) (W, C(C, F)) = / Set(W.J,C(C, F.JT))
JeJg

g/ C(C,WJ h EJ)
JeJg

= c(c, W rh FJ).

The above derivation implies that there is a canonical isomorphism

lim" F = WJhFEJ. (4.9)
Jeg
The reader might have noticed that we didn’t provide a dual statement
to 4.1.5; this dualisation process is left as an easy exercise, spelled out
explicitly in 4.1: the weighted colimit of F' by W is a coend, precisely

- Jeg
colim”™ F = WJ®FJ. (4.10)

Example 4.1.6. Consider the particular case of two parallel functors
W, F : C — Set; then we can easily see that lim" F' coincides with the
set of natural transformations W = F, since the cotensor WC M FC is
precisely the set Set(WC, FC'). So: the limit of a presheaf F' weighted
by a parallel presheaf W is the set of natural transformations W = F.

Example 4.1.7 (Kan extensions). The ninja Yoneda lemma 2.2.1, rewrit-
ten in this notation, says that lim¢©—)F ~ FC (or, in case F is con-
travariant, im¢(— F =~ FC).

A short slogan to remember this fact is that

Representably-weighted co/limits are evaluations on the representing
object.

(this hides a slightly more general fact: the category of element A.5.9 of
W has a terminal object if and only if the weight W is representable,
say A = W; then, lim"'F =~ FA. See also our 2.2.6 about repre-
sentables playing the role of Dirac delta functions) and suggests that
Kan extensions can be expressed as suitable weighted co/limits, and
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more precisely that they can be characterised as those weighted co/lim-
its where the weight is a representable functor (possibly “twisted” by a
functor K : C — D):

Rang F_ D(_,KC) h FC = limP— K= (4.11)
cecC

cecC
thF_E{/ D(KC, _)® FC = colimPE—=)F  (4.12)

More precisely, D(_, K =) : D°®? x C — Set is a functor, and for every
D € D the functor Wp = D(C,K =) : C — Set works as a weight; the
weighted limit of F' along Wp is the value of Rang F' on the object D.

Note that if K is the identity functor, we obtain the various forms of
ninja Yoneda lemma 2.9-2.12 as special cases.

Example 4.1.8. @@ Ends themselves can be computed as weighted
limits: given T : C°P x C — D we can take the hom functor C(_, =) :
C°P x C — Set as a weight, and if the weighted limit exists, we have the
chain of isomorphisms

1mﬁ~ﬁTz/ c(c,c’ymT(C, )
(eXel)

~L(ﬁaame@Oﬂ
2.2.12/CT(C,C).

Remark 4.1.9. It is particularly instructive to unwind the statement
above and directly compute the end of T : C°P x C — D as the equaliser
of a pair of maps

[le.crec €(C,C) MT(C,C)

|

H(fyg):(C,C’)ﬁ(cuyc///) C(C, C/) h T(C//’ C///)

determined by the action of T" on arrows. In fact, this is exactly what
we did in 1.3.2 to prove the Fubini rule 1.3.1.

The following Remark and Proposition constitute a central observa-
tion.

Remark 4.1.10 (33 The Grothendieck construction absorbs weights).
Our 4.1.2 can be extended to the case I’ : J — C is a V-enriched functor
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between V-categories, and W : J — V is a V-preshealf; this is the setting
where the notion of a weighted limit proves itself to be the correct one
over the ‘conical’ one (where the weight is the terminal presheaf). When
V = Set, indeed, the Grothendieck construction sending a presheaf into
its category of elements turns out to simplify the theory of Set-weighted
limits, reducing every weighted limit to a conical one.

The last statement is clarified by the following proposition: recall from
A.5.9 the definition of the category of elements of a functor W : J — Set.

Proposition 4.1.11 (Set-weighted limits are limits). As shown in A.5.13,
the category of elements J S W comes equipped with a discrete fibration
X J S W — J; such a fibration is universal, in the sense that for any
functor F : J — C one has
lim" F = lim (j (w3 g5 c). (4.14)
Jfw
Proof Using 4.1.8, the characterisation of the end fJeJ WJ M FJ as

an equaliser (as in 1.2.4), and the characterisation of Set-cotensors as
iterated products, we can see that

WJmFJ%eq(HWJthJzz I1 FWJmJ’)

Jes Jeg J—J
geq(H IIr= 11 II FJ’)
JET zEWJ J—J z€W.J
W=ea( [ FI= I1 FJ')
(Jx)eg [ W (Jx)—=(J 2)eT | W
o lim FoX
(Jz)eT | W

(step (x) is motivated by the fact that, thanks to the discrete fibration
property for ¥, every arrow f : X(J,z) — J’ has a unique lift (J,z) —
(J',a") since W(f)(z) = a'). O

Remark 4.1.12. If the weight has the form W = D(D, K _) for an
object D € D, and a functor K : J — D, then the category of elements
J S W is precisely the comma category (D | K): thus the right Kan
extension of F' along K can be computed as the conical limit of the
functor F o X, where ¥ : (D | K) — J is the obvious forgetful functor.
We just rediscovered (4.11) and (4.12).
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When every weighted limit exists in C, we can prove that the corre-
spondence (W, F) — lim" F is a bifunctor:

lim(=) (=) : Cat(J, Set)°P x Cat(J,C) — C. (4.15)
From this, it follows at once that

e Functoriality in the W component of lim" F entails that the termi-
nal morphism W =- 1 induces a comparison arrow between the W-
weighted limit of any F' : J — C and the classical (conical) limit:
every weighted limit is a “fattened up” version of the conical limit,
and there is a comparison arrow lim F — lim" F. This intuition has
some connection with homotopy theory: it will become clearer in 4.2.5.

As an example, consider that the conical limit of the functor f :
[1] = C described in Example 4.1.4 consists of the object src(f); hence
the comparison arrow consists of the unique factorisation of two copies
of the identity of src(f) along the kernel pair of f.

e Using 4.1.8 one can prove that the functor lim(—)F is continuous, i.e.
the isomorphism

lim (0limz i) p o i 7 (im" F), (4.16)

holds for every small diagram of weights Z — Cat(C, Set) : ¢ — W;.
Indeed, for a generic object X € C we have

e (X tim (e W) £) = ¢(X, [, (colimz W,4) h F4)

12

c
C(X, [ limz (Wi A FA))
>~ C(X,limz lim"i F)

(CO]iHlI W;

~—

so the two objects lim F and limz (Hmwi F ) must be canon-

ically isomorphic.

The above observation will turn out to be useful during our discussion
of simplicially coherent co/ends in 7.2.11.

Weighted colimits can be obtained as a straightforward dualisation of
the above arguments. The boring technicalities are left to the reader to
expand in Exercise 4.1; for the record, we state the proper dualisation
in a separate remark:

Remark 4.1.13.
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wce1) (weighted colimits as coends) Let

¢ <" 7 > Set (4.17)
be two functors; if C admits the coend below, we can express the
weighted colimit colim" F as

JeJ

colim' F = WJ®FJ (4.18)

where we used, like we always do, the Set-tensoring structure of C.

wo2) (left Kan extensions as weighted colimits) Let F : J — C and K :
J — D be functors; then

JeJg
Lang F _ g/ D(KJ, _)® FJ = colimP®=—-)F  (4.19)

we3) (coends as hom-weighted colimits) The coend of T': C°P x C — D can
be written as colimc(_’:)T, regarding home : C°P? x C — Set as a
weight:

C c,c’
/T(C’,C)%/ c(C, ¢ & T(C,C) (4.20)

wc4) If the weight W is Set-valued, the colimit of F' : J — C weighted by
W : J°P — Set can be written as a conical colimit over J°P S W using
E:JOPSW%JOP:

colim" F = colim ;e (gor [ w)er (F o 3°P) (4.21)

wog) (functoriality) If the W-colimit of F : J — C always exists, then the
correspondence (W, F') — colim"'F is a functor, cocontinuous in its
first variable:

colim(=) (=) : Cat(J°P, Set) x Cat(7,C) — C,
colim(m“mz W) p o colimz (colim"* F) (4.22)
WC6) (comparison) There is a canonical natural transformation W — 1,

inducing a canonical comparison arrow from the W-colimit of any
F : J — C to the conical colimit.

From the description 4.1.8 and 4.1.13.wC1 above of lim" F and colim" F
as co/ends, it is immediate that hom functors preserve weighted limits:
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Remark 4.1.14. For every C € C, every functor F' : J — C and weight
W . J°P =V we have a canonical isomorphism

c(cothF, C) ~ 1im" C(F, C). (4.23)

Dually, for every functor F': J — C and weight W : J — V we have a
canonical isomorphism

c(c, thF) ~ 1im" ¢(C, F). (4.24)

As an immediate consequence, every functor that preserves co/ends
preserves weighted co/limits; for example, a left adjoint must preserve all
weighted colimits, and a right adjoint must preserve all weighted limits.

4.2 Examples of weighted colimits

Due to their deep connections with enriched category theory, homologi-
cal algebra and algebraic topology are a natural factory of examples of
weighted colimits:

Example 4.2.1 (The cone construction as a weighted colimit). Let K
be aring, and V = Ch(K) the category of chain complexes of K-modules.
Considering V as self-enriched, suitably defining the chain complex of
maps Cyx — D,, we aim to prove that the mapping cone C(f) = X.[1]®
Y, of a chain map f: X, — Y, [Wei94, 1.5.1] in V can be characterised
as colim" f, where f : [1] = V is the arrow f, and W : [1]°P — V) is the
functor which chooses the map S'(K). — D?*(K)., where S"(K). =
K|[n]. is the chain complex with the only nonzero term K concentrated
in degree —n, and D™(K), is the complex

where the first nonzero term is in degree —n. There is an obvious inclu-
sion ™ — DntL:

0 0 K 0
s > K =——K ——> 00— .

We now aim to prove that

o= [ wee s, (4.25)
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In view of (the dual of) Exercise 1.7, it is enough to show that there is
a pushout square

This is a rather simple exercise in universality, given the maps

B ) c(f) (70) A Al (4.26)

The following example is more juicy. In addition to those of A.5.11
there is a fourth characterisation for the category of elements of a presheaf
as a suitable coend over Cat.

Example 4.2.2 (@@ The category of elements of a presheaf). The cat-
egory of elements of a functor F' : C — Set introduced in A.5.9 can be
characterised as a Cat-weighted colimit: it results as the colimit

ceC
Ciw = / C/Cx WC (4.27)

where W' is a set, regarded as a discrete category; it is, in other words,
isomorphic to the weighted colimit colimSW, where S : C°P — Cat (S as
“slice”) is the functor C' — C/C (the ‘coslice’ category of arrows C' — X
and commutative triangles under C).

To prove this statement, we verify that C S W has the universal prop-
erty of the coequaliser of the pair

I Biexwa—_—Z [[c/iexwe (4.28)
fA=B B cec

where « has components ay : B/C x WA ELLEN B/C x WB send-
ing ({g} ,u) > ({)Iz} ,F(f)u) and B has components 8y : B/C x

wa LA, AJC x WA sending ([i} ,u) — {Ai”f} ,u). of
X

course, these maps are composed with the suitable coproduct injections.
It’s rather easy now to define a functor

0: [JA/cxwA=Cfw (4.29)
AeC
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having components 64 : A/C x WA — C S W defined by

([#1] ue PA) = (P () () € ). (430)

which coequalises o and S. This functor 6 has the universal property of
the coequaliser: given any other ¢ : [],., A/C x WA — K we can define
a functor ¢ : C S W — K such that

C(A,u € FA) = C(ida, u). (4.31)

Now notice that every map ¢’ that coequalises («, §) has the property

that
g’({g,F(f)u)g’<{Ai>ﬂ,u> (4.32)

It is now a routine verification to see that 0 04 = (4, and every other
functor with this property must coincide with our ¢. This concludes the
proof.

Remark 4.2.3 (Again an alternative characterisation of the category
of elements). The reader may have noticed that all the above discussion
gives a fifth presentation for the category of elements C S W, as the
image of W under the Kan extension Lan, J: in the language of 3,
S : C°? — Cat is the NR context of the paradigm

C | _ : Cat(C,Cat) Cat : Ng (4.33)

where Ng : Cat — Cat(C, Cat) is the ‘nerve’ functor sending D to the
functor C' — Cat(C/C, D).

Remark 4.2.4. An alternative approach to characterise C S W is the
following: the category C S W is precisely the lax limit of W regarded as
a Cat-valued presheaf [Kel89, §4], [Gra74, Str76].

We can express the Bousfield-Kan construction for the homotopy co/-
limit functor using co/end calculus (see 7.2.1 for a crash course on what’s
an homotopy co/limit). We condense Bousfield-Kan construction in the
following series of examples.

Theorem 4.2.5 (®® The Bousfield-Kan formula for homotopy co/lim-
its). Let F' : J — M be a diagram in a model category M; let more-
over M be equipped with a thc situation (see 3.6) by functors _ M = :
sSet? x M — M, [—, =] : M°P x M — sSet (so, in particular, M is
sSet-enriched), and — ® = : sSet x M — M.

Let us consider the nerve functor of 8.2.5: N : Cat — sSet sends a
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category C to the simplicial set of its n-tuples of composable arrows, for
each [n] € A.
Then the homotopy limit hlim F of F can be computed as the end

/ N(T)J) h FJ, (4.34)
J

and the homotopy colimit hcolim F' of F' can be computed as the coend

/ N @ F (4.35)

Remark 4.2.6. These two universal objects are weighted co/limits in
an evident way: it is possible to rewrite hlim F' =2 limM/=)F and
heolim F 2 colim™ (=/7) F.

The idea behind this characterisation is to replace the terminal weight
with an homotopy equivalent, but fibrant one (in the case of limits;
cofibrant, in the case of colimits).

Bousfield-Kan formula arises precisely when we replace the terminal
weight with a fibrant one: for every object J, both N(J/J) and N(J/J)
are contractible categories, and they are linked to N(1) by an homotopy
equivalence induced by the terminal functor.

Then, the categories N(J/_), N(_/J) must be thought as proper
replacements for the co/limit functor that correct its failure to preserve
weak equivalences (see [Strll, Ch. 6] for an extremely hands-on account
of the theory of homotopy co/limits in algebraic topology, and [Hov99)
for a standard, easy reference on model categories).

A fairly large class of interesting examples of weighted co/limits comes
from the theory of 2-categories; many 2-dimensional constructions are
captured by the above formalism. Moreover, co/end calculus expresses
very concretely the shape of the universal object lim" F, as well as its 1-
and 2-dimensional universal properties. Like in the previous section, we
do not seek utter generality, but instead clarity of exposition. Thus, we
restrict our attention to the 2-category Cat of categories, strict functors
and natural transformations, avoiding to study the case of pseudofunc-
tors, pseudonatural transformations, etc.

We first study a simple example of Cat-enriched limit, and its dual; the
description of other shapes of weighted co/limits is way more instructive
when it is left as an exercise for the reader (see [Kel89]). Recall Warning
2.5.9.

Example 4.2.7 (@@ Inserters in Cat). Let C be a 2-category, and f, ¢ :
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X =Y two parallel 1-cells in C; the inserter I(f, g) is a pair (p, A) where
p:I(f,g) = X is a l-cell and A : fp = gp is a 2-cell, universal with
respect to the property of connecting fp, gp: this means that the pair

(p, A) enjoys

IN1) A 1-dimensional universal property: given a diagram

/ \ (4.36)
\ "

this can be split as the whiskering

B o > I(f,q) I Y (4.37)

for a unique 1-cell h: b — I(f, g) in C: this means, again, that ph = ¢
and A% h = pu.

IN2) A 2-dimensional universal property: given parallel 1-cells h, k : A —
I(f,g) and a 2-cell 8 : ph = pk such that

A—"s1(f,9) A—L-1(f,9)
| oa ) | )
I(f,9) ——B = I(f.9)——B (4.38)
s | oo
34>C C

Bﬁ

there is a unique 3 : h = k such that

I(f,9)
A ys B = A_ |5 B (4.39)
I

I(f,g
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Now, if J is the category {0 = 1} with two objects and two parallel non-
identity arrows, the inserter I(f, g) is the limit of the functor F': J — C
choosing the two 1-cells f,g, weighted by the weight W : J — Cat
choosing the parallel ‘source’ and ‘target’ functors s,t : [0] =2 [1].

We shall deduce the shape of the inserter when C = Cat is the 2-
category of categories. In such case, the end

WJhFJ (4.40)
JeJg

that according to 4.1.2 defines the weighted limit boils down to the
object of Cat-natural transformations W = F (see also 1.4.1): it is
indeed the case that such a natural transformation is determined as a
pair (b,u: ¢ = ) € B x C!Y such that u : fb — gb. In fact, naturality
corresponds to the commutativity of the following two squares:

0—~B  [0]—-B
[1] —C [1] —C

and this means precisely that u has fb as domain, and gb as codomain.

Let’s show that this object, as a subobject p : (B x C)° € B x C[!]
has the desired universal property: first of all, (B x C1)° clearly is a
subcategory of the product category B x C. There is an obvious natural
transformation A : fp = gp defined on components as A . @ f 2 gb.
We leave to the reader to check that this is indeed the component of a
natural transformation.

IN1) Every a : fqg = gq with components a, : fqa — gqa is such that
(qa, ) € (B x C)° and the map h: A — (B x C1)° that sends a
into (qa, a,) is a functor because a was natural.

IN2) A similar argument shows that every 8 : ph = pk satisfying (4.38)
factors through (B x C!1)e.

Altogether, these two properties shows that there is a unique isomor-
phism between (B x C!1)° and I(f, ). This concludes the proof.

Example 4.2.8 (Comma objects). Let C be a 2-category, and f,g a
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cospan of 1-cells like

C
lg (4.42)

This can be regarded as the image of a functor F' : A2 — C, where
A? is the “generic cospan” {0 — 2 <« 1}. Let us consider the weight
W : A2 — Cat whose image is

[0]
;] - ldl (4.43)

where d; : {i} — {0 — 1} chooses the object i. Let us prove that the limit
of F weighted by W is the comma object of f,g; evidently, in the special
case of C = Cat, the limit lim"" F is the comma category of A.2.14.

Let us fix an object A of C; a natural transformation W = C(A, F _)
consists of the following data:

c1) A l-cellu:A— B;
c2) Al-cellv: A— C;

c3) A 2-cell A : [1] = C(A, X), whose source is forced by the naturality
condition to be fu, and whose target is gv.

More explicitly, natural transformations W = C(A, F'_) correspond to
squares

v

A——=C
ul )‘ﬂ lg (4.44)
B——X

f

filled by a 2-cell A : fu = gv. The terminal such 2-cell is then lim" F.

One can now routinely dualise the above construction to define co-
comma objects: the following example freely uses some notions from the
subsequent chapter.

Example 4.2.9 (Cocomma objects). Let C be a 2-category, and f, g a
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span of 1-cells like
x“2sc
fl (4.45)
B

This can be regarded as the image of a functor F : A3 — C, where A2
is the “generic span” {0 — 2 + 1}. Let us consider again the weight
W : (A3)°P = A3 — Cat whose image is again

[0]

ldl (4.46)
0] — [1]
where d; : {i} — {0 — 1} chooses the object 7. The colimit of F' weighted
by W is the cocomma object of the pair (f,g).

Exercise 5.6 provides you with another proof that the cocomma object
in Cat of two functors f,g : B + X — A can be described as the category
[{” having objects those of B U C, and morphisms x — y defined as
follows:

o B(b, V') if b =12, =y are both objects of B;

e C(e,c) is ¢ = x, ¢ =y are both objects of C;

e ifb=1x € B, and ¢ = y € C,, the set of morphisms in [{” (b, c) is the
coend

| om0 x B o) (4.47)
e otherwise, the hom set is empty.

We shall now present a proof of the universality of [g] based solely on
the construction of the coend that defines [ /] (b, ¢).

The intuition that shall guide the reader is that [/] (b,c) is a set of
“fake arrows”, i.e. of triples

b5 fa —(ﬂ ga Yo (4.48)
where the arrow (§) : fa --+ ga is in some suitable sense freely adjoined

in the disjoint union B U C.

3
Inside the coend, we identify two fake arrows b = fa —(—)+ ga Yyoe
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5/
and b 5 fa’ ) ga' Ye precisely when there is a “hammock” diagram
between a, a’ of the following form:

]

2 fillm')glh »
b/ : E \
NS I 7
A\ fan > gan /o

|

fa' s ga'

c (4.49)

Now we have enough material to discover the universal property of such
an object: first of all, there are canonical functors iz : B — [_{;] and ic :
C — [_{; ], and a canonical natural transformation (: ipf = icg comes
from taking equivalence class of identity arrows (144,1¢,) € Y (ga, ga) x

X (fa, fa) under the composition

hom(ga, ga) x hom(fa, fa) 5 (1gas1fa)

|

[1,c 4 hom(c, ga) x hom(fa,b) (4.50)

|

[ﬁ(fa,ga) 3 [(1gas 11a)]

as a natural candidate for (,: fa — ga.
Now, suppose we are given a commutative square

x—2sc
fJ/ 0 \Lv (4.51)
filled by a 2-cell 6 : wf = vg. Then define a unique functor w : [5] —Y

on objects and true arrows in B or C acting as v: C — Y,w: B — Y}
the action of u on a fake arrow

bi>fa—(§)+gai>c
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is induced by the composition
wWHp 04 E
wh —— wfa % vga — ve

(all arrows exist now!). At this point, all remaining checks are pure rou-
tine: u is unique due to the tautological definition of (; the cell ( has a
2-dimensional universal property as well; ( o _ reflects isomorphisms.
Once this is done, the willing reader can embark on all sort of in-
structive computations: exchanging the role of B, C in the above con-
struction, one obtains a 2-cell in the opposite direction; in the terminol-
ogy of the next chapter (see 5.2 and (5.4)), [f] is the category of ele-

g
ments of the composite profunctor B Yxtco regarded as a presheaf
B°P x C' — Set; what if the functor f or g is the identity?

4.3 Enriched co/ends

4.3.1 Preliminaries on enriched categories

In the setting of enriched category theory, the property of being complete
is stated in terms of an existence result for every weighted limit lim" F:
in short, the reason for this choice is that the categories admitting only
co/limits weighted by terminal presheaves contain too few objects and
shall not be considered complete by the internal language of V-Cat.

This can be made precise in the following way: there is a canonical
choice of a Yoneda structure (see 2.4) on the 2-category of V-enriched
categories, where Yoneda maps are given by V-enriched Yoneda embed-
dings; every 2-category with a Yoneda structure has a notion of a co-
complete object, and in that Yoneda structure co/completeness coincides
with having all weighted co/limits (see [SW78]).

The present section serves the purpose to introduce a sensible defini-
tion of enriched co/end in 4.3.9, 4.3.10: in short, using 4.1.13.wc3, given
a V-functor H : C°® X C — V we can define the end [, H(C,C) to be
the limit of H weighted by the enriched hom V-functor C°PXIC — V (we
will introduce the _ X = product in 4.3.3 below).

In case all co/ends exist and the codomain category of functors T :
C°? x C — A has co/tensors, we can moreover easily characterise the
co/end functor as an adjoint to a ‘co/tensor with hom’ functor.

Lemma 4.3.1. Let C be a tensored and cotensored V-category and W
a functor to be treated as a weight; then
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WA1) if W:J =V, the lim" _ functor has a left adjoint, given by tensor-
ing with the weight W ; in other words, there is an adjunction

wWe_—

C I Cat(J,C) (4.52)
W_

lim
where W @ C : AJWJ R C.

WA2) Dually, if W : J°P — V), the colim' _ functor has a right adjoint,
given by cotensoring with the weight W ; in other words, there is an
adjunction

colim" _

Cat(7,C) 1+ ~C (4.53)
Wh_

where W h C : ANJWJ hC.

Proof Both arguments consist of an easy computation in coend calcu-
lus:

C(C,lim" F) = c(c, / W.J FJ)
J
g/C(WJ@C,FJ)
J
~ Cat(J,C)(W @ X, F).

Dually, we have
J
ClcolimV F,0) = ¢ ( / WJ® FJ, O)
;/C(WJ@FJ,C)
J

g/C(FJ,WJ e
J
~ Cat(J,C)(F,W h X).

Remark 4.3.2. This finally sheds a light on our proof of Fubini theorem
in 1.3.1: given that co/ends are hom-weighted co/limits (see 4.1.13.wc3),
the co/end functor has a right/left adjoint given by tensoring with the
weight hom: this is exactly the way in which we proved that [ A
Cat(C°? x C,D) had a right adjoint, only without explicitly mention-
ing the technology of weighted co/limits.
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4.3.2 The theory of enriched co/ends

A fundamental step in laying the foundation of weighted limit theory is
the natural isomorphism

C(C,im" F) = V-Cat(J,V)(W,C(C, F _)) (4.54)
valid for functors
<7 Y Set. (4.55)

In order to export this isomorphism to the enriched setting, we shall
make (4.54) take place in the base cosmos V; in short, this means that
we have to find a way to promote the category V-Cat(J, V) of V-functors
and V-natural transformations as an enriched category V-Cat(C, V): this
means that every V-Cat(J,V)(F, G), for functors F, G, must become an
object of enriched natural transformations in V.

To do this, we will endow V-Cat with a closed symmetric monoidal
structure, such that the natural isomorphism

V-Cat(C R €, D) = V-Cat (€, V-Cat(C, D)) (4.56)

holds for V-categories C, D, E. The V-category V-Cat(C, D) will thus be
the internal hom for the closed monoidal structure given by X.

Definition 4.3.3 (Tensor product of V-categories). Given two V-cate-
gories C, D we define the V-category C X D having

e as objects the set C x D, and

e as V-object of arrows (C, D) — (C’, D’) the object
C(C,C"Y®@D(D,D") e V. (4.57)

The free V-category 7 associated to the terminal category, having a

single object * and where Z(x, x) = I, the monoidal unit of V, is the unit
object for this monoidal structure.

Various checks are now in order:

e CX D really is a V-category;
e _ X = : V-Cat x V-Cat — V-Cat is a bifunctor, hat endows V-Cat
with a monoidal structure.

None of these constitutes a conceptual challenge.

Proposition 4.3.4. The monoidal category (V-Cat,X) can be promoted
to a closed monoidal category, with internal hom denoted Y-Cat(_, =) :
V-Cat? x V-Cat — V-Cat.
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Proof Given C,D € V-Cat we define a V-category whose objects are
V-functors F, G : C — D and where (with a little abstraction from 1.4.1
to the enriched setting) the V-object of natural transformations F' = G
is defined via the end

V-Cat(C,D)(F,G) := / D(FC,GO). (4.58)
cecC

In the unenriched case, the end was better understood as the equaliser
of a pair of arrows:

D(FC,GC) = eq ( [[ pFc.co) =[] [] pre. Gc’))
cec cec C,C" e
(4.59)

In the enriched case, we can consider the same symbol, and re-interpret
the product HC(C ¢y as a suitable power in V:

/ D(FC,GC) = eq ( [[ p(Fc,ce) = ] cc. ¢’y ap(Fe, Gc’))
cec cec c,cr
(4.60)

(see [Gra80, §2.3] for more on this definition). It is now a matter of
unwinding the definition to show that a V-natural transformation corre-
sponds to a generalised element of [, cec D(FC,GC); we leave the proof
to the reader in Exercise 4.5

It remains to prove, now, that the isomorphism (4.56) holds: this is
rather easy, since in the above notations, any functor F': CKE — D de-
fines a unique functor £ : & — V-Cat(C, D): for any two objects E, E’ €
&, the collection of arrows E(E, E') — V(C(C,C"),D(F(C,E), F(C',E")) =
c(C,C") h D(F(C,E),F(C',E") given by the action of F' on hom-
objects is a wedge in the pair (C,C"). Thus, since

C(C,C") t D(F(C, E), F(C', E') = / D(F(C, E), F(C, E')

“ (4.61)
by 4.1.8, we get a correspondence on objects F' : E — (AC.F(C, E)), and
a correspondence on hom-objects in the form of maps FEE’ :E(E,E') —
Je D(FE(C),FE'(C)) = Y-Cat(C,D)(FE, FE'). The fact that each
F(E) is a V-functor C — D, and that F', so defined, is a V-functor
& — V-Cat(C, D), are both necessary but tedious checks. As a proof of
why we choose the word “tedious” to describe the process, let us show

cc’
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the reader the argument proving that the triangle

/ \ (4.62)

commutes, so that F preserves the identity arrows ¢ : I — E(E; E)
and ' : I — [, D(F(C,E),F(C,E)). First, we have to define ': the
component at (C, E) is obtained from the universal property of the end
at codomain, starting from the wedge induced by F'. Second, it is evident
that diagram (4.62) commutes if and only if the whiskered diagram

£(E, E) i JD(F(C, E), F(C, E)) (4.63)

Fe g
lwcc,

C(C,C") hD(F(C, ), F(C', E')

commutes for every choice of C,C’ € C (we implicitly use (4.61) to
describe conveniently the universal wedge). In order to show this last
commutativity, consider the diagram

cc,cym (¢, c) @ E(E, E))

Tmu@LE)

C(C.CNNFoor pr

nr

LE

&(E,E) . JoD(F(C,E),F(C, E)) weo!

Fg g

(4.64)

The sub-diagrams [ and [3] commute, respectively because the unit of

the adjunction C(C,C) ® — 4 C(C,C)  _ is natural, and because we

assumed F' was a V-functor. From this, we deduce the desired commu-
tativity.

The fact that £ preserves composition translates into the commuta-

I ——=c(C,c") m (C(C,C 1) c(c,c’) h D(F(C, E), F(C', E))
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tivity of the square

E(EEY®EEE") = E(E,E")

[, D(FAE,FAE") ® [, D(FBE',FBE") — [, D(FCE,FCE")
(4.65)
where the lower horizontal map k arises from the composition of maps

[, D(FAE,FAE")® [, D(FBE',FBE")

lw@w

D(FAE,FAE') @ D(FAE', FAE") (4.66)

lv
[,D(FAE,FAE")

(The last map is the unique induced by the composition law of D.) The
proof that diagram (4.65) commutes is relegated to an exercise in 4.10.
O

The given definition for the enriched end allows us to state an elegant
form of the V-enriched Yoneda lemma:

Remark 4.3.5 (V-Yoneda lemma). Let D be a small V-category, D € D
an object, and F': D — V a V-functor. Then the canonical map

FD — V-Cat(D,V)(D(D, _), F) (4.67)

induced by the universal property of the involved end! is a V-isomor-
phism.

Enriched co/ends can now be defined in the setting of enriched cate-
gories, by re-inventing all the initial definitions given in our Chapter 1,
and adapting them to the enriched setting. The present section is noth-
ing more than a graphical embellishment of [Dub70], where we make a
few blanket assumptions for the sake of simplicity of exposition.

The interested reader is warmly invited to look at said text for more
information and more general statements.

1 Notice that this is an alternative point of view on the proof of the ninja Yoneda
lemma 2.2.1: the morphism in (4.67) is induced by a wedge

FD — V(D(D,D'),FD’) in D', whose members are the mates of the various
D(D,D') — V(FD,FD') giving the action of F' on arrows.
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Notation 4.3.6. Our blanket assumption throughout the section is
the following: categories are V-cotensored (see [Dub70]: in the absence
of cotensors, the enriched counterpart of a co/end is not well-behaved
enough to be interesting; in such cases, one loses the equivalent descrip-
tion of a co/end as weighted co/limit, because our 4.3.1 fails to be true).

Moreover, we sometimes blur the distinction between (di)natural fam-
ilies D — T(C,C), for a V-functor T' : C°®» K C — D and V-arrows
I — D(D,T(C,C)). We do this quite liberally especially when drawing
commutative diagrams or referring to components of V-natural transfor-
mations.

The enriched analogue of extranaturality can be defined as follows:

Definition 4.3.7 (Enriched extranaturality). Let P : AKBPXB — &
and Q : AKX CP X C — £ be V-functors; an extranatural transformation
aP =o () consists of a family of morphisms

aapc : P(A, B, B) = Q(A,C,C) (4.68)

in £, indexed by the objects of A, B,C, such that the following three
diagrams made by the action on morphisms of P, ) commute:

A(A, A') P BB £(P(A, B, B), P(A', B, B))
Q<_,c,c>l lsu,am)
E(Q(A,C,C). QA" C.C) ——— = E(P(A, B, B).Q(A',C,C))

B(B, B') PAB ) £(P(A, B, B), P(A, B', B'))
P(A,_,B)\L lg(lﬁamrc)
E(P(A, B, B), P(A, B, B) — = E(P(4, B, B),Q(A,C,C))
(4.69)
c(c,c’) AAG ) £(Q(A,C,C),Q(A, C,C"))
Q(A,_,C’)l lg(aABc’ql)
E(Q(A.C',C"). Q(A,C.C") ————= E(P(A, B. B), Q(4.C.C")

(A, A’, B, B’,C, C" are objects of the respective categories, and £ (u, 1) is
the image of u under the functor £(_, E) : £°? — V as E runs over the
objects of £).
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We collect the V-extranatural transformations «« : D =0 T into the
object

V-Cat, (C° K C,D)(AD,T). (4.70)

Remark 4.3.8. Enriched dinaturality does not seem to appear in the
literature. The scope of the present remark is to show why such a notion
is almost often useless. In short, for a generic base of enrichment there
is no notion of ‘constant’ V-functor, and thus there is no way to define
co/wedges as dinatural transformations to/from a constant.

First, we define the enriched end of a functor taking value in the base
of enrichment.

Definition 4.3.9. [Dub70, 1.3.1] Given a V-category C and a V-functor
:CPRC — V), the end of T is an object of V, denoted [, T(C,C), and a
V-natural family of morphisms { [, T'(C,C) 2% 1(C,0) | C € C} such
that given any other V-natural family {uc : V — T(C,C) | C € C} there
exists a unique V — fc (C,C) such that pc ot = uc in the diagram

1% “ [oT(C,C)

X % (4.71)

T(C,C)

The definition of end for a generic codomain is now given representably,
following the enriched version of Yoneda-Grothendieck philosophy (see
2.1.1). The enriched Yoneda lemma 4.3.5 draws the connection between
the two: we now define

Definition 4.3.10. Let T : C°°? XIC — D be a V-functor; the end of T is
an obJect f C C () of D endowed with a V-natural family of morphisms
{J-1(C,C T(C,C) | C € C} such that given any D € D the family

of arrows

D(D,pc)

DD, [, T(C,C)) D(D,T(C,C)) (4.72)
exhibits the end of D(D,T(_,=)):C?XC =D — V.

Remark 4.3.11. Equivalent to the universal property above is the fact
that there is a natural bijection between the V-wedges D <% T(C,C)
and the underlying set of D(D, [, T(C,C)):

v-_cate(copxc,p)(AD,T)gv(I,D(D,/ T(C,C))) (4.73)
C
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Definition 4.3.12. Let T : C°? X C — D be a V-functor; the universal
property of [,T(C,C) yields a unique morphism G(fc (C,C)) —
J. o GT(C,C) for every V-functor G : D — &; this is the unique morphism
closing the diagram

(fc CC) ....................... L >fCGTCC)

(4.74)

Gpc Pc

GT(C,C)

to a commutative one, where pg, is the terminal wedge of GT. We say
that G preserves the end of T if whenever fc T exists, so does fc GT,
and the above comparison morphism (g is invertible.

Remark 4.3.13 (Parametric ends of V-functors). Let T : CPRCKE —
D be a V-functor; the monoidal closed structure of V-Cat gives T' a mate
T :CPRC — [€,D]. The parametric end of T, provided it exists, consists
of the end of T, promoted to a V-functor & — D.

More in detail, this means that the parametric end of T exists if for
every F € € the end of T(_, =; F) : C°? KC — D exists and there is a
unique morphism

E(E,E') D(fc (C,C;E), [, T(C,C; E’)) (4.75)

giving to fc (C,C; _) the structure of a V-functor & — D, in such a
way that pcy g : [ T(C,C; E) = T(C,C; E) is a V-wedge for T(_, _; E),
and it is V-natural in E.

The above remark is based on the fact that if D is a complete V-
category, namely a V-category such that every limit of F' : J — &
weighted by W : J — V exists, then [£, D] is complete as well, because
limits can be computed pointwise: spelled out precisely, this means that
given a V-functor F : J — [€, D], the correspondence

E s / W.JhF(J,E) (4.76)
J

defines a V-functor, and such V-functor has the universal property of
the limit lim" F.

This statement follows at once from a simple computation with the
involved end: it just remains to see that the above definition gives a
well-defined V-functor.
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Let now & = B°P X B; then an enriched Fubini rule holds for functors

T:CPRCRBPRB— €.

Theorem 4.3.14 (Enriched Fubini rule). Whenever both inner para-
metric ends

/C/BT(C’C;B’B) /B/CT(C, C; B, B) (4.77)

exist as functors Tg : B°P X B — D and T¢ : C°°* X C — D, the outer
ends exist if and only if either one of them exists, and they are canoni-

cally isomorphic objects, in turn isomorphic to the end of the rearranged
functor (BRC)PK (BXC) — D.

Exercises

4.1 Prove all the statements in 4.1.13.

4.2 This is a corollary to 4.3.1, where we take the tensored and coten-
sored V-category A = V. Prove that the adjunction reduces to the
adjunction Lan, W 4 Ny of 3.2.2; do it in two ways: first, through
coend calculus, and then exhibiting unit and counit of an adjunction
We_4AVYW_,=):[C,V] S V.

4.3 [Kel89] Mimic the argument in 4.2.7 to give a characterisation based
on coend calculus of the following weighted co/limits:

(a) the equifier of a pair of functors f,¢g : B = C and two natural
transformations «, 8 : f = g; it is defined as the weighted limit
lim" F where W : J — Cat sends the 2-category

PN
J=0U1

S

TN
to the diagram of 2-cells [0] oo )6 [1] and F : J — Cat
\_/

t
f

TN
sends J to the diagram of 2-cells B o |8 ~ C and enjoys the
\/

9
following universal property (see [Kel89, 4.5]): there is a universal
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diagram
f
RN
im"F—sB" |als C
V
g

such that a* p = 8 * p and given any other ¢ : A — B such that
o % q = 3 q there is a unique g : A — lim" F such that ¢ = po g
in the diagram

!

A

Moreover, given h,k : A — lim"' F and a 2-cell w: ph = pk, there
is a unique 2-cell i such that p* i = p.

(b) the coequifier of a pair of functors f,g: A = B; it is defined as the
weighted colimit colim"'F for the same W, F above, and enjoys the
dual universal property (write it down in detail).

(¢c) the laz limit of a functor f : A — B; it is defined as the weighted
limit lim"" F' where W : {0 < 1} — Cat chooses the functor {0} N
{0 = 1} and F' : J — Cat chooses the functor f : B — C. The
object im" F has the following universal property: there exists a
pair (u,v) of 1-cells and a 2-cell A : fu = v in a diagram

lim" F

terminal with respect to this property (write down the universal
property in detail).

(d) the pseudo-limit of a functor f : A — B, where J,F are the
same, and W is instead the embedding of the domain in the generic
isomorphism, i.e. the functor {0} RN {0=1}.

4.4 Let J = {0 = 1}, let [n] denote the category {0 <1 < --- <n} and

W:j%Cat:{Ojl}»ﬁ{[l}%m}
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f
F:J—=Cat:{0=1}— {B=3C}
g

where d; : [n] — [n + 1] avoids the i*" element. What is the universal
property of im" F'?

4.5 Complete the proof of 4.3.4.

4.6 Let W : S < D! be the canonical inclusion of the endpoints {0, 1}
into the interval [0,1] C R with the usual topology; prove that the
mapping cone of a continuous map f : X — Y regarded as a functor
to the category Spc is precisely the weighted colimit colim"' f-

4.7 Show that there are canonical isomorphisms lim"Y F.J 2 lim"*" W

in the diagram

AL F.¢

w
\LADJW

1%

and dually colim"'’F 2 colim" Lan; F, in the diagram

AL Wy

F
l Aﬂ,] F

C

4.8 Is there a Fubini rule for weighted co/limits?

4.9 Use the universal property of 4.3.10 to show that every V-natu-
ral transformation « : T = T’ : C°* K C — D induces an arrow
Joa: [T(C,C) = [,T'(C,C). Show that if a is a component-wise
monomorphism? in D, then so is fc Q.

4.10 Prove that the V-category of V-functors C — D is indeed a V-
category, in the sense that the axioms of A.7.1 hold. More precisely,
the claim here is that given V-functors F,G : C — D, the V-category
with hom-objects [, o D(FC,GC) is well-defined and indeed a V-category.
Verifying the axioms once and for all is instructive, but things get a
little bit hairy.

For example, this is the commutative diagram witnessing that com-

2 We say that u: D — D’ is a V-monomorphism if the image of u under the
enriched Yoneda embedding &(u): kD = XD’ is a monomorphism in
V-Cat(D°P, V).
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position has a right identity induced by (%X : I — D(GX,GX):

(). D(FC,GO)) & 1 — 2" | D(FC,GC) ® [, D(GB,GB)

wgc®1l J/wgcmgc
D(FC,GC)® 1 1250 D(FC,GC) ® D(GC,GC)
lwmp
= D(FC,GC)

where (& is the unique map such that ng 0 & = GY; associativity

gets a bit worse, but the appropriate diagram can be reshaped and
broken according to the following scheme:

wRw®1 WOw

N \/ 7

where v are suitable composition maps, w are suitable cowedge maps,
and the dotted arrows are induced as canonical maps, say,

( / D(FC,GO)) © X / (D(FC,GC) ® X). (4.78)
C C

Starting from this, prove that diagram 4.65 commutes.
4.11 Prove 4.3.14 with the aid of [Dub70, 1.3.4].
4.12 Prove the following: if T : CP KC K & — D is a V-functor, we

consider T(C,C; _) : £ — D as a V-functor, and we let W :C — V
be a weight; then

/thT(C,C;E)%limW/ T(C,C; E).
C C

Dualise for coends.
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Profunctors

5.1 The 2-category of profunctors

SUMMARY. The present chapter introduces the theory of profunc-
tors; regarded as a generalisation of presheaves and modules over rings,
profunctors have a pride of place in 2-dimensional algebra. We explore
the main features of the bicategory Prof that they form, heavily em-
ploying coend calculus as a mean to handle computations.

The bicategory of profunctors has plenty of nice features: for exam-
ple, it is monoidal biclosed, and in fact also compact closed. There
are canonical embeddings of the strict 2-category Cat in the bicate-
gory Prof, that in a suitable sense ‘preserve’ the expressiveness of the
category theory done in both environments.

The theory of profunctors has several applications in algebra [GJ17],
algebraic geometry [KL14] algebraic topology, representation theory
[TT06, PS08] and computer science [Kmel8].

On peut regarder une piece d’un puzzle pendant trois
jours et croire tout savoir de sa configuration et de sa
couleur sans avoir le moins du monde avancé : seule

compte la possibilité de relier cette piece a d’autres pieces

G. Perec — La vie, mode d’emploi

The lucid presentation in the notes [Béer] and in [CP08, §4], [Bor94b]
are standard references to follow this chapter. Co/end calculus provides
a deeper glance and a unified description for the material appearing in

[Béer|; here some arguments become neater, some other are made more

explicit or computationally evident.
First, recall from 3.2.12 and 3.2.13 that we can define tensor product
of modules as a coend:

Example (The tensor product of modules as a coend). Any ring R can

be regarded as an Ab-enriched category having a single object: under this

127
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identification, the category of left modules over R is but the category
of functors R — Ab, and dually, the category of right R-modules is the
category of contravariant functors, R°? — Ab

Modp = Cat(R°P, Ab)
rMod = Cat(R, Ab). (5.1)

Moreover, given functors A : R°? — Ab, B : R — Ab, there is a canon-
ical isomorphism between the functor tensor product A ® B defined as
the coend of A®z B, and A®p B: in short, there is a coequaliser diagram

r®1
@TGRA®ZB_>>A®ZB_>A®RB (52)
1®r

Remark 5.1.1. We can define a bicategory (see A.7.11) Mod having

e O-cells the rings R, S, .. .;

e l-cells R — S the modules p Mg, regarded as functors M : R x S°P —
Ab;

e 2-cells f: gRMg = rNg are the module homomorphisms f: M — N.

The notion of profunctor arises from a massive, but fairly natural,
generalisation of this construction.

The parallel here is motivated by the fact that categories are certain
monoid objects, and the features of such monoids are captured by their
categories of action: in this perspective a (left) action of a category on a
set is merely a functor C — Set. The analogy with a group action is once
again evident: in fact, a (left) group action of G on a set X is merely a
presheaf G — Set, when G is regarded as a category.

This allows to state the following definition:

Definition 5.1.2 (The bicategory of profunctors). There exists a bicat-
egory Prof having

o (-cells are (small) categories A, B, . ..;
e l-cells p,q..., denoted as arrows p : A ~» B, are functors

AP x B — Set; (5.3)
e 2-cells o : p = q are natural transformations.

Given two contiguous 1-cells A 3 B <L C we define their composition
qop as the coend

BeB
qop(A,C):= / p(A, B) x q(B,C). (5.4)
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Definition 5.1.3. This definition works well also with Set replaced by
an arbitrary Bénabou cosmos V), i.e. in any symmetric monoidal closed,
complete and cocomplete category: in this case we speak of V-profunctors
in the bicategory Prof(V).

Remark 5.1.4 (Naming a category). Since their first introduction, pro-
functors have been called many other names, depending on the leading
perspective that guided their definition:

PN1) the 1-cells of Prof are called profunctors, because they generalise func-
tors: we will see that some profunctors are representable; they are the
ones of the form B(B, FA) or B(B, FA) for some functor F' : A — B
between categories. A profunctor thus works ‘on behalf’ of a functor
(this is one of the meanings of the prefix pro-).

pPN2) In the same vein, relations are generalised functions too: this is why
some people (among which, A. Joyal) prefer to call the 1-cells of Prof
relators: just as a func-tion is a special kind of rela-tion, a func-tor
is a special kind of rela-tor. This analogy is deeper than it seems: we
will see in 5.1.5 that there is a bicategory of relations, and this is a
Prof(V) for a certain V.

pPN3) Following the idea that distributions are generalised functions in func-
tional analysis, the 1-cells of Prof are also called distributors, when we
follow the intuition that functions are to functors as distributions are
to distributors. As the nLab says,

Jean Bénabou, who invented the term and originally used “profunc-

tor”, now prefers “distributor”, which is supposed to carry the intu-

ition that a distributor generalises a functor in a similar way to how
a distribution generalises a function.

Again, this intuition is deeper that it seems: in [Law07] Lawvere de-
fined a notion of ‘distribution between toposes’, in such a way that the
points of a topos p : Set — £ behave like Dirac delta functions, and
such that distributions between presheaf toposes are exactly profunc-
tors. We discuss the analogy between Dirac deltas and representable
functors in 2.2.6.

PN4) The 1-cells of Prof are sometimes called correspondences: consider the
case when V = {0,1} i.e. where A, B are sets regarded as discrete
categories, and see 5.1.5 below.

PN5) Drawing from 3.2.13, the 1-cells of Prof are sometimes called bimod-
ules: indeed, the bicategory Mod is precisely the subcategory of Prof (Ab)
made by one-object Ab-categories. See [KL14] for applications in alge-
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braic geometry, ad [Genl5] for applications of bimodules in homologi-
cal algebra.

Category theorists know well that an elephant can have different names
according to the angle it is observed from; we accept this situation, and
we tacitly stick to call ‘profunctor’ the 1-cells of Prof without making
further mention of this variety of names. However, we invite the reader
to maintain clear the intuition conveyed by all these names, in order
to appreciate the variety of contexts in which the notion of profunctor
naturally arises.

Example 5.1.5 (Profunctors as generalised relations). We consider cat-
egories enriched over the monoidal category V = {0 < 1}.

By definition, a profunctor between {0, 1}-categories is a function be-
tween sets A°P x B — {0, 1}, or more precisely a function Ax B — {0,1}
(a {0, 1}-enriched is merely a set, and dualisation on a discrete category
has no effect), that is to say a relation regarded as a subset R C A x B.

The standpoint regarding profunctors as generalised relations is what
Lawvere [Law73, §4,5] calls generalised logic, and it regards the coend in
5.1.2, as well as the product p(4, X) x q(X, B) therein, as a generalised
existential quantification and a generalised conjunction respectively, giv-
ing a composition rule for generalised relations: the coend stands on the
same ground of the composition rule for relations (even more: the two
constructions have the same universal property), in such a way that the
composition of relations R CY x Z,5 C X x Y is given by the rule

(z,2) ER0S <= FyeY:((z,y) €S5) A ((y,2) €R). (5.5)
@SR = 3yer (wy)es) A (wA)en)
| e . 3
wen(x2) = [T a2 ke

The analogy between the composition of profunctors between cat-
egories and the composition of relations between sets gives rise to
what Lawvere calls generalised logic.
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Example 5.1.6. Let again A, B be sets, considered as discrete cate-
gories. A profunctor p : A ~ B is then simply a collection of sets Py,
one for each a € A,b € B. Profunctor composition then results in a
‘categorified” matrix multiplication, since the coend in (5.4) boils down
to be a mere coproduct of sets: given p: A — B, q: B — C we have

(p < q)ac = H Pab X ch (56)

beB
if Py = p(A, B) and ch = q(b, C).

Remark 5.1.7. There is an alternative, but equivalent definition for
the composite profunctor q ¢ p which exploits the universal property of
Cat(C°P, Set) as a free cocompletion: by definition, the category of pro-
functors p : A ~» B and natural transformations fits into an isomorphism
of categories

Cat(A°P x B, Set) = Cat(B, Cat(A°P, Set)); (5.7)

under this isomorphism, p corresponds to a functor p : B — Cat(A°P, Set)
obtained as B +— p(_, B).

We can thus define the composition A < B ~5 C to be Lan,poq (o
is the usual composition of functors):

B u Cat(.A°P, Set)
;L (5.8)
C —_— Cat(BOp, Set) Lan ;3\

q

Note that this is in line with the fact that given a category C, presheaves
on C correspond to profunctors C ~~ 1; covariant functors C — Set in-
stead correspond to profunctors 1 ~» C, where 1 is the terminal category.

Equation (5.8) above is equivalent to the previous definition of profunc-
tor composition, in view of the characterisation of a left Kan extension
as a coend in Cat(A°P, Set) that we have given in 2.27:

B
Lan;ﬁ%/ Cat(B, Set)( X (B), ) @ p(B). (5.9)

We have

Lan, $(§(C)) = / Cat(B, Set) (X (B),(C)) © B(B)
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= [ ao®) onm)
g/ p(—,B) x q(B,C).

Remark 5.1.8 (Prof is a bicategory). The properties of (strong) asso-
ciativity and unitality for the composition of profunctors follow directly
from the associativity of cartesian product, its co-continuity as a functor
of a fixed variable, and from the ninja Yoneda lemma 2.2.1, as shown by
the following computations:

e Composition of profunctors is associative up to isomorphism: given
three profunctors B ~» X Ly L A, giving the associator of a bicat-
egory structure:

po<q<>t>=/yp<Y,A> % (qo)(B,Y)
/Yp(Y,A) X (/Xq(X,Y) xt(B,X))
XY
;/ p(Y, A) x (q(X,Y)Xt(B,X))
(poq)or/X@oq)(X,A)xr(B,X)

~ /XY (p(Y, A) x q(X,Y)) x v(B, X)

(we freely employ most of the rules of co/end calculus we learned to
far, mostly the Fubini rule 1.3.1) these results are clearly isomorphic,
and naturally so.

e Every object A has an identity arrow, given by the hom profunctor
A(_, =) : A% x A — Set: the fact that p o hom = p, homoq = q
simply rewrites the ninja Yoneda lemma 2.2.1.

Remark 5.1.9. The isomorphism above is part of the data turning Prof
into a bicategory; the associator realises the identification between differ-
ent parenthesisations of 1-cells, and the unitor realises the identification
between p ¢ hom = p.

In order to get a bicategory, some coherence conditions have to be
imposed, precisely those of A.7.11.

It’s immediate to observe that the validity of the pentagon identity in
the case of the cartesian monoidal structure of Set, and the naturality
thereof, ensure that the associator (whose components are) (pog)ot =
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po (gort) satisfies the pentagon identity; a similar argument shows that
the unitor satisfies similar (left and right) triangular identities, as a
consequence of the naturality of the ninja Yoneda lemma 2.2.1.

The reader might find instructive the exercise of showing by means
of the bare universal property of the product that the isomorphisms
Ax (BxC)=(Ax B)xC in a cartesian category satisfy the pentagon
equation.

Notation 5.1.10 (Einstein notation). The reader might have noticed,
at this point, that computations with coends might become rather heavy-
handed, and that sometimes multiple indices have to be considered at the
same time; we shall introduce here a useful notation to shorten them
a bit, which is particularly evocative when dealing with profunctors; we
choose to call it Einstein convention for evident reasons.!

Letp : A~ B, q: B ~ C be two composable profunctors. If we
adopt the notation p4,q8 to denote the images p(A, B),q(B,C) € Set
(keeping track that superscripts are contravariant and subscripts are co-
variant components), then composition of profunctors acquires the form
of a product of tensor components:

poq(A,0) = [Tph x a8 = [T ppal. (5.10)

The convention is then defined as follows: we denote as super- and sub-
scripts the objects a bifunctor depends on; whenever an object B € B
appears once covariantly, say in p)é and once contravariantly, say in qg,
the result can be integrated with a co/end into an object fB pral or
X B
fB pB qY ‘
From now on, we freely employ the Einstein summation convention
when typesetting long computations.

5.2 Embeddings and adjoints

In the present section we shall define two canonical identity-on-objects
embeddings Cat — Prof: the covariant one reverses the direction of 1-
cells, but maintains the direction of 2-cells; the contravariant one does

1 To the knowledge of the author, this notation has first been adopted also in
[RV14], a valuable reading in itself for more than one reason. Last but not least,
the fact that it provides a description of ‘Reedy calculus’ in homotopical algebra
that heavily —albeit without too an explicit mention— employs coends.
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the opposite.? The two correspondences are pictorially represented by
the assignments

C Cat°P —Prof C C Cat®®—Prof C 5.11
(&3 Pa [

Fl=|c prl = |pc Fl=|a ngﬁpG
D D D D

and they will be usually nameless 2-functors along the discussion, just
called “the embedding” of Cat in Prof.
Given a functor F': A — B, we define

E1) pr to be the profunctor B(1, F) : B ~» A defined sending (B, A) —
B(B, FA);

E2) pf to be the profunctor B(F,1) : A ~ B defined sending (4, B) +
B(FA, B).

The 1-cells pp, p? will usually be called representable profunctors in-
duced by F : A — B. If the context forces us to distinguish between
pf and pr we call the first the corepresentable one (mnemonic: sending
F to its corepresentable profunctor is a 2-functor Cat® — Prof); this
is however uncommon, and which of the two “representable profunctor
induced by F” is usually clear from the context.

Both choices define (pseudo) functors of the appropriate variance,
since the isomorphisms

* pra = propg, and p¢ = p%op” and
° pid_A = pidA = A(-? :)
can be easily established using elementary coend calculus, and they hold

for every composable pair of functors F,G and every category A: for
example,

(pr o pc)(C, A) g/ B(B, FA) x C(C,GB)
= C(C,GFA) = pra(C, A)

by the ninja Yoneda lemma.
Natural transformations « : F' = G are obviously sent to 2-cells in
2 Recall from chapter 2 that given a 2-category K there is a 2-category K°P, where

1-cells are reversed and 2-cells are untouched, and a 2-category K°°, where 2-cells
are reversed and 1-cells are untouched; of course, K°P = (K°P) = (Kc°)°P,
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Prof, and the covariance of this assignment is evident from the definition
of p¥ and pp.

Finally, the Yoneda lemma entails that both functors F ~ pf and
F +— pp are locally fully faithful: this means that there are bijections

Cat(A, B)(F,G) = Prof (B, A)(pr, pc) (5.12)

for every F,G : A — B. If p" = p©, it means we have a natural bi-
jection B(FA, B) = B(GA, B), that entails the existence of a natural
isomorphism « : F' = G.

The most important fact about representable and corepresentable pro-
functors associated to the same functor is that they are adjoint 1-cells
in Prof:

Remark 5.2.1. There is a tight link between the 1-cells p, p': they are
adjoint 1-cells in the bicategory Prof. Indeed, for every F € Cat(A, B)
we can define 2-cells

€EF : pFO]JF :>B(_, :)

(5.13)
ne: A(=, =) == p" opp

(counit and wunit of the adjunction), satisfying the zig-zag identities:
we choose a very explicit, set-theoretic proof for this statement, leaving
to the reader the task to generalise the argument to a generic base of
enrichment.

e The components of the counit € are determined by inspecting the
coend pr o pf" as the quotient set

/X B(A, FX) x B(FX,B) = ( [ B4 Fx) x B(FX,B))/:
zeA
(5.14)

where ~ is the equivalence relation generated by (A 5 FX,FX 5

B) ~ (A FY,FY 5 B) if thereis t : X — Y such that v/ = Ftou
e Ftou = v'. This can be visualised as the commutativity of the square

FX (5.15)

Now it’s easily seen that sending (A 4HFX,FX 5 B) in the compo-
sition v o u descend to the quotient with respect to ~, hence there is
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a well defined map ¢ : pr o p!” — B(_, =). All boils down to the fact
that the composition

c: B(A, FX) x B(FX, B) — B(A, B) (5.16)

defines a cowedge in the variable X.

e The components of the unit n are determined as functions
n: A(A, B) == pF opr(A, B). (5.17)

Since pF opp(A, B) = [¥ B(FA, X) x B(X, FB) = B(FA, FB) (as a
consequence of the ninja Yoneda lemma), these are simply determined
by the action of F' on arrows, A(A, B) — B(F A, FB).

We now have to verify that the triangle identities (see [Bor94a, Thm.3.1.5.(2)])
hold:

(pFoe)o(nop’) =idyr
(eoprp)o(pron) =idy,

As for the first, we must verify that the diagram

pF%B(_,:)opFL(pFopp)opF (5.18)
PF<7~PF<>B(—a=)<pFTPF°(pF<>PF)

commutes. One has to send h € p¥'(u,v) = B(Fu,v) in the class [(idy, h)] €
fX B(U, X)xB(FX,V), which must go under nop’” in the class [(F(id,), k)] €
[*Y B(FA, X)xB(X, FY)xB(FY, B), canonically identified with [* B(FA, FY)x
B(FY, B). Now pf" o € acts composing the two arrows, and one obtains
F(ida) o h = h back.
Similarly, to prove the second identity, the diagram

pr———=proB(_, =) ———=pro(p opr) (5.19)
pr<—""B(- =) opr = —— (prop®)opr

must commute (all the unlabeled isomorphisms are the canonical ones).
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This translates into

(a 5 FB) F— (u,idp)~ —— (u, F(idg)) ——u o F(idp) = u,

(5.20)
which is what we want; hence pp - p¥. O

Remark 5.2.2. Two functors F': A = B : G are adjoints if and only if
pr = p9 (and therewith G - F) or pg = p¥ (and therewith F 4 G).

The covariant embedding of Cat in Prof gives every l-cell F: A — B
a left adjoint. It turns out that many properties of functors can be trans-
lated into properties of the associated representable profunctor. As an
elementary example, we take the fact that a functor is full and faithful:

Remark 5.2.3. It is a well-known fact (see [Bor94a, dual of Prop. 3.4.1])
that if F 4 G, then F is fully faithful if and only if the unit of the
adjunction 1 : 1 — G'F is an isomorphism.

This criterion can be extended also to functors which do not admit
a ‘real’ right adjoint, once noticed that F' is fully faithful if and only if
A(A,B) 2 B(FA, FB) for any two A, B € A, i.e. if and only if the unit
n : homy = p¥ o pp is an isomorphism in the bicategory Prof.

It is possible to define an action of profunctors on functors; more
precisely,

Definition 5.2.4. Given a profunctor p : A ~» B and a functor F : B —
D we can define p ® F to be the functor A — D given by Lan, F op,
where p : B — Cat(A°P, Set) is the mate of p, as in (5.8).

More explicitly,

po P = [ (FopAlers= [ plers (G2

Note that a conceptual definition for this operation is the following: p& F,
evaluated on A € A, is the weighted colimit colim®# F. Exploiting this
definition, it is possible to prove using coend calculus that this operation
can be rightly called a left action Prof(A, B) x Cat(B, D) — Cat(A, D).

e homp ®F = F as a consequence of the ninja Yoneda lemma;
e IfC5 AL BLE X, then (poq) ® F 2 q® (p® F): indeed

[(poq)@FJ:/ (poq)® x Fg

BX
g/ p)B;XqXXFB
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%/XqXX(/BpﬁxFB)
~/qux<F®p>X[q®<p®F>1

The composition of profunctors is a ‘closed structure’ in the following
sense: both functors p ¢ _ and _ ¢ q have right adjoints, respectively
given by a right lifting and a right extension operation (see 2.1.3).

Example 5.2.5 (Kan extensions in Prof). Every profunctor p has a right
Kan extension Ran, in the sense that the notion has in any bicategory,
where composition of functors or natural transformations is replaced by
composition of 1- or 2-cells.

One has the following chain of isomorphisms in Prof:

Prof(gop,t) & /AB Set((g o p)(4, B), (4, B))
X
%/AB Set(/ g(4, X) Xp(XvB)7t(A’B))
g/ Set (a(A, X), Set(p(X, B), t(A, B)))
ABX
;/Ax set(g(A,X),/BSet(p(X,B),t(A,B)))

~ / Set(0(4, X), (p/)(4, X))
AX
= Prof(g, (p/v))

when we define (p/t)(A4, X) to be the set of natural transformations
p(X, —) = t(A, _). This yields that (p/r) has the universal property of
the right extension of v along p.

Similarly, we can prove that a suitable end (g\t) defines the right
lifting of v along g. This is the content of Exercise 5.2.

5.3 The structure of Prof

The bicategory of profunctors has an extremely rich structure; we briefly
account about its main properties, drawing from [CW96).

As 5.1.5 shows, a relation R C A x B, regarded as a function A x B —
{0,1}, is a 1-cell of Prof({0,1}); but what are domain and codomain of
such a R? It is evident that the symmetry of the product o4p: Ax B =
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B x A induces an identity-on-objects identification
Prof({0,1}) = Prof ({0,1})°P (5.22)

(see 5.1.3 for the notation Prof())) sending a relation R C A x B, seen
as a l-cell R: A ~ B to the relation oo 0o R C B X A, regarded as a
l-cel R: B ~ A.

This is a general phenomenon: every Prof(V) admits a ‘tautological’
bi-equivalence with Prof())°P, determined as follows (see [CW96]):

Proposition 5.3.1 (The canonical dualiser of Prof). The identification
Cat(A°P x B, Set) = Cat(B x A°P, Set) determines an equivalence (_)°
Prof°® — Prof determined by the following correspondences:

e On objects, a 0-cell A of Prof goes to A° = A°P;
e The 1-cell p : A ~ B goes to ‘itself’, p° : B°P ~» A°P  under the
identification (isomorphism of categories)

Prof(A, B) = Cat(A°P x B, Set) = Cat(B x A°P, Set) = Prof (B°P, A°P)

(5.23)
o The 2-cell a: p = q goes to ‘itself’, again under the identification
Prof(A, B)(p, q) = Prof (B°P, A°P)(p°P, q°P) (5.24)

We pair the existence of a dualiser on Prof with the following result:
Proposition 5.3.2. [CW96, 4.53.7] The bifunctor
— X = : Prof x Prof — Prof (5.25)

defined as the product functor in each dimension, i.e. the correspondence
sending

o two O-cells A, B € Prof into the product category A x B;
o two I-cellsp: A~ B,q:C~D to

pxq:AxC~BxD:(AC;B,D)w— p(A B) xq(C,D), (5.26)
o two 2-cells av:p = q and B : = ¢ to their product components
(axB)acep:px(AC;B,D)=qxt(AC;B,D) (5.27)
equips Prof with a monoidal structure.

Remark 5.3.3. ([CW96, 4.3.3]) A somewhat odd feature of Prof is that
(pseudo-)products and (pseudo-)coproducts both exist, they coincide on
objects, and exchange each other’s place on 1-cells:
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e the span
A% Al[B*= B (5.28)

exhibits the universal property of the pseudo-product A & B of A and
B in Prof, if the ‘projection’ maps are defined as [ "534 ] : (A°P x A) 11
(B x A) — Set and [ 2 ] : (AP x B) 11 (B°P x B) — Set;

e the cospan

AR A][BEB (5.29)

exhibits the universal property of the pseudo-coproduct A& B of A
and B in Prof, if the ‘injection’ maps are defined as [hogl““} : (A°P x
A) 1T (A°P x B) — Set and [ 2 } 1 (B°P x A)II (B°P x B) — Set;

hOmB

Note in particular that the monoidal structure in 5.3.2 is not the carte-
sian one. Since the empty diagram carries no information on 1- and
2-cells, it is thus possible to use this construction to show that Prof has

a pseudo-zero object, namely the initial category @. This appears as
[CW96, 4.3.5].

Remark 5.3.4. Taken together, these results allow to prove that the
bicategory Prof is compact closed: given that the monoidal unit for the
structure in 5.3.2 is the terminal category, we shall find suitable profunc-
tors

n:l~ AP x A e:AX AP w1 (5.30)

such that the following two yanking equations are satisfied:

A AXT 20 A (A x A) 2 (Ax A) x AL Tx A= A

(5.31)
A2 T 5 A% A (A9 % A) 5 A% 2 A° x (A x A%) DG A0 T A°
(5.32)

It is evident that suitable hom functors (in fact, the same hom-functor
of A and its dualised copy hom®) do the job.

Remark 5.3.5. The coend operation fc : Cat(C°P x C, Set) endows Prof
with a traced structure: this means that the category Prof is monoidal
with respect to the product defined in 5.3.2, and that there exists a
family of functions

tr6 5 : Prof(A x C, B x C) — Prof(A, B) (5.33)
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satisfying suitable coherence conditions, expressed in [JSV96]: we record
these condition in Exercise 5.12 and leave the proof to the reader.
The map trih g is defined as the composition

Cat((A x C)°P x B x C,Set) = Cat(A°P x B, Cat(C°? x C, Set))

Ly Cat(4% x B, Set) (5.34)

(a few completely straightforward identifications have been omitted).

5.4 A more abstract look at Prof

Remark 5.4.1. The bicategory of profunctors can be promoted to a
multi-bicategory in the sense of [CKS03, 1.4]; this means that we ex-
ploit the composition operation to specify a class of multi-morphisms
n:P1,...,Pn ~ (, depicted as diagrams

|| (5.35)

whose composition, associativity, and unitality follow at once from past-
ing laws for 2-cells in 2-categories [Kel82] (try to outline them explicitly
as a straightforward exercise). More generally, the bicategory of profunc-
tors is a toy example of a fe-multicategory [Lei99] or, in more modern
terms, a virtual double category (vdc) [CS10].

A vdc C as defined in [CS10] is a category-like structure whose ‘cells’
« have the form

XO f X1 } s } Xn (536)
e
YO f Yl

where the vertical arrows are the morphisms of a category C,, called the
vertical category of the vde, and the cell « has a n-tuple (for n > 0, the
non-negative integer n is called the arity of the cell) of horizontal mor-
phisms (p1,pa, ..., pn) as horizontal domain, and a single ¢ as horizontal
codomain.

These cells are subject to certain straightforward coherence conditions
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of associativity: first of all, vertical morphisms compose like they do in
a category; second, the cells can be grafted as follows: every

P11 Piny Pm1 Pm,nm

q1 dm
| . |

can be composed into a single cell

P11 Ping Pmi1 Pm,nm
1BG(a1,...,0tm) (5.38)

I
T
™

so that this operation is compatible with the rest of the data. The 0-ary

X
cells are determined by diagrams like ¥\

Yo——Y"
The standard choice to make Prof()) a vdc is to take

e as objects the small categories;

e as vertical category the category Cat;

e asn-ary cells a: (p1,...,pn) = ¢ having vertical domain F': Xy — Yj
and vertical codomain G : X,, — Y7 the natural transformations

QAPeOPr O OPL = qOPF (5.39)

The reader will routinely check that all coherences stated in [CS10] hold.

Of course, whenever we consider composable profunctors, every n-ary
cell can be reduced to a l-ary cell by composing the n-tuple of horizon-
tal arrows that form its horizontal domain; but in situations where the
composition does not exist, for example for categories enriched in a non-
cocomplete base, it is still possible to define the vdc of these generalised
profunctors.

The notion of vdc can thus be considered as the ‘correct’ generalisation
of categories Prof()) enriched over a generic base, and exhibits many of
its nice features even without horizontal compositions. Examples of vdcs

abund inside and outside category theory: the reader is invited to consult
[CS10].
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The following definition is modeled on the behavior of the canonical
embedding of Cat into Prof: it appears in [Wo0082].

Definition 5.4.2 (Proarrow equipment). Let p* : A — M be a 2-
functor between bicategories; p* is said to equip A with proarrows, or to
be a proarrow equipment for A if

*

PE1) p
PE2) for every arrow f € A, p*f has a right adjoint in M.

is locally fully faithful;

It is clear how the embedding Cat®® — Prof equips Cat with proarrows
(see (5.11); our choice for the direction of 1-cells in Prof forces us to treat
the embedding as contravariant).?

Remark 5.4.3 (®® Exact squares and profunctors). Let us consider
Cat as a 2-category; a square

A—"Lsy
S Ja lV (540)
X ——B
U
filled by a 2-cell a will be called a carré (see [Gui80]). Any carré induces
a 2-cell
p’1"
A<4+—Y (5.41)
Psi‘ N a? *\va
X <+—B
pU

defined by the universal property of profunctor composition via the
cowedge

alay xy i X(X,SA4) x Y(TA,Y) —— BUX,VY) (5.42)

sending the pair (f,g) = ([si;} , [T)J;AD into VgoasoUf.

We say that a carré is ezact if o is invertible, i.e. if fA X(X,SA) x
V(TAY) = BUX,VY).
[Gui80] observes that there is a criterion for a carré to be exact that

3 A rather unexpected tight connection between vdcs and proarrow equipments is
the following: equipments arise precisely as those vdcs where horizontal arrows
can all be composed, and have local horizontal identities for every object. This is
[CS10, §7] and in particular its Definition 7.6.
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does not involve profunctors: let us consider a square as above, and the

A (5.43)
m
Ty
lv
B

UlV)—s
where (U | V) is the comma category of the cospan X Y B Y and
W is the unique induced functor to (U | V). For each pair of functors

induced diagram

do ﬂa
X —
U

x Dz 8 Y we have the following identifications of sets:

Cat(U | V, Z)(Pdo, Qdy)

PrOf(yv X)(pdo < pdl ) pP < pQ)

Prof (Y, X)(pY o pv,pF o pg) —= Prof (I, X)(pa o pT,p" 0 pg)
(5.44)
where the horizontal arrows are induced by whiskering. The carré is
exact if and only if for each P, (Q there is a bijection

Cat(A, 2)(PS,QT)

Cat(A, 2)(PS,QT) = Cat(U | V, Z)(Pdy, Qdy). (5.45)

Remark 5.4.4 (Displayed category). The bicategory of profunctors ap-
pears in a generalised form of Grothendieck construction, as described
in of A.5.14. There, we draw an equivalence of categories

p_ : DFib(C) < Cat(C,Set) : C | _ (5.46)

between discrete opfibrations over C and presheaves over C (see A.5.12).
In recent years it has become popular to call the pair of adjuncts that re-
alises this equivalence respectively ‘straightening’ and ‘unstraightening’

It is a good question to ask, if there’s some kind of un/straightening for
generic functors q : £ — C over a base, that do not satisfy A.5.12. Sure,
since the fibration condition on p : £ — C is meant exactly to ensure that
each morphism C' — C’ in the base induces a function/functor between
the fibers p~ C’ — p*C, for a generic functor ¢ : £ — C the straightened
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I'y : C° — K won'’t be strictly functorial, nor it will ensure functorial
correspondences among the fibers.

We can however show precisely how much regularity is lost when pass-
ing from discrete fibrations over C to generic categories lying over C,
proving the following result (to the best of the author’s knowledge, this
was first observed by J. Bénabou [Béer]).

Theorem 5.4.5. There is an equivalence of categories
II(_) : Cat;1(C, Prof) — Cat/C : T’ (5.47)

where Cat;1(X,Y) denotes the category of normal lax functors (see
A.7.6) between bicategories X,). The correspondence is defined by a
‘generalised Grothendieck construction’, in that the correspondence II is
defined sending F' € Caty 1(C°P, Prof) to the (strict) pullback

I1(F) — Prof,

l - lu (5.48)
C Prof

F

where U : Prof, — Prof is the forgetful functor from pointed profunctors
that forgets the basepoint.*

Notation 5.4.6. The category II(F') corresponding to a normal lax func-
tor F' : C — Prof is not any more fibered; we call it a displayed category.

Proof As for the II correspondence, there is nothing to check apart its
functoriality; this is easy: given a 2-cell a : FF = G : C — Prof between
normal lax functors we can easily induce a morphism II(F) — II(G) of
categories over C using the defining universal property of II.

We shall now define the functor I' and prove that it lands on the
declared domain: we shall define

e A correspondence on objects, p : £ — C, that sends such p’s into
normal lax functors C — Prof;

Xe&: pX=C,

F:OmC" pf:idc}, i.e. to

GP1) an object C goes to the category p (C) = [
the fiber of p over C € C;

Gp2) a morphism f : C — C’ goes to a profunctor T',(f) : p* (C)°P x
p* (C') — Set, defined sending the pair (X,Y") € p* (C)°P x p* (C")
to the set of all u : X — Y such that pu = f.

4 A pointed profunctor p : (C,C) ~ (D, D) of pointed categories is a functor
p: (C°P x D, (C, D)) — Set with a specified element of p(C, D). The functor U
forgets this specified element and keeps only the functor.
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e A correspondence on morphisms over C, that sends a functor h : £ —
&’ of categories over C, i.e. such that p’ o h = p for projections p,p’,
into a morphism of normal lax functors

FP
Iw:C” | Prof. (5.49)
~

Fp/

It is evident how a functor h as above induces a morphism of this kind
simply because it respects the fibers of p and p’ over the same object.

Now, we shall show that I'), : C — Prof is indeed a normal lax functor:
for the moment we have nothing but the bare definition.

It is however quite easy to prove that the correspondence I',(f) if
functorial and contravariant in the first component: if « : X — X/,
there is an obvious function I',(X',Y) — I',(X,Y). Similarly, I',(f) is
covariant in the second component.

We shall now show that I',(_) is a normal lax functor: in order to do
so we shall show the following.

o The functor is indeed normal: by definition I', (id¢) is a functor p* (C)°P x
p* (C) — Set, that sends a pair (X,Y) into the set of all u : X — Y
such that pu = id¢; but this is no less than the set of all morphisms
X — Y in the fiber p* (C), so that I',(id¢) is the hom functor of the
fiber of p over C, i.e. the identity profunctor p*(C) ~ p* (C).

e Given a pair of composable morphisms C %> ¢’ ENVoZ , we shall find
a 2-cell filling the diagram

(
N R (5.50)
o Ur9) peer)

The correspondences I',,(f) and T'p(g) are respectively defined by

p(C")°P x p=(C") RSN

X, 7) 20 s X v | pu= )
p(C)°P x p= (C") REICONC

(Z,X)Fp»i])) {v:Z—X|pu=yg}.

Composition in the categories p (C), p* (C"),p* (C") now forms a
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cowedge that induces a unique morphism
Xep© (C’
JEEEITY(9)(2,X) X T (X, Y)
Lc (5.51)

Lp(fo)(2,Y) ={w:Z =Y |pw= fg}

by the universal property of the coend involved in the definition of
Tp(f)oT,(g). We leave to the reader the routine verification that this
is indeed part of the laxity constraint of a lax functor I', : C — Prof.

This concludes the proof, up to some fine details that we leave to the
reader (Additional exercise: try to find sufficient conditions fror the laxity
cell T, (f) oT'p(g) = I'p(fg) to be invertible). O

5.5 Addendum: Fourier theory

According to our §5.3, the bicategory Prof is monoidal with respect to the
pseudo-cartesian structure (similarly, every Prof()) inherits a symmetric
monoidal structure from a symmetric monoidal structure on V-Cat).

This means that we can consider internal monoids in Prof: objects
endowed with maps

M x M —T= M 11—t M (5.52)

in Prof that witness the fact that M is an internal (pseudo)monoid.
Such internal monoids take the name of promonoidal categories.
Informally speaking, a promonoidal category is what we obtain if we

replace every occurrence of the word functor with the word profunctor

in the definition of monoidal category (of course, taking care of the

coherence conditions imposed by the weak 2-category structure of Prof).
More precisely, we can give the following definition:

Definition 5.5.1 (Promonoidal structure). Let C be a category. A
promonoidal structure consists of a tuple

B=(C,PJalp) (5.53)

where

pM1) C is a category endowed with

PM2) a bi-profunctor P : C x C ~ C (the monoidal multiplication) and
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pPM3) a profunctor J : 1 ~» C (the monoidal unit), such that the following
two diagrams

CxCxCc—2M" cxe o —DEM . oxeotm
AT N
CxC 1 C hom C hom
P
are filled by the indicated 2-cells,
PMY4) 2-cells, respectively called the associator
a:Po (P xhom) = Po(hom xP) (5.54)

and the left and right unitors
A:Po(homxJ)=hom p:Po(Jxhom)=hom (5.55)

Remark 5.5.2. Coend calculus allows to turn (5.54) and (5.55) into
diagrammatic relations:

e The associator amounts to an isomorphism linking the two sets below
(note that each component agB € has four arguments, three contravari-
ant and one covariant, whereas P has components P4Z = P(A, B;C)
as a functor C°P x C°P x C — Set).

XY
(P o (hom xP))apc.p :/ PXY HY PEC

XY
(P (P x hom))apc.p = / PXY HE pgB
A
~ / PABpXC.

e The left unit axiom is equivalent to the isomorphism between the
functor

YZ
(A, B) — / JoHOPY?

g/ZJZ(/YH;;‘PgZ)
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Z
= / JzPg?

and the hom functor (A, B) — C(A, B).

The most interesting feature of promonoidal structure in categories is
that they correspond bijectively with monoidal structures on the cate-
gory of functors Cat(C, Set), framing the construction of Day convolution
give in 6.2.1 in its maximal generality.

Proposition 5.5.3. Let P = (P, J,«, p,\) be a promonoidal structure
on the category C; then we can define a *3-convolution monoidal structure
on the category Cat(C, Set), via

AB
[F xq G|C = / P(A,B;C) x FAx GB (5.56)
Jp=J (5.57)

and this turns out to be a monoidal structure on Cat(C,Set). We denote
the monoidal structure (Cat(C, Set), sy, Jo) shortly as [C, Set]y.

Remark 5.5.4. The same definition, changing the cartesian structure
with the monoidal structure of V), yields a notion of B-convolution on
V-Cat(C, V) for a V-category C.

Definition 5.5.5. A functor ® : [A,Setlp — [B, Set]q is said to pre-
serve the convolution product if the obvious isomorphisms hold in [B, Set]q:

o O(F *qp G) = O(F) xq (G);
o O(Jy) = Ja;

in other words @ is a strong monoidal functor with respect to convolu-
tion product. When ® is a colimit-preserving functor, this condition is
equivalent to the request that ® defines a multiplicative kernel between
A, B regarded as objects of Prof.

Remark 5.5.6. It is observed in [IK86] that for a monoidal A the cat-
egory of presheaves [A°P; V] endowed with the convolution monoidal
structure is the free monoidal cocompletion of A, having in Mon (monoi-
dal categories, monoidal functors and monoidal natural transformations)
the same universal property that [.A°P, V] has in Cat.

There is a bijection between the promonoidal structures on C, and
monoidal structure on Cat(C, Set); this is the content of Exercise 5.14.
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5.5.1 Fourier transforms via coends

For the rest of the section, V is assumed to be a complete and cocomplete
*_autonomous category.

Definition 5.5.7. Let A, C be two promonoidal categories (thus implic-
itly regarded as objects of Prof) with promonoidal structures 8 and £
respectively; a multiplicative kernel from A to C consists of a profunctor
K : A~ C endowed with two natural isomorphisms

YZ C
K{KZpPY? =~ / K$PAB (5.58)

C
/ K$Jo = Jx (5.59)

These isomorphisms say that K mimics the behaviour of the hom functor
(in fact, the hom functor hom 4 is the identity multiplicative kernel A ~~
A: the isomorphisms above follow from 2.2.1).

We define a multiplicative natural transformation « : K — H between
two kernels as a 2-cell in Prof commuting with the structural isomor-
phisms given in 5.5.7. This, together with the fact that multiplicative
kernels compose, yields a category of kernels ker(.A, C).

Definition 5.5.8. Let K : A ~» C be a multiplicative kernel between
promonoidal categories; we define the K-Fourier transform f — K (f):
C — Set, obtained as the image of f : A — Set under the left Kan
extension Lan , K : [A, Set] — [C, Set]. Explicitly, this is the coend

A
SK(f):XH/ KA X)® fA. (5.60)
We can also define the dual Fourier transform:
F(@:Y o [ (K494 (5.61)
A

and find the relation § (9) = Fx(g%)*.
The following results are easily proved using standard co/end calculus:

Proposition 5.5.9. Let K : A~ X be a multiplicative kernel, and let
A be a promonoidal category; then

MK1) §x preserves the upper B 4-convolution of presheaves f, g, defined as

AA’
f;g:/ FA®gA @ P(A, A, _); (5.62)

dually,
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MK2) §}. preserves the lower B 4-convolution of presheaves f,g, defined as
fro= [ (raoEayepas, )i 6o
AA/

Observe that (as stated in [Dayl1]), both the upper and lower convo-
lution product yield associative and unital monoidal structures on the
functor category V-Cat (A, V); the upper product preserves V-colimits in
each variable, while the lower product preserves V-limits in each variable.

The lower and upper convolution transform into each other under the
equivalence of V-categories

V-Cat(A, V)P = V-Cat (AP, V°P); (5.64)
this means that under the above equivalence (f * g)* = f* x g*.

Theorem 5.5.10. LetV be a *-autonomous monoidal base; then we can
define the pairing V-Cat(A,V) x V-Cat(A,V) — V as the twisted form
of functor tensor product (as defined in 3.2.14)

A
(f.9) = / FA" @ gA (5.65)

If K is a kernel such that the Fourier transform Lan y K is fully faithful,
we have an analogue of Parseval formula:

(fr9) = Er(f),8x(9))- (5.66)

Fourier theory is linked to the theory of Joyal’s combinatorial species
(see 2.3.11): let E : A ~» X be a multiplicative kernel; if we write
E(A,X) := X4 (without any reference to a tensor operation between
A and X), the E-Fourier transform can be expressed as an .4-indexed
formal power series as follows:

A
35(f) =/ fA® XA

> ) fA@. XA (5.67)
AcA
(it is understood that f : A — V is a fixed combinatorial species.) This
can be made precise as follows: let A be the (free V-category on the)
permutation category of 6.1.1; then E(n, X) = X®" =X ®---® X is
a multiplicative kernel and an F-analytic functor results as the left Kan
extension

FX = /nf(n)®X®"
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= Z f(n) @sym(n) X" (5.68)
nepP
Given two combinatorial species f, g : A — V and the associated analytic
functors F, G, the convolution F' % G is again an analytic functor, and
its generating combinatorial species is the upper convolution product of
f,g (with respect to the implicit promonoidal structure of A):

AB
FxG(X)= FA®GB®p(A, B; X)

ABUV
N/’ fU®E(U,A) ® gV @ E(V, B) ® p(A, B; X)

uvc
g/‘ fU® gV @ p(U,V;C) @ E(C, X) (k)

C
fv/ (F % ¢)(C) ® B(C, X). (5.69)

(note that in (k) we used the fact that F is a multiplicative kernel.)

5.6 Addendum: Tambara theory

Definition 5.6.1. Let C be a monoidal category with monoidal unit I.
A (left) Tambara module on C consists of:

e a profunctor P : C°P x C — Set;
e a family of functions 74 (X,Y) : P(X,Y) — P(A® X, A®Y) natural
in XY and a wedge in A, satisfying the two equations:

71 (X,Y
P(X,Y) XY pleX,I0Y)
\ P(lxl,ly)
P(X.,Y)
TaAl X,Y
P(X,Y) a(0Y) PA®X,A0Y)
TW TA(A'®X,A'QY)

)
PARA @X, AR A ®Y)
(5.70)

The notion of right Tambara module is given in a similar fashion, using
maps v4(X,Y): P(X,Y) — P(X ® A, Y ® A) satisfying the relations
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Lt1) P(rx,ryx') ova(X,Y) =idp(x y);
LT2) VA(X X A/,Y ® AI) o Z/A/(X,Y) = VA/®A(X, Y)

The definition can be given for profunctors enriched over any other mo-
noidal base different from Set; for example, in the original work by Tam-
bara, [TT06], categories are assumed to be enriched over vector spaces.
In the paper [PS08] the enrichment base is completely arbitrary (i.e. it
is just a symmetric monoidal closed category).

Definition 5.6.2. Define the category Tamb(C) whose:

e objects are Tambara modules (P,7) consisting of a profunctor P :
C°P x C — Set and Tambara structures 74(X,Y).

e morphisms (P,7) — (Q,0) are natural transformations v : P = Q
such that for all A, XY the following diagram commutes:

Px,y) 2 pag X, A0Y)
7<x,y>l l"Y(A@X,A@Y) (5.71)
QYY) = QB X A0 Y)

There is a functor to the category of endo-profunctors on C,
¢ : Tamb(C) — Prof(C,C) (5.72)
which forgets the Tambara structure.

The codomain of ¢ is monoidal with respect to composition of 1-cells,
as every hom-category of endomorphisms: it turns out that Tambara
modules can be composed, and that ¢ is strong monoidal with respect
to this monoidal structure.

Remark 5.6.3. The category Tamb(C) has a monoidal structure whose:

e unit is the hom-functor home : C°P x C — Set which has a canonically
associated Tambara structure:

CX,Y) — CA® X, A®Y) (5.73)

e The profunctor composition of (P, 7) and (Q, o) given by the coend

(PoQ)(X,Y):/ P(X,Z)x Q(Z,Y) (5.74)
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has a Tambara structure (P ¢ Q)(X,Y) - (PoQ) (AR X,ARQY)
induced by the maps

TAXoa:PX,2)xQ(Z,)Y) 2 PIAR X, ARZ)x QAR Z,AQY)
(5.75)
using the universal property of the coend.

This makes the functor + : Tamb(C) — Prof(C,C) strong monoidal.

Proposition 5.6.4. The forgetful functor ¢ : Tamb(C) — Prof(C,C)
forms part of an adjoint triple:

0
Tamb(C) ——= Prof(C,C) (5.76)
©

e The left adjoint ¢ : Prof(C,C) — Tamb(C) constructs the free Tambara
module from a profunctor. This is given by the formula
Cc,Uu,v
or(X,Y) :/ C(X,CoU)xC(CaV,Y)x P(U,V) (5.77)
with Tambara module structure given by
CX,CeU)xC(CaV,Y)x P(U,V)
J/ (5.78)
CARX, ARCQRU)XxCARCRV,ARY)x P(U,V)

together with the coprojection ¢agc, using the universal property of
the coend.

e The right adjoint 6 : Prof(C,C) — Tamb(C) constructs the cofree
Tambara module from a profunctor. This is given by the formula

GP(X,Y):/CP(C(X)X,C@Y) (5.79)

with Tambara module structure given by 0p(X,Y) — 0p(ARX, ARY)
is induced by the projection functions,

pC®A:/P(C®X,C®Y)—>P(C®A®X,C®A®Y)

C

pc:/P(C®A®X,C®A®Y)—>P(C®A®X,C®A®Y)
C

(5.80)

using the universal property of the end.
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The proof of the following proposition (a ‘recognition principle’ for Tam-
bara modules) goes by inspection using the definition of coalgebra: such
a map is determined by

e An object P of Prof(C,C) given by P : C°P? x C — Set;

e A structure map given by a natural transformation 7 : P = fp in
Prof(C,C)(P,0p) whose components 7(X,Y) : P(X,Y) — 0p(X,Y)
are given by:

HX,Y): P(X,Y) — / PA2X,A2Y) (581
A

e By the universal property of the end at codomain, the structure map
is determined by a wedge in A,

TA(X,Y): P(X,)Y) —- PAR X,AQY) (5.82)
that is moreover natural in X,Y.
Proposition 5.6.5. The adjunction ¢ 4 6 yields a comonad
O : Prof(C,C) — Prof(C,C) (5.83)

whose category of coalgebras is isomorphic to Tamb(C). Dually, the ad-
junction ¢ - ¢ yields a monad ® : Prof (C,C) — Prof(C,C) whose category
of algebras is isomorphic to Tamb(C). Moreover, there is an adjunction

)
Prof(C,C) L~ Prof(C,C) (5.84)
e

between the resulting monad ® = 1o and comonad © = 108 on [C°P x
C, Set].

Profunctors A ~ B can equivalently be described as left adjoints Cat(B°P, Set) —
Cat(A°P, Set); thus we obtain that

Corollary 5.6.6. The left adjoint
® : Cat(CP x C,Set) — Cat(C? x C, Set) (5.85)

is equivalent to the endo-profunctor $ : COP x C ~» CP x C whose action
on objects is given by the coend:

B(X,Y,U,V) = /CC(X,C®U) KC(CBVY)  (5.86)
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This endo-profunctor :CPxC ~ CPxC actually underlies a
promonad (see Exercise 5.10) in the bicategory Prof. From the formal
theory of monads [Str72] it is known that the bicategory Prof admits
the Kleisli construction for promonads, so we can ask what is the Kleisli
category of ®: such category is called the (left) double of the monoidal
category C and it is denoted Db(C); it has the same objects as C°P x C,
and hom-sets defined by the coend

Db(C)((X,Y), (U, V)) = /C CX,CaU)xC(CaV,Y) (587

This formula provides the foundation for all of profunctor optics (see [Mil,
CEGT, PGW17]). [PS08] proves that there is an equivalence of categories:

Tamb(C) ~ Cat(Db(C), Set). (5.88)

Exercises

5.1 Describe the bicategory of profunctors between monoids, regarded as
one-object categories; describe the bicategory of profunctors between
posets regarded as thin categories; similarly, the bicategory Mod of
modules.

5.2 Dualise 5.2.5: given t: D ~» A and [ : £ ~» A we can define
Ixt:E~D:(D,E)— / [¢(D, A),(E, A)].
A

Show that this second operation is a right Kan lifting (we spell out
explicitly the definition that can be evinced from 2.1.3): given 1-cells
p:B—=C, f:A— Cin a 2-category K, a right Kan lift of f through
p, denoted Rift, f, is a 1-cell Rift,(f) : A — B equipped with a 2-cell

e :poRift,(f) = f

satisfying the following universal property: given any pair (g : A —
B,a:pog= f), there exists a unique 2-cell

¢ : g = Rift,(f)

such that the following diagram of 2-cells commutes for a unique



FExercises 157

¢ : g = Rift,(f)

e

A4>C

o G B
Rif"ﬁp(f) HX
/
A— . ¢
f

i.e. there is a unique factorisation € o (p * {) = .

5.3 Show that the structure on Prof given by ¢ is biclosed (i.e., ¢ is a
bifunctor Prof(A, B) x Prof(B,C) — Prof(A,C) and each po _, as well
as each _ ¢ g have right adjoints).

5.4 The collage of two categories A, B along a profunctor p : A ~» B is
defined as the category A W, B with the same objects as A Il B and
morphisms given by the rule

AX)Y) X, YeA
Aw, B(X,Y)={B(X,Y) ifX,YeB
p(X,Y) HXeAYeB

and empty in every other case. Show that .4 &, B has the universal
property of the category of elements of p, regarded as a presheaf. Find
an isomorphism between the category AW, B so defined and the coend

(A.B)
/ (A°? x B)/(A,B) ® p(A, B)

of 4.2.2 (® is the Set-tensor of Cat).

5.5 Show that the composition laws p(A, B) x B(B,B’) — p(A,B’),
A(A,A") x p(A', B) — p(A, B) of arrows in the collage AW, B are
universal cowedges of a coend.

5.6 The cocomma object [ L] of two functors X &£ A5 Y is defined to
be the pushout of

AT A —— A X [1]

|

XY

in Cat, where the horizontal arrow is the ‘cylinder’ embedding when
ATl A is identified with A%} = Cat ({0, 1} A). Show that [£] is the
collage of X and Y along the profunctor p& o pp : X ~ V.
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5.7 Given profunctors A < B <L C consider the categories A W, B and
B ¢y C. Describe the pushout

B A, B
B, C M

in Cat. Is there a relation between H and the collage A W C along
qop?
5.8 Isbell duality (3.2.18) can be regarded as an adjunction between the
categories
Prof(1,C)°? = Prof(C, 1).

where 1 is the terminal category. Is it possible to extend this result to
an adjunction Prof(D,C)°? = Prof(C,D)? (hint: yes; use right Kan
extensions in Prof).

5.9 Show that there is a canonical isomorphism
Cat(X,Y)(FG, HK) = Prof( W, Z)(pg o p™,pF o ppr)
for each square
x5z

K

R

a F

filled by a 2-cell .. This map sends a to a 2-cell af in Prof. Does this
equivalence restrict to strongly commutative squares, giving strongly
commutative squares in Prof?

5.10 A promonad is a monad T : A ~» A over an object o Prof; this
means that there are maps 7T"¢ T = T and hom = T fitting in
diagrams similar to A.6.3.

pPM1) Regard a set A as a discrete category; show that every promonad
T : A~ A determines and is determined by a category structure
for A, i.e. that a promonad on a discrete category amounts exactly
as a category having A as set of objects.

PM2) ®® Show a similar result for nondiscrete categories: more precisely,
observe that a promonad on A in Prof corresponds to a monad
on Cat(A°P, Set) whose underlying endofunctor preserves colimits.
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Show that every category B that admits an identity-on-objects func-
tor ' : A — B induces such a monad; show that every colimit
preserving monad between presheaf categories induces an identity-
on-object functor A — B.

5.11 Show that the equivalence
LAdj(Cat(X°P, Set), Cat(X°P, Set)) = Prof (X, X)

of 3.1.1 is monoidal, i.e. colimit-preserving monads T" on Cat(X°P, Set)
go to promonads 7p : X ~» X.

5.12 Gather from Chapter 1 the results you need to prove that the trace
operator tr¥y in 5.3.5 really define a traced monoidal structure:

TM1) naturality in X and Y: forevery f : X@U — Y®U andg: X' — X,
tr)U(/,Y(f o(g®idy)) = tr)U(,Y(f) °g,
and forevery f: XU - YU andg:Y — Y/,
tr)U<,Y/((g ®idy)o f)=go tr)U(,Y(f)
T™M2) dinaturality in U: forevery f: X QU - Y U’ and g: U’ = U
1y ((idy ®g) o f) = tr% v (f o (idx ®g))
TM3) two vanishing conditions: for every f : X ® I —» Y ® I, (with
px: X ® I = X being the right unitor),
trk v (f) = py o fopx',
and forevery f: XUV YUKV

Uev
sy (trkeuyeu(f) = trX(,gY (f)

TM4) superposing: for every f: X U - Y U and g : W — Z,

g tf)U(,Y(f) = trI[/JV®X,Z®Y(g ® f)
TM5) yanking: tr%x(vx’x) = idx (where « is the symmetry of the mo-
noidal category).

5.13 Prove equations 5.5.3 using associativity and unitality for 3.
5.14 Let * : Cat(C, Set) x Cat(C, Set) — Cat(C, Set) be a monoidal struc-
ture with monoidal unit v : C — Set; show that the assignment

P(A,B;C) = (¥(A) « X(B))(C)  JA:=uA (5.89)

is a promonoidal structure on C, regarded as an object of Prof. An
elegant result of Day shows that this sets up a bijection between the
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ways in which Cat(C, Set) is a (pseudo)monoid in Cat, and the ways
in which C is a (pseudo)monoid in Prof: prove it.

5.15 Outline the promonoidal structure P giving the Day convolution
described in 6.2.1. If C is any small category, we define P(A, B;C) =
C(A,C) xC(B,C) and J to be the terminal functor C — Set. Outline
the convolution product on Cat(C, Set), called the Cauchy convolution,
obtained from this promonoidal structure.

5.16 Is the composition of two kernels (see 5.5.7) again a kernel? Define
the category of multiplicative kernels ker(A, C) C Prof(A4,C).

5.17 Show that a profunctor K : A ~» C is a multiplicative kernel if and
only if the cocontinuous functor Lan, K = K : [A,Set] — [C, Set]
corresponding to K : A — V-Cat(C,V) under the construction in
5.1.7 is monoidal with respect to the convolution monoidal structure
on both [A, Set]y and [C, Set]q.

Describe the isomorphisms k1, ks when 3 is Day convolution.

5.18 Show that a functor F : (A,®4,I) = (C,®¢,J) between monoi-
dal categories is strong monoidal if and only if p" = hom(F,1) is a
multiplicative kernel.

Dually, show that for A, C promonoidal, F' : C — A preserves con-
volution on [A, Set]sy, [C, Set]q precisely if pr = hom(1, F)) is a multi-
plicative kernel.

5.19 Show the following properties of the K-Fourier transform:

e There is the canonical isomorphism

A
R(f) = / K(A, _) % f(4)

e K preserves the convolution monoidal structure (this is the Parse-
val identity for the Fourier transform);
e K has a right adjoint defined by

K(g) = / K(Z, X),g(X)].

5.20 ®® Prove the following statements:

e There is a monad S on the category of profunctors, such that the
following square is commutative:

Cat 5, Cat

L

Prof —g> Prof



FExercises 161

where S sends a category A to the free monoidal category on A and
Cat — Prof is the canonical embedding of 5.2 (on which cells it is
contravariant?).

e Prove that A S-algebra is the same thing as a monad in the bicat-
egory of S-profunctors

e Show that the following conditions are equivalent, for a profunctor
p : A~ B between promonoidal categories (A,B, Ja), (B,9Q, Jg):

PA1) p is a pseudo-S-algebra morphism;

PA2) The cocontinuous left adjoint associated to p, p : [B°P, Set] —
[A°P, Set] is strong monoidal with respect to the convolution mo-
noidal product on presheaf categories;

PA3) p is endowed with arrows

Aq Ao B1 B> v A qrA1As A
Py X Pps X Qp = [TPL X pi

(poP) 1 x (pop) 2 s A T [F(por)B x ol B

pA X Jaa JBB

or more precisely, 0B, B,[A, As]; 45 OB, Bo[A1 As];A» (4] B> €xhibiting
universal cowedges in the bracketed variables (i.e., the maps in-
duced on coends are isomorphisms), and natural in the others.

e Assume the promonoidal structures 3, 2 on A, B are representable;
then, the conditions above are in turn equivalent to the following:
both mates p< : A — [B°P, Set] che p* : B — [ A, Set]°P are strong
monoidal with respect to convolution on their codomains.



6
Operads

SUMMARY. We introduce the theory of operads employing co/end
calculus; the material is entirely classical and draws from [Kel05] and
equally classical sources. A (symmetric) operad is a collection O(n)
of objects of a monoidal category whose objects are natural numbers,
and endowed with maps

O(m) ® - ® O(ni) ® O(k) — O X my)

satisfying suitable axioms of associativity and compatibility with a
natural action of the symmetric group on each component; each O(n)
models a set of generalised n-ary operations serving to describe in a
neat and intrinsic way the equipment of a ‘set’ with ‘structure’ The
notion of operad lies at the very core of modern approaches to universal
and categorical algebra.

Operads are monoid objects in the presheaf category of represen-
tations of the groupoid of natural numbers; drawing from [Curl2] we
provide a standard characterisation of operads as the coKleisli cate-
gory of a comonad on the bicategory Prof; more precisely, an operad
is an object in the coKleisli category of a comonad generated by the
presheaf construction P and by the ‘free symmetric monoidal cate-
gory’ functor S; this allows for plenty of generalisations to other kinds
of operads, by changing the role of S in the same formal argument.

The sixth [is] the method of returning the letters to their
prime-material state and giving them form in accordance
with the power of wisdom that confers form. [...]
Regarding this method, it is stated in the Sefer Yetzirah:
‘Twenty-two cardinal letters; He engraved them and
hewed them and weighed them and permuted and
combined them and formed by their means the souls of
all formed beings’

A. Abulafia — Ozar Eden Ganuz, quoted in [Ide89]
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6.1 Introduction

Operads are mathematical structures of manifold nature: they appear in
algebra, topology, algebraic geometry, logic, and in each of these settings
they model the notion of ‘set endowed with operations’ providing an
extremely powerful conceptual tool to categorise the old discipline known
as universal algebra.

Operads were introduced by P. May in his [May72] in order to solve
a purely algebraic-topological problem: topologists are often interested
to classify spaces Y which are homotopy equivalent to a loop space QX
every such space carries the structure of a group up to homotopy. But
they are much more interested in spaces Y ~ Q"X for higher n, as such
spaces carry a structure of n-fold commutative group. All the way up to
infinity, there are spaces Y that arise as infinitely many looped X's, i.e.
spaces Y such that Y ~ QX for an X which is QX’, for an X’ which
is QX"...: these are called infinite loop spaces, and they behave like
abelian groups.

The notion of operad, introduced in [May72], offers a way to recognise
infinite loop spaces among all spaces, as they are algebras for a suitable
operad. The reader is invited to consult [Ada78] for more information;
Adams’ book is one of the nicest introductions to the topic.

Shortly put, an operad is a family of spaces O(n), one for each natural
number n, subject to suitable axioms; one of which is that for every
k € N, and every k-tuple of numbers nq, ..., ng, there is a map

Yii : O(k) x O(nq) X -+ x O(ng) = O(nq + - -+ + ng). (6.1)

Since their very introduction it has been clear that operads are monoid-
like objects in some category of functors, and that the maps above behave
like multiplications of some sort: this is the reason why they can natu-
rally act on other objects, and why the algebras for an operad are so
important;* making this analogy a precise statement, using the power of
co/end calculus, is the content of a seminal paper by Max Kelly [Kel05],
that the present chapter follows extremely closely.

Co/end calculus is a perfect bookkeeping tool in otherwise extremely
involved combinatorial arguments involving quotients of sets of n-tuples
by the action of a symmetric group.

Unfortunately, a thorough introduction to the theory of operads ex-

1 This principle echoes Mt 7:20: Wherefore by their fruits ye shall know them: the
subject of the sentence are, of course, monoids; and the fruits are the monoid
actions other object can carry.
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ceeds the aims of the present chapter: beginners (the author of the
present note is undoubtedly among them) may feel rather disoriented
when approaching any book on the subject, because algebraists might
feel baffled by a geometric approach, and geometers might feel the same
way reading about algebraic operads. So, it’s extremely difficult to ad-
vise a single, comprehensive reference. Among classical textbooks, we
can’t help but mention [May72], and more recent monographies like
[LV12, MSS02] written respectively from the algebraist’s and topolo-
gist’s/geometer’s point of view. Among less classical and yet extremely
valid points of view, the author profited a lot from a lucid, and unfortu-
nately still unfinished, online draft [Tri] written by T. Trimble.

We shall provide a glance on the use of operads in algebra in §6.4
below; the exposition is terse, and maybe somewhat hasty, but keeps to
a minimum the cognitive overload and tries to employ ideas and notation
from the previous section.

6.1.1 Local conventions

e We will denote P the groupoid of natural numbers, i.e. the category
having objects the nonempty sets {1,...,n} (denoted as n for short,
assuming that 0 = @) where P(m,n) = @ if n # m and S,, (the group
of bijections of n-element sets) if n = m. It is evident that the groupoid
P is the disjoint union of symmetric groups [ [, <, Aut(n) =[], Sn.>

o like elsewhere, V is a fixed (symmetric) monoidal closed cautegofy7 hav-
ing all (weighted) co/limits needed to cast the relevant co/ends.

o We make a moderate use of A-notation: a function x — Fz will be
denoted as Ax.Fx as if it were a A-term; the usual rules of a-conversion
and p-reduction straightforwardly apply.

e When needed, we freely employ the ‘Einstein notation’ defined in
5.1.10; this will allow to maintain in a single line a few involved com-
putations.

Remark 6.1.1. A fundamental rule of Einstein convention is the fol-
lowing, really akin to the one for tensor operations: variables over which
we integrate are always subscript-superscript pairs. Moreover, monoidal

2 A subtlety that will never be mentioned in the discussion is that we blur the

distinction between P and the free V-category PV on P, defined having the same
objects, and where the hom-object between nand m is the P(n, m)-fold tensor of
the monoidal unit I € V; to motivate the name ‘free’, think of the case when

V = Ab is the category of abelian groups. Exercise 6.1 gives the proper definition.
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structures symbols ® are suppressed when this does not create ambigu-
ity; thus, for example, the convolution (6.3) of two presheaves in Einstein
notation has the following form:

cc’ ,
FxG= )\X./ C{¥C FeGon.

Remark. We record that P has a natural choice of symmetric monoidal
structure, with tensor the sum of natural numbers

(n,m) »n+m=nlUm; (6.2)

the action on arrows is given by (0,7) +— o + 7 defined acting as o
on the set {1,...,m} and as 7 on the set {m + 1,...,m + n} (these
permutations are called shuffles).

6.2 The convolution product

The convolution product can be thought as a categorification of the
convolution of regular functions: let G be a topological group, and C(G)
the set of ‘regular’, i.e. continuous, complex-valued functions f : G — C.
Then, the set C(G) can be endowed with a convolution product, given by
the integral (f, g)(x) = [ f(zy~")g(y)dy (not a coend!), once a suitable
left-invariant measure has been chosen on G.

In a similar fashion, if C is a monoidal category, we can endow the
category of functors F' : C — V with a monoidal structure, which is
in general different from the pointwise one. This is called convolution
product of functors.

Proposition 6.2.1 (Day convolution). Let C be a symmetric monoidal
V-category with monoidal product @; the functor category V-Cat(C,V)
is itself a symmetric monoidal category, (and in fact a cosmos if V is
such) with respect to the monoidal structure given by Day convolution:

given F,G € V-Cat(C,V) we define

cc’
F*G::/ C(CaC, ) FCoGC (6.3)

where we recall (see 2.2.3) that X -V for X € Set,V € V is the copower
(or tensor) X -V such that

V(X -V, W) = Set(X, V(V,W)). (6.4)
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Proof We have to show that this really defines a monoidal structure:

e Associativity follows from the associativity of the tensor product on

C and the ninja Yoneda lemma 2.2.1:3
AB
Fx(GxH)=\X. / CyPPFA(G+H)p
AB cD
~X. C§®B/ CE¥PFaGcHp
ABCD
~\X. / CLPBCE PP E G Hp
ACD e
~\X. / cEoCeD P GoHp
A similar computation shows that
ACD
(F+G)«H )\X./ PP E, GoHp. (6.5)
(Right) unitality : we show that J = &g = C(0, _) plays the role of
monoidal unit for the convolution %, if 0 is the monoidal unit for &:
again, the ninja Yoneda lemma yields
CD
FsJ~2X. / Cc{®PFoJp
cD o
~ D
~ \X. / P Fe
c
~ \X. / C{Fo = F.

Similarly, we obtain left unitality.

Example 6.2.2 (Subdivision and joins as convolutions). Compare Ex-
ample 3.2.17 and the definition of join of augmented? simplicial sets

3

See 6.1.1 above for the way in which we employ Einstein notation; here and
elsewhere, it is also harmless to suppress the distinction between monoidal
products in V and V-tensors, since once the infix symbol has been removed to
become mere juxtaposition, the two operations behave similarly; in all cases it
can be easily devised which operation is which with a ‘dimensionality check’.
The category A would have ordinal sum as monoidal structure, but it lacks an
initial object [—1] = @ as monoidal unit; if we add such an object, we get a
category A4, and an augmented simplicial set is a presheaf on A ; the category
of augmented simplicial sets is denoted sSet . There is a triple of adjoints
induced by the inclusion ¢ : A C A4 and linking the categories of simplicial and
augmented simplicial sets.
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given in [Joy08]: given X, Y € sSet; we define

p.q

XY = X, xY, x A(_,pDq) (6.6)

where @& is the ordinal sum operation.

Proposition 6.2.3. The convolution product of F,G : C — V has the
universal property of the following left Kan extension:

cxc S ywy &

‘| 7 (6.7)

C .. G

Proof Just recognise that the coend expression given in (6.3) coincides
with the coend formula for Lang (F' x G) given in 2.27. O

Finding an explicit expression for the unit n of this left extension is
the scope of exercise 6.2

Remark 6.2.4. The category V-Cat(C,V) is left and right closed: the
internal hom [G, H] (or rather the functor [G, ] which is right adjoint
to — x G) is given by

[G, H] = AX. / (GC, H(C & X)] (6.8)
C

where [_, =] is the internal hom in V.

(When C is not symmetric monoidal, we shall distinguish between a
right internal hom and a left internal hom.)

Proof We can compute directly:

V-Cat(C,V)(F x G, H) = / V((F * G)C, HC)
C

AB
g/V(/ CAPPFAG, HC>
C

g/ V(CEPPFAGE, He)
ABC

12

/ V(Fa, [CSGBBGB,HC])
ABC

[ wentonseon
ABC

12
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g/ V(FAv [Gvi[CéGBB’HC”)
AB c

= /AB V(Fa,[Gp,HaaB))

g/Av(FA,/B[GB,HA@B])

%/AV(FA,[[G,HHA)
~V_Cat(C, V) (F, [G, H]).

Remark 6.2.5. We shall now specialise the above result to the partic-
ular case when C = P with the sum monoidal structure of 6.1.1; this
means that V-Cat(P,V) is monoidal closed if we define

mn

(F Q) := Pim+n,k) - Fp, &G,

[F, G] ::/[Fn,GnJrk]

In particular, we have a formula for the iterated convolution of Fy, ..., F,, €
[C, V], which we will make frequent use of:

.....

k1 kn
Fl*...*pn:/ P(X ki,—) Fik1 ® -+ @ Fky. (6.9)

Representing the tuple k1, ..., k, as a vector E, we can also write (6.9)
in a more compact fashion as

i
Fl*"'*Fn:/ p(zg,_).pé’.

6.3 Substitution product and operads

The gist of the definition of a V-operad relies on the possibility to endow
V-Cat(P, V) with an additional monoidal structure, defined by means of
the Day convolution: this is called the substitution product.

Definition 6.3.1 (Substitution product on V-Cat(P,V)). Let F,G €
V-Cat(P, V). Define

F@G::/ Fm® G™, (6.10)

where G*™ := (G x -- - x (G is the iterated convolution.
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Associativity exploits the following
Lemma 6.3.2. There exists a natural equivalence (FOG)*™ = F*" G,

Proof It’s a formal manipulation based on (6.9) and the Yoneda lemma:
the vector 7i denotes the m-tuple of integers (nq,...,n,,) so that (6.9)

becomes %7, F; = fk P(> ki, _) @i, Fik;.

(F@G)*m/ﬁP(Zm,_) (FOGM® @ (FoG)n,

1

g/ | P(Z”z‘,—)'F’fl®G*k1n1®"'®ka®G*kmnm
ik

g/ Fk1®"'®ka®73(Zm,_)-G*k1n1®"'®G*kmnm
E

g/ Fkl@...®ka®(G*k1*...*G*km)
E

g/ Fli® - @ Fky, @ G* 22k
Er

2.2.1%/ P(Zkzi,r)@Fkl@---@ka@G”

Il

/ Fr« G = F*™ 0 G
(Yoneda Lemma is used in the form
G = / P(n,t)-Gt =P(n, ) ©G, (6.11)

because (n,G) — G*" is easily seen to be a bifunctor P x [P,V] —
[P, V]). O

Associativity of the substitution product now follows at once: we have
Fo(GoH) :)\k./ Fm® (GoH)"™k
= )\k./ Fm® (G o H)k
m,l
= )\kz./ Fm®G™ @ H'k

l
o )\kz./ (FoG)l e H'E
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=(FoG) e H.

A unit object for the ®-product is J = P(1, _) - I; indeed J(1) = I,
J(n) = @y for any n # 1 and the ninja Yoneda lemma applies on both
sides to show unitality rules:

e On the left one has
J@F:/ Jm®F*m:/ P(l,m)-F*mgF*I:F. (6.12)

e On the right, G ® J = G once noticed that J*™ = P(m, _) - I since

J*m:/n’P(Zni,_)-’P(l,nl)-----’P(l,nm)-I
2212 P(1+---+1,_)-1
=P(m, ) T

because of Fubini rule 1.3.1 and the Yoneda lemma, which says

2Pni+-+n1+1l4+ng41+-+nm,—), (6.13)
for any 1 < i < m. One has then
G@J:/ Gm®J*m%/ Gm®P(m,_)-I=G.  (6.14)

The substitution product is highly non commutative; as an example take
two representable presheaves and compose them in different order with
respect to ©. It is however closed on one side:

Theorem 6.3.3. The ®-monoidal structure is left closed in the sense
that each — © G has a Tight adjoint, but not right closed: not each F® _
has a right adjoint.

Proof To prove left closure, we compute:

V-Cat(C.V)(F © G, H) = V-Cai(C. V) / PG H)

%/kV(/mFm(X)G*m,H)

~ [ V(Fm,[G*"™k, Hk))

g/imv(Fm,/k[G*mk,Hk])
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=V-Cat(F,{G,H})

if we define {G, H}m = [, [G*"k, Hk]. Hence the functor (_) ©® G has
a right adjoint for any G.

The functor F ® (—) can’t have such an adjoint (Incidentally, this
shows also that the substitution product can’t come from a convolution
product with respect to a promonoidal structure in the sense of 5.5.3).
We leave the reader to find a counterexample (find a colimit that is not
preserved by FF ® _). O

Definition 6.3.4. An operad in V consists of a ®-monoid object in
V-Cat(P, V).

In more explicit terms, an operad is a functor 7' € V-Cat(P,V) en-
dowed with a natural transformation called multiplication, p : TOT — T
and a unit n: J — T such that

ToToT 2 s ToT JorT X 7o 76

| |+ |+

T@Tﬂ—)T T

1R
1R

(6.15)

are commutative diagrams.

Remark 6.3.5. Unraveling 6.3.4, we can notice that an operad in V
consists of

e a natural transformation n : J = T that amounts to a map n; : [ —
T(1), since J(1) =1,J(n) = @ for n # 1,

e a natural transformation p : T ®T = T that, in view of the universal
property of the two coends involved, amounts to a cowedge

TmRP(A,k)-Tng @ @ Ty ———>Tk (6.16)

for any m,nq,...,nm,,k € N, natural in k£ and the n; and such that
the following diagram commutes:

Tm @ P(X ni k) - T —2—=Tm @ P(Y ngs, k) - TO7

Tm P> ni, k) - T 7 Tk

(6.17)



172 Operads

(the notation is self-evident) for every morphism o € P. This is equiv-
alent to a transformation

Tm@Tn @ - @ Ty — P ni, _),T()]  (6.18)

(considering the n; fixed and the first functor constant in k) i.e., by the
Yoneda Lemma a natural transformation from Tm®7Tn, ® --- Q@ Tn,

to T(Z ni).

Example 6.3.6 (Examples of operads).

EO1) For any F € V-Cat(P,V) the object {F, F'} is an operad whose multi-
plication is the adjunct of the arrow

(F,F} o {F,F} o F — 200

{F, F} OF %~ . F
(6.19)

(€ is the counit of the _ ® F - {F, _} adjunction) and whose unit
is the adjunct of the isomorphism J ® F = F. This is called the
endomorphism operad.

EO02) (see [Lei04, 2.2.11]) Let T' : Set — Set be a monad; then, the collection
(T'n | n € Set) (i.e. the restriction of T on finite sets) defines an operad
if we take

e the unit 73 : 1 — T'1 to be the component of the unit of 7" at the
singleton set;
e the multiplication maps (see 6.3.5 above)

Vi Tm X Ty X -+ X Ty — T (Z n) (6.20)

via the following rule: let n = > n;, and let us consider the image
under T of the coproduct inclusion u; : n; = n = ny U -+ U ngy,
i.e. the map Tu; : Tn; — Tn; this defines a map [~ Tn; —
[[iX, Tn = (T'n)™ = Set(m, Tn), that can be post-composed with
the action of T on arrows, and with the multiplication of the monad,
obtaining

Tnyx---xXTnpy, — Set(m,Tn) — Set(T'm, TTn) SetTmpin), Set(T'm, Tn);

(6.21)
the transpose of this map is the desired vy, 7.
As a motivation for this, we recall that in an algebraic theory the
free algebra T'(A) is the set of all terms (inductively) built apply-
ing the operations of the theory T to the ‘variables’ in A; in this
interpretation, there is a substitution map ,, 5 defined by sending
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a term t € T'm in the variables x4, ..., 2y, and m terms g1,...,gm

in the variables (z},...,2}, ) with j = 1,...,m; Y a(t; 91, - -, gm)

is then defined as t[z; := g;] (a moderate amount of knowledge of
A-calculus will allow to appreciate the notation).

EO3) As a particular case, the monad ‘free commutative k-algebra’ yields
that the family of polynomial algebras (k[X1,..., X,] | n € N) defines
an operad if the unit k& — k[X] chooses the multiplicative identity,
and the multiplication (if n =Y n;)

k[T, ..., Tn|Qk[XT, ..., X @ -®Kk[XTY, ..., X ] — k[X1, ..., X5
(6.22)
is defined by the rule

(q;gla"'agm) — q(glavgm) (623)

(evaluation of a m-variable polynomial into an m-tuple of polynomials
in n1,na,...,n, variables each). This is evidently an associative and
unital composition law, compatible with the action of the permutation
group on n elements.

As already said, every attempt to propose a self-contained treatment
of operads in a single chapter would turn into a complete failure: the
theory is too large to be reduced to a bunch of not-too-technical con-
cepts. In some sense, this is to be expected: an operad is nothing but
a multicategory (see [Lei04]) with a single object; the resulting theory
must then be at least as expressive as the theory of categories.

Thus, we contempt ourselves to record a few of the less-than-elemen-
tary results (not without a certain dose of cherry-picking towards the
ones that can be easily expressed using co/end calculus); this should be
sufficient to clarify how operads are a fundamental tool to describe ‘stuff
endowed with n-ary operations’ that are coherent with the environment.

6.3.1 Substitution and algebraic theories

Once one familiarises with their definition, they might find that operad-
like structures are way more common than expected. The scope of the
present subsection is to convey an intuitive explanation for their ubiq-
uity, while at the same time showing, as it should be, that most of the
gadgets devised to axiomatise “structures borne by operations and prop-
erties thereof” form equivalent categories. The nontrivial connection be-
tween combinatorics and the theory of structures defined by operations
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and equations is still far from being perfectly understood, despite the
enormous effort spent in studying its main features.

The subsection builds on various classical presentations of the subject,
such as [Law63, HP07, LR11], and contains nothing essentially new.

Let Fin be the category of finite sets and functions; as we have al-
ready seen, the opposite category Fin°? exhibits the universal property
of the free category with products generated by the point; namely, if C is
any category with finite products, the subcategory of product-preserving
functors F' : Fin°® — C is equivalent to C:

C = Cat(x,C) = Caty (Fin°?,C). (6.24)

In more concrete terms, this means that a product-preserving functor
p : Fin®® — C is uniquely determined by the image of [1] € Fin, because
it must send every other [n] to p[n] = p[1]™.

An identity on objects functor (“idonob” functor, for short) is just a
functor F' : C — D whose function on objects F, : C, — D, is the
identity of the set/class C, = D,.

Definition 6.3.7. We call a Lawvere theory an idonob functor p :
Fin°® — L, that strictly preserves products.

The category Law of Lawvere theories is thus defined as having objects
the pairs (p, L) as above, and morphisms (p, £) — (p’, L) the functors
h: L — L' such that hop = p’; note that this says that also h is bijective
on objects and product preserving.

When regarded as subcategory of the coslice Fin°? /Cat, the category
of Lawvere theory seems to be a 2-category; the request that a Lawvere
theory is bijective on objects, however, forces a natural transformation
a : h = h' to be the identity, thus proving that Law is a 2-discrete
2-category.

Definition 6.3.8 (Finitary monad). A monad (see A.6.3) on Set is
finitary if it preserves colimits over a filtered category (see A.9.1); finitary
monads form a full subcategory of the category of monads, where a
morphism of monads has been defined in A.6.15.

Definition 6.3.9. Let us consider the category Cat(Fin, Set) of all func-
tors F' : Fin — Set, endowed with its cartesian monoidal structure; by
mimicking the construction of operads in 6.3.1 and 6.3.4, we can de-
fine a substitution monoidal structure on Cat(Fin, Set) as follows (evi-
dently, Fin(n,m) is a much larger set of morphisms than P(n,m), so
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the equaliser defining the following coend performs a much smaller quo-
tient):

F@G:nr—>/ Fm x G™n (6.25)

where the m* power of G, G™n = Gn x --- x Gn, is the product of Gn
with itself repeated m times, and it coincides with the m-fold convolution
of G with itself, when both Fin and Set are given their cartesian monoidal
structure.

The monoids with respect to this monoidal structure are called carte-
sian operads or clones in [Curl2] and in our 6.4.5 below.

When the obvious notion of homomorphism of internal monoids is
specialised to this particular case, we obtain a category Clo of clones.

Lemma 6.3.10. There is an equivalence between the category of func-
tors Fin — Set and the category Cat, (Set, Set) of finitary (see A.9.2)
endofunctors of Set; this equivalence is monoidal, when Cat(Fin, Set) is
endowed with the substitution product defined above.

Proof The equivalence Cat(Fin,Set) = Cat, (Set,Set) is induced by
the adjunction Lany 4 J*, if J : Fin C Set, and the category of finitary
endofunctors of Set is clearly monoidal with respect to composition.

It is a general fact that given an equivalence of categories F' : C S
D: G, if (D,®,I) is monoidal we can define a monoidal structure on C
that turns the adjunction (F, G) into a monoidal equivalence, by setting
CoC':=GFC®FC') and J :=GI.

It remains to show that the composition on Cat,, (Set, Set), when trans-
ported to Cat(Fin, Set) along the equivalence, coincides with the substi-
tution product, i.e. that

Lanj F oLan; G & Lan;(F © G) (6.26)

for every F, G : Fin — Set if J : Fin C Set is the inclusion, and vice-versa
that

UJOVI=UoVolJ (6.27)

if U,V : Set — Set are finitary endofunctors.
We can easily show both these equations using coend calculus:

Lan;(F ® G)A = /” Set(n, A) X (FF © G)(n)

'E/ Set(n,A)x/ Fm x G™n
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= / Set(n, A) x Fm x G™n
= / Fm x Set(m,Lany GA)

=~ Lan;F(Lany GA),

where the last passage is motivated by the isomorphism

/ Set(n, A) x G™n = Lan;(Set(m, G _))(A) = Set(m, Lan; GA);

(6.28)
conversely,
UJoVJI)n = /m UJm x (Vn)™
= /m UJm x Set(m,Vn)
= /m Um x Set(Jm, Vn)
~ Lany(UJ)(Vn) =UV Jn;
This concludes the proof. O

Corollary 6.3.11. There is an equivalence between the category of fini-
tary monads T : Set — Set and the category Clo of clones.

Definition 6.3.12. Let T : Cat(Fin, Set) — Cat(Fin, Set) be a monad;
we call it a eme functor if it preserves colimits and finite products (which,
in this case, coincide with Day convolution as already said). We denote
CMC(Fin, Set) the category of cmc monads on Cat(Fin, Set) and monad
morphisms (see A.6.15).

The reader can find a more detailed account of this definition in 6.4.3
below.

Definition 6.3.13. Recall that the category Prof(Fin°?, Fin°?) is mo-
noidal with respect to composition of profunctors; a monoid internal to
it is a promonad, i.e. a profunctor t : Fin°® ~» Fin°® that in addition is
a monoid with respect to profunctor composition.

All these seemingly diverse structures turn out, instead, to be the
same:
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Theorem 6.3.14. There is an equivalence between the categories of

6.3.7, 6.3.8, 6.5.9, 6.3.12, 6.5.13.

The equivalence between 6.3.8 and 6.3.9 follows from 6.3.10 and in
particular from the fact that the equivalence is monoidal: it has been
already said in 6.3.11.

The equivalence between 6.3.12 and 6.3.13 follows from the fact that
the equivalence in 6.3.10 can be promoted to a monoidal equivalence
as well, when both hom-categories are endowed with the composition
monoidal structure; in our case, this boils down to the statement that
a promonad t correspond to a cocontinuous monad T on Cat(Fin, Set)
under the equivalence of 6.3.10 and it is the content of Exercise 5.11.

The remaining implications need an intricate series of definitions and
preliminary results, thus their proof occupies the following two subsec-
tions.

Algebraic theories are finitary monads
We will prove the equivalence between 6.3.7 and 6.3.8 building mutu-
ally functors in opposite directions between the category Law and the
category of finitary monads on Set.

Remark 6.3.15. A preliminary remark is in order: the notion of Law-
vere theory abstracts the notion of algebraic theory in the sense that one
can define a category L with the following properties:

e L) has objects the natural numbers [0],[1],..., and the operation
[n], [m] — [n+ m] is a functor Ly X Ly — Ly endowing Ly with
(strictly associative) finite products.

e L)y contains morphisms u : [2] — [1],n : [0] = [1] subject to equations
given by the commutative diagrams

2+1) =[1+2 —% |9 0+1] = [1+0] — 2% [1+1]
T T
2 ———— ) ] )
(6.29)

e L) has a category of models, i.e. functors F' : Ly — Set such that
F[n] = F[1]*, and thus the functions Fu: A? — A, Fn: A= — A
endow the set A = F[1] with an associative, unital binary operation;
in short, A is a monoid. A natural transformation between models
turns out to be just a homomorphism between the monoids.
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L s can thus be thought as the “theory” whose models F': Ly — Set are
monoids; it is a category harbouring the most abstract shape a monoid
can possibly have, and a concrete realisation of such an abstraction inside
set theory turns out to be just a functor F': L, — Set.

Remark 6.3.16. At this point, the reader might want to embark in an
easy exercise: are natural transformations F' = G : Ly — Set of models
really in bijection with monoid homomorphisms? Meaning: shouldn’t we
ask for a natural transformation to preserve the cartesian product itself?
It turns out that this is not needed, in that such an o : F' = G must
preserve products, in the sense that the map oy, : F[1]" — G[1]™ must
be aﬁ].

op

Given a general Lawvere theory p : Fin°®® — £ we can form the

category of its models as the functors
F: L — Set (6.30)

that preserve products; such models are uniquely determined by their
action on the object [1] € L, in the sense that if F' is such a model, F[n] =
F[1]™ for every [n] € Fin°", so we can characterise the subcategory
Mod(p, £) C Cat(L, Set) as the upper left corner in the pullback

Mod(p, £) . Cat(L, Set)
Ul - lp* (6.31)

Set ——— Cat(FinP, Set)
J

where Ny : A — (An.Set(n, A)) is the nerve (see 3.2.2) associated to
the functor J : Fin C Set, and U the functor that evaluates a model
F : £ — Set on the object [1].

Remark 6.3.17. The functor U commutes with all limits and with
filtered colimits.

Proof Every limit of a diagram (F;) of product-preserving functors is
still product-preserving, since limits commute with limits.® Now, the

5 More formally: if [ ] is the functor {0,1} — C choosing two objects n,m € L,
then [m] x [n] 2 limyg 13 [, ] and then one has

Hmz hm{O,l} Fi [ZYLL] = hm{O,l} limI Fi [::L] 5

by virtue of the Fubini rule for limits.
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“evaluation at [1]” functor U is easily seen to be isomorphic to the functor
F s Cat(L, Set)( £[1], F) (6.32)

by virtue of the Yoneda lemma; thus, it preserves all limits (because
every covariant representable C(X, _) does), and all filtered colimits,
since the representables are finitely presentable (see A.9.2) objects of
Mod(p, £). O

The functor U does not, however, preserve all colimits: for example,
it doesn’t always preserve coproducts or initial objects (consider, for
example, the category of monoids Mod(Lys)).5

Lemma 6.3.18. The functor U admits a left adjoint.

Proof Given a set A, consider the functor Nj(A) : Fin®® — Set, and
the functor p : Fin®® — L defining the theory; we shall prove that
A — Lan,(N;(A)) in the diagram

/ YA (6.33)

L —————— Set

Lanp NJA

defines a functor that is a left adjoint to U: to do this, we call F,A :=
J™ L£(m,n)x A™ and prove that there is an adjunction Mod(p, £)(F,A, H) =
Set(A, HJ[1]) for every model H of p. In order to see that, one can expand
the definition of the left hand side:

Mod(p, £)(FpA, H) = / Set(F,An, Hn)

~ /nSet </m,c(n,m) v Am,Hn)

%/ Set (L(n,m) x A™, Hn)
g/ Set(A™, Set(L(n,m), Hn))
g/ Set(A™, H[1]™) = Set(A, H[1])

where in the last steps we used the ninja Yoneda lemma twice. O

6 More formally, the representable object y[1] on [1] is tiny (i.e. hom(y[1], —) is
cocontinuous) as an object of Cat(L, Set) by virtue of the Yoneda lemma, but not
as an object of Mod(p, £), as there are colimits in Mod(p, £) that are constructed
differently from the way they are constructed in Cat(L, Set).
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So, given a Lawvere theory (p,£) we can associate a monad to it,
precisely the monad induced by the adjunction Fj, 4 U, i.e. to the functor
UF, : Set — Set.

Proposition 6.3.19. The monad obtained in this way is finitary.

Proof The functor U commutes with finitely filtered colimits, and F,
commutes with all colimits because it is a left adjoint; thus, the compo-
sition U F}, is finitary. O

Finally, let’s see that the adjunction F}, 4 U is monadic in the sense
of A.6.10: this means that the category of U Fj-algebras coincides up to
equivalence with the category of (p, £)-modules.

It is rather easy to prove that U is conservative having in mind the
pullback in (6.31); it remains to show that U creates the coequalisers
of U-split pairs, in order to fulfil all the requests of A.6.12; this can be
checked directly, and in fact it is a general result about pulling back
a monadic functor along another functor; we leave the details as an
exercise in 6.10; note that it is not possible to remove the assumption
that the lower horizontal functor in the pullback (6.31) is fully faithful.

We now construct a correspondence in the opposite direction: given a
finitary monad 7" on Set we consider the composition

Fin —L > Set — > Alg(T) (6.34)

where the functor FT is the free functor of A.6.7, and its factorisation
as an idonob functor p : Fin — L°P followed by a fully faithful functor
L°P — Alg(T). The functor p now is a Lawvere theory, and its category
of models coincides with the category of T-algebras (see A.6.5).

These two correspondences in opposite directions extend to functors
as follows. On the category of finitary monads we take only restrained
morphisms in the sense of A.6.16.

e Given a morphism of Lawvere theories h : (p,£) — (¢, M), ie. a
commutative triangle

Fin°P

/ \ (6.35)

L - M

Let’s say p gives rise to the monad U F and g to the monad U’ F”; then,
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we define a natural transformation

A UF Y2 ypu p s URURFE Y URE = U'F (6.36)
using the unit of F - U’, the counit of F 4 U and the functor
h : Mod(gq, M) — Mod(p, £) obtained from the universal property of
the pullback, from k* : Cat(M, Set) — Cat(L, Set).

It is now a matter of using the zig-zag identities of the two adjunc-
tions, to show that A\ satisfies the axioms of A.6.15; we leave this as
an unenlightening exercise for the reader.

Given finitary monads 7,5 on Set, and a restrained morphism of
monads A : § = T, we shall obtain a morphism of factorisations to
fill in the center of the diagram

Fin Fin

Set M L Set (6.37)
TN
Alg(S) y Alg(T)

It is evident that A induces a morphism between 7- and S-algebras
M2 Alg(S) — Alg(T) (6.38)

defined sending a T-algebra [TIJ&A} into SA 24 TA — A; the axioms
satisfied by a monad morphism now entail that this composition is a
S-algebra. However, the outer rectangle in (6.37) does not commute,
because A! does not restrict to a morphisms of free algebras; in fact,
the triangle

Set

=N (639

Alg(S) Alg(T)

has no reason to commute.

Instead, if Af had a left adjoint A, it would be true that A o FT =
FS, and we could use it to define a morphism between the factorisa-
tions £, M in (6.37) above, and thus a morphism of theories.

It turns out that A is indeed a right adjoint: both Alg(S), Alg(T')
are complete and accessible categories, A commutes with limits and
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filtered colimits because S, T are finitary monads, and thus for the
adjoint functor theorem [AR94, 2.45] it must admit a left adjoint A;.
An explicit description of such left adjoint as a sequential colimit that
exploits finite accessibility of Alg(S), Alg(T) is left as Exercise 6.15.

Substitution monoids are cocontinuous monads

To conclude the section, we prove the equivalence between 6.3.9 and
6.3.12. This is a sensibly slicker argument, thanks to coend calculus!

Let T be an ®-monoid; it is a general fact that tensoring with an inter-
nal monoid in a monoidal category gives a monad — T : Cat(Fin, Set) —
Cat(Fin, Set); this gives a way to construct a monad out of T'; this corre-
spondence is of course functorial, as ® is a bifunctor. The resulting mo-
nad is furthermore cocontinuous, since the substitution monoidal struc-
ture is left closed (see 6.2.4). We leave to the reader the proof that the
monad is convolution preserving.

On the other hand, given a cocontinuous monad S on Cat(Fin, Set),
we evaluate S on the representable J = y[1], i.e. on the substitution
monoidal unit, and it is now a matter of coend calculus to show that

S(A)=2 A6 S, (6.40)

so that every cocontinuous monad arises this way:
(A®SJ) = /m Am x Sy[1]™
= /m Am x Set(m, S(y[1])-)
N /m S (Am x Set(m, y[1]-))

~ g (/m Am x Set(m, _)) — (SA)n.

This concludes the proof of the equivalence between cmc monads and
substitution monoids.

6.4 Some more advanced results

We expand a little bit more on the theory of operads, also putting in
a broader perspective the results we have already encountered in the
previous section (notably, the notion of cartesian operad or clone).



6.4 Some more advanced results 183

We begin with a theorem linking operads and monads: every V-operad
induces a monad on V.

Theorem 6.4.1. Let T : P — V be an operad; then we can define a
monad on V by the rule

nePpP
Mr : A»—>/ Tn® A", (6.41)

Proof We shall first define unit and multiplication:

e To define the unit, we employ Exercise 6.6: there is a functor ¥ : )V —
V-Cat(P, V), precisely the left adjoint to evaluation at 0 € P, that
acts as follows: W(A) is the functor that sends 0 to A, and all other
n > 1 to the initial object of V. Unwinding this definition, we see that
A=V, _)OVA and that T© WA = MpA. This means that we can
define the components of the unit as

C=V(I, )0 uC Y 7o we = Mr(C) (6.42)

e To define the multiplication, let us follow the string of equivalences

/me®(MT(C))mz/me® UnTn@@O"]m

m,n
g/ TmeTn ® - @ Tn,y @ Ot tnm

Now, using the multiplication of the operad we get that this object
maps canonically to [ Tk C*k.

With a certain amount of work, associativity and unitality for 7" now
prove the associativity and unitality for the endofunctor Mr, thus show-
ing that it is a monad (see A.6.3). O

Remark 6.4.2. The correspondence described in 6.3.6.E02 can be pro-
moted to a functor from the category of monads to the category of
Set-operads; it pairs with the correspondence described above, yielding
an adjunction between the category of monads and the category of op-
erads. This functor is however not an equivalence, because there are
non-isomorphic operads that generate the same monad (see [Lei06]).

Our analysis continues with the main theorem in [Curl2]:
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There exist 2-comonads on the bicategory Prof [author: see our 5.1.2]
whose coKleisli category has objects respectively operads, symmetric
operads and clones.

We begin by introducing a special class of operads of particular interest
in universal algebra, called clones. In short, a clone is an operad with
respect to a cartesian monoidal structure.

Definition 6.4.3. A category C is called cartesian monoidally cocom-
plete (eme for short) if it admits finite products, all colimits, and each
functor A x _ : C — C preserves these colimits.

Recall from Exercise A.17 that we denote Fin, the category 1/Set<,,
of pointed finite sets; in the following, Fin will denote the category of
unpointed finite sets.

Proposition 6.4.4. Let C be a cmc category; then are equivalences of
categories

C = Caty (Fin°?,C) = Caty 1(Cat(Fin, Set),C) (6.43)

of C with the category of product preserving functors Fin — C, and with
the category of colimit- and product-preserving functors Fin — Set (we
call them cmc functors for short: see 6.4.3 for the motivation behind this
notation), induced by evaluation at the inclusion functor Fin C Set (this
is obviously colimit- and product-preserving).

Proof The second equivalence is just the universal property of the
Yoneda embedding described in 3.1.1 and specialised to this context.
As for the first equivalence, an object C' € C goes to the functor
W : [n] — C™. Each such functor is uniquely determined by its action
on [1], since [n] & [1]x- - -x[1] in Fin®® (or equivalently, [n] = [1]U- - -U[1]
in Fin). O

We can actually trace the image of an object C' into the category of
cme functors: C' goes first to the functor [n] — C™, and then to the
functor that sends F' : Fin — Set to its W-weighted colimit

[n]€Fin
/ FneCr (6.44)

where ® is the usual tensor of a cocomplete category over Set (see 2.2.3).
An immediate corollary of our 6.4.4 is that we have an equivalence of
categories

Catx 1(Cat(Fin, Set), Cat(Fin, Set)) = Cat(Fin, Set) (6.45)
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between the cmc-endofunctors of Cat(Fin, Set) and itself. In fact, some-
thing more general is true (see [Tri]): the monoidal product on endofunc-
tors given by composition transfers across the equivalence to a monoidal
product on Cat(Fin, Set), and this monoidal product is exactly the non-
symmetric substitution

[n]€Fin
FoG :/ Fn®G" (6.46)

where G" =G x -+ x G.

As a consequence, we can define clones:

Definition 6.4.5. A cartesian operad, also called a clone, is a monoid
object in (Cat(Fin, Set), ®).

Now, the main theorem in [Curl2] that characterizes operads as the
coKleisli category of a certain comonad on Prof involves the choice of a
monad on Cat, among a set of three:

o the free monoidal category M(A): given a category A, the free strict
monoidal category M (.A) has objects the finite sequences of objects of
A, and the hom-set between two tuples A, A’ is defined to be

[Ty A(Ai, A7) if £(4) = 6(4))

(6.47)
1] otherwise

M(A)(A,A) = {
where £ : M(A), = 11,50 A% — N sends a tuple A = (4;,...,4,) to
its length n. -

o the free symmetric monoidal category S(A): given a category A, the
objects of S(A) are finite tuples A = (Ay,...,A,) of objects of A;
morphisms between two tuples A and b exist only if the tuples have
the same length; the monoidal product W is given by juxtaposition of
tuples. Morphisms f @ g are defined accordingly.

The category S(.A) thus splits as a disjoint union of categories S™(.A)
whose objects are n-tuples of objects A = (41,...,A,) and the hom-
objects are

SUANX,Y) = || AKX, Yor) x - x A(X, Vo). (6.48)
oceS,

The symmetry of the monoidal structure has components XwYy —
YuwX , the shuffle permutation swapping the first m-elements of the
first sequence with the last n-elements of the second. The unit is the
empty sequence () and S°(A) = {()} is the terminal category. The
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inclusion functor A < S(A) takes an object = to the one-element
sequence (z) € S1(A).

e the free cartesian category K(A), defined adjoining to a category A
all finite products; of course, K is a ‘sub-monad’ of S, in that every
cartesian category is (nonstrictly) symmetric monoidal.

each functor T' € {M, S, K} induces a monad P o T, and by self-duality
a comonad, on the bicategory of profunctors, whose coKleisli category is

e the category of operads, if T' = M;
e the category of symmetric operads, if T = S}

e the category of clones, as defined in 6.4.5, if T'= K.

The whole proof boils down to the existence of a (pseudo)”distributive
law (see A.6.14) v : T o P = PoT, whose definition and well-posedness
can be proved by means of co/end calculus.

Lemma 6.4.6. Let T be any one of the three monads M, S, K ; then
there is a distributive law v : T o P = P oT between T and the presheaf
construction P.

Proof We define v on components, as [Curl2, §9] does: let T be for
example the monad M and let us take V = Set (in all other cases, a
similar discussion can be carried over almost unchanged). We define the
A-component of v to be

ya s M(PA) — P(MA)

A
(Fl,...,Fn)P—>/ FlAiX---XFnAnXM(A)(_,A) (649)

where A = Aj,..., A, (recall that by its very definition v must turn
‘tuples of presheaves’ into ‘presheaves over tuples’ in each degree n > 0).

We shall now show that the constraints listed in our A.6.14 hold, thus
defining a distributive law.

7 We decide to hide the coherence constraints of the presheaf construction functor
P : A Cat(A°P, Set), like [Curl2] does; this is a hairy matter that we have no
room or reason to expand as it would deserve; the interested reader can consult
[FGHW16]. We also set aside the problem given by the fact that strictly speaking,
P is not an endofunctor: [FGHW16] addresses this matter in the best possible
way. See also [ACU10, DLL19].
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e the unit constraint of A.6.14 means that the triangle

MP—" . pPM
\ / (6.50)
(M)p (M)

commutes; this is evident, as the composition v o ™) P sends a
presheaf F' € PA into fA FA x M(A)(—,A), ie. into the left Kan

extension of F' along the unit 7754M) : A — MA, ie. exactly into the
image of F along Pn(M),
e the second constraint of A.6.14 involves the diagram

mmp 2 e XM Py

M(M)Pl lpM(M) (651)
MP PM

~

Establishing its commutativity is a bit harder: following [Curl2, §9]
very closely, we will keep track of the position of the diagram we are
in, as the coend computation proceeds.

First, let’s fix a component A: the generic element of upper left
corner of (6.51) is thus a tuple of tuples of presheaves, and has the
form

DyDa o
)\Q./ FLDY - -x Fin Di x M(A) (Q, (D1, ... ,Dn)) (6.52)

where the tuple of tuples Fit D} x - -- x Fin Din has not been flattened,
and the tuple of tuples D = (Dy, ..., D,) has been flattened to a long
tuple D using the multiaicamnad; this is sent to the lower
left corner, to an identically written object where said tuple has been
flattened by u™) (formally, we consider the product F} D} x --- x
Fin Di» parenthesized in two different, but equivalent, ways). Thus,
the object

------

o O O

L] (0]

lies in the lower left corner of the diagram. Applying the distributive
law v now yields the functor

AC. - FlDi x---x FinDinx
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x MM(A)(A,D) x M(A)(C,(A],...,Al)) (6.53)

We shall now transport the object of (6.52) to the upper right corner,
by application of yM o M~: the result is equal to

Bi,...,Bn Di,....,Dn
— = [T T it in Ty
AMAL - Ap). FyD; X - x E"Dim x

X M(A)(By, D1) % -+ - X M(A)(Bn, Dn) x MM(A)(4, B)

This is in turn equal to

T MY BL DY <X M By D) < MM D)

and by application of the ninja Yoneda lemma 2.2.1 this is equal to

Di,....,Dn

AL Ap). ~ F!D{x---xFi»Dir x MM(A)(A, D)

o O e

o o

Flattening, i.e. applying the functor Pu(*), falls in the lower right
corner, and results in the same functor as in (6.53).

This concludes the proof. O

Theorem 6.4.7. The monad P oT can be turned into a comonad un-
der the equivalence Prof = Prof°?, and the coKleisli category of such a
comonad corresponds to the category of operads if T = M, the category
of symmetric operads if T =S, and the category of clones if T = K.

This means, more in detail, that

e a functor F': C — V is a free (P o M)-coalgebra if and only if it is
an operad (and similarly for symmetric operads, and clones if V is
cartesian);

e the composition in the coKleisli category of P o T coincides with the
substitution product for T'= M, with the symmetric substitution for
T = S, and with the cartesian substitution if T'= K.

Exercises

6.1 Let A be an ordinary (i.e., Set-enriched) category, and let V be a
cosmos; define the free V-category ./Tlv on A as the V-category with
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the same objects of A, and where
AV(AA) = AA A - T

isa A(A, A’)-fold tensor of the monoidal unit I of V (i.e., a coproduct

of as many copies of I as there are elements in A(A, A")).

e Prove that there is an isomorphism of categories mv ~ 71" x
Ev; deduce that if A is a monoidal category, ./Tlv is a monoidal
V-category.

e Does the ‘free’ V-category ZV deserve its name? Is is true that
V-enriched functors

F: ./Tlv —C

to a V-category C correspond to unenriched functors
Fy: A—|[C|

to the underlying ordinary category of C?

6.2 Show that the convolution product on [C, V)] results as the following
left Kan extension:

cxc S yxwy 2y
7

6.3 Show that the Isbell duality

O
V-Cat(C, V)P —_ L V-Cat(CP,V)

Spec

of 3.2.18 is a pair of adjoint strong monoidal functors, when (the
category C is monoidal and) their domains are endowed with the
convolution product.
6.4 Let Set, be the category of pointed sets; such category is monoidal
with respect to the smash product, where a pointed set (X, zg) and
a pointed set (Y,yo) are smashed in the set X AY defined as the
pushout
1
yol
Y

Zo
— X

i

Y

— X
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Let Seq be the discrete category whose objects are natural numbers
{0,1,2,...}. Endow the category Cat(Seq, Set,) with the convolution
product, and show that

Fx«G=xn. [[ FinGj
i+j=n

6.5 Describe the convolution product in the category Cat(N, Set,.), where
N={0<1<2<...}, and in the category Cat(N,Set.), where N/
is the monoid (N, -) regarded as a category with a single object (the
category of pointed sets is always endowed with the smash product).
Compare the latter with the convolution product on the category
Cat(N, Set) (cartesian monoidal structure).

6.6 Define two functors

O : V-Cat(P,V) -V (evaluation at 0)
UV — V-Cat(P,V) (the left adjoint to ®)

Prove that UV(A®B) 2 VARV B and ®o¥ = 1; finally, for every object
V €V, if &V is the representable functor on V', then V-Cat(P, V) (V *
F,G) = V(V,|F,G]), where

F,G] = / V(Fn, Gn)

has been defined in 4.3.3.

6.7 Fill in the details of the proof that (6.41) defines a monad, by sowing
that the associativity and unitality of an operad yield associativity
and unitality of the monad M.

6.8 Let A, B be small categories; an S-profunctor P : A 2 Bisa pro-
functor P : A ~ SB, i.e. a functor P : SB°? x A — Set, where S is

the free symmetric monoidal category functor; given F' : X 3, Y and
G:Y 2 Z we define the composition Go F : X 2, Z as the coend

Y
(GoR)z:X)= [ ¢lzT) e FYix)
where
. Z,...Z,
G°2: 7] = / G2y, Yilx. .. ClZ,, YalxS(2)(Y, 2, - 8Z,)

where W is concatenation.
Show that this is indeed an associative composition rule for a bi-
category of S-profunctors; find the identity 1-cell of an object A.
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6.9 Fill in the details in the proof of 6.4.7, and in particular prove that
the composition in the coKleisli category of P o T coincides with
substitution products.

e Show that the monad P oT, for T € {M, S, K} induces a monad
T on Prof, and thus a comonad W by posing W.A := T(A°)P.
(Hint: use the self-duality of 5.3.1).

e Show that 7' has the following expression on 1-cells: given p : A ~~
B,

T (A.8) > [P B x - x (s, Ba) < TB)B.B)

e Show that given a 2-comonad W on Prof, if we denote Profy, its
coKleisli bicategory, the coKleisli composition is defined as soon as
every map has a coKleisli lifting: the composition ge f = goW fooc
of f: TC — C" and g : TC' — C” equals the composition g o R(f)
in the diagram

¢ "

Rf
/|

TCT>C/

where Rf is the right lifting of f along ecr : TC' — C".
e Use this, and Exercise 5.2, to prove that the coKleisli composition
coincides with the substitution product.

6.10 Let
A B
ol e
C

P
be a strict pullback square of categories and functors, and assume
that [ is fully faithful; prove that if U is monadic, and U’ has a left
adjoint, then U’ is monadic too.
6.11 Show that if F': £ — A is a discrete fibration (see A.5.12) which
is moreover a strong monoidal functor, then the associated presheaf

F/
—

F : A°P — Set is a monoid with respect to the Day convolution
product (see 6.2.1) on Cat(A°P, Set). Show that this sets up a bijection
under the equivalence of A.5.14.
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6.12 @@ Let Cat(Set, Set), be the category of small functors® F : Set —
Set and let F,G be two comonads; show that the Day convolution
Fx@ is itself a comonad. (hint: there is a neat argument that involves
the theory of duoidal categories, see [GF16, §8.1])

6.13 ®® Is it possible to dualise the Day convolution of 6.2.1 to define a
Day involution operation on Cat(A°P,Set)? For a suitable operation
A, B — (A, B) and presheaves F, G : A°° — Set we shall define

[F,F| ::/AA(_,<A,B>)rh[FA,GB]

How does this operation behave?

6.14 ®® Prove that the operad associated to a monad on Set (see 6.3.6.E02)
really is an operad, by showing the commutativity of the following di-
agrams:

TmxTlx - xTl——=Tm T1xT1 L1 —T1
Tm><7]><w><nT H nXTlT H
TleX"'XlﬁTm 1XT1—~>T1

where the lower horizontal isomorphism comes from the unitor of the
cartesian monoidal structure on Set. (Hint: you might want to recall
the commutativities given by naturality of the monad structure, A.6.3,
as well as naturality of the counit e of the cartesian closed structure
of Set, A.4.3.AD4, as well as the fact that € is a cowedge.)

Good luck proving associativity: the axiom is stated as follows.

Given a positive integer m, positive integers p1,...,pm, and a ma-
q1,1 -+ q1,pq
trix of positive integers , consider the diagram

dm,1 -+ 9m,pm

Y, 5 Xid

T (22 pi)

vzpi,at Lid XYp1,q1 X X Vpm @m

TmxTPXTq X -+ X Tqm

T (2211 i qm‘) ~—TmxT (Zflzl ‘h,j) X x T ( i qm,j)

m.q
(there is an implicit identification between reshuffled copies of the

An endofunctor of Set is called small if it results as the left Kan extension of a
functor A — Set, where A C Set is a small subcategory, along said inclusion.
This restriction is needed in order for Cat(Set, Set) to (exist and to) form a
locally small category.
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factors in the upper left cartesian product, and we shorten the product
Tqjyx---xTq;p, as T'q;.) The associativity axiom for y_ - amounts
to the request that this diagram commutes.

6.15 (the small object argument at work) Let A : T'= S be a morphism
S — T between two finitary monads (see A.9.2) on the category of
sets; let \* : Alg(S) — Alg(T) be the functor defined sending a S-
algebra (A,a : SA — A) into the T-algebra (A, a0 \y).

Show that A\* has a left adjoint \:

e Define the arrow (myg, tp) as the pushout

TA2A 54

! |

A—-p,
to

and by induction, define (m;y1,t;+1) to be the pushout of the pair
of arrows St; and m;:

Aa Sto Sty Sto

TA SA SP, sp .. Q
l r ‘/ r l r l l T
A Py P P . Py

to t1 2] t3

and let a : Q — P, be its colimit.

e Show that SP,, = @Q; show that o endows P, with the structure
of a S-algebra.

e Show that A, defined sending (A4, a) to (SPx, o) is a functor. Show
that there is an adjunction A o \f.

6.16 ®® Read [CG13] and take it as an outstandingly useful mental
exercise to generalise the topics of this section.
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Higher dimensional co/ends

SUMMARY. The present chapter studies co/end calculus in higher
category theory; the basic theory of 2-dimensional co/end calculus is
introduced and explored in fair completeness, as well as ‘homotopy
coherent’ versions of co/ends (in model categories), (0o, 1)-categorical
co/ends, and co/ends inside a Groth(endieck) derivator [Grol3]. The
focus is on showing how co/end calculus is a paradigm that can be
exported in whatever formal context to do category theory, instead
than a mere set of theorems.

I Pitagorici raccontano che 'uso di insegnare geometria
inizio cosi: a uno dei membri della setta, perdute le
proprie sostanze in un disastro, fu fatta la concessione di
trarre guadagno dall’insegnamento della geometria.

M. Timpanaro Cardini — Vite dei Pitagorici

We progressively raise the dimension we work in, starting with the the-
ory of co/ends in 2-categories. We begin the next section by recalling
the bare minimum of 2-dimensional category theory needed to appreci-
ate the discussion; the definition of bicategory and 2-category (=strict
bicategory) is understood as in A.7.11.

Notation 7.0.1. We freely employ the theory sketched in §A.7 and in
particular A.7.6: as always when dealing with higher dimensional cells
and their compositions, there are several ‘flavours’ in which one can
weaken strict commutativity. Besides this strictness (where every dia-
gram commutes with an implicit identity 2-cell filling it), there is a no-
tion of strong commutativity and universality, where filling 2-cells are
requested to be invertible, and lax commutativity/universality, where 2-
cells are possibly non-invertible.

194
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7.1 2-dimensional coends

A lax functor F : C --+ D between two 2-categories C, D behaves like
a functor, up to the fact that there is a non-invertible 2-cell linking the
composition of the images F'f, Flg and the image of a composition F'(gf)
(see A.7.12 for the precise definition).

A lax natural transformation « : F' = G is a family of 1-cells a¢ :
FC — GC coupled with 2-cells oy, filling the diagrams

ro - per

acl %‘f lozc/ (71)
GC —— GC'.
Gf

these 2-cells are subject to suitable coherence conditions linking ay, aq

and oy, for composable 1-cells C 08 o and characterizing aiq,, -

In the setting of 2-categories, co/end calculus has a rather natural
interpretation in terms of enriched category theory;' even though we
strive for clarity, the following discussion has little hope to be a self-
contained exposition, and instead heavily relies on the existing literature
(see for example [Kel82, Dub70]).

The definition of laz co/end of a 2-functor S is given in terms of
the notion of a lax wedge w : B = S, and it is the most general and
less symmetric one can give: asking for the diagrams to be filled by
isomorphisms, it specialises to the notion of strong co/end, and strict
co/end (of course, we can also define oplaz co/ends by reversing all 2-
cells); the present subsection is designed in such a way to reduce to the
strong and strict cases as particular examples.

This said, we shall warn the reader that 2-category theory exists in
many dialects and follows slightly different notational conventions (mi-
nor differences that appear innocuous to the expert, but they can become
annoying when studying a part of category theory still lacking a truly
comprehensive monograph).

We try to follow an auto-explicative notation based on our appendix A
and on canonical references like [KS05, Kel89], but we feel free to diverge
from it from time to time.

The material on co/lax co/ends in the rest of the present section

1 See [KS74, Kel89], for invaluably complete surveys on the matter; the reader
should however be aware that 2-category theory is not completely subsumed by
the theory of Cat-enriched categories.
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comes in its entirety from [Boz80]: the original paper, as well as Boza-
palides’ PhD thesis [Boz76], are very difficult to retrieve, and together
they provide useful references and a starting point to develop 2-dimen-
sional coend calculus. We hope this survey can provide a useful and more
accessible reference in the future, for a piece of elegant mathematics that
is sorely lacking from the mainstream literature.

As usual in our Appendix on basic category theory, we denote A, the
class of objects of a category, or 2-category A.

Definition 7.1.1 (Lax wedge). Let
S: AP x A—B (7.2)

be a strict 2-functor between strict 2-categories A, B. A laz wedge w for
S consists of

e a triple {B,w,,wn}, where B € B, is an object (called the tip of the
wedge);

e collections of 1-cells {oJA :B— S(A, A)}7 one for each A € A,;

o 2-cells {wy: S(A, f)owa = S(f,A') owa}, in a diagram

w

B— > S(A,A)

wl Y/ w; J{sum (7.3)

(A A) ———— (4, 4)
S(F.A)

These data must fit together in such a way that the coherence axioms
listed below, expressed by the commutativity of the following diagrams
of 2-cells, are satisfied:

Lw1) The diagram of 2-cells having faces

B————S(4.4) B §(4A)
w a1 ﬂw
! l S S0 wp S| <) (A
S@LA) | sA4A) A AT o S(A, A

\S(W S(f,47)

(7.4)
is commutative for any A : f = f’, i.e. the equation

wpro (S(AN) *wa) = (SN A) xwar) ows
holds.
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Lw2) For each pair A ENYEANyT; composable arrows in A4, the diagram
of 2-cells
B
S(A”; A w s S(A4, A) S(A”, A") S(A, A)
u} /f
wa/ %wf A f f
S(f/,A”) S(AI’AI) S(A,f)
S(A!, A - S(A, A S(A A/’f(f N S(A, A')
su%s( 4 A,,)‘ﬁm o%s ) A,,)‘{ )
(7.5)

is commutative, i.e. the equation
(S(f,A") xwyp) o (S(A, 1) xwy) =wps

holds.
Lw3) For each object A € A, wiq, = idw,-

Notation 7.1.2. We use the compact notation w : B = S for a lax
wedge with domain constant at the object B; this is evidently reminiscent
of our 1.1.8.

Definition 7.1.3 (Modification). A modification © : w = o between
two lax wedges w, 0 : B =0 § for S : A°P x A — B consists of a collection
of 2-cells ©4 : wa = o4 indexed by the objects of A such that the
diagram of 2-cells

Wyt
wpr /_$
B 2 S S(A A B O S(AA
( ) ) ¥‘U’/A\’ ( A
T pr
Al & P 7 5(f,A") oA Y o; S(f.A")
S(A, A) S(A, A S(A,A) —— S(A, A)
S(A,f) S(A,f)

(7.6)
is commutative, i.e.
(S(A, f) x©a) owp =050 (S(f, A) xwar)

The above definition of a modification is modeled on the definition of
modification between (lax) natural transformations of functors.
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Remark 7.1.4. There is a more general definition for a modification
O : w = o between lax wedges having different domains, say {B,w} and
{B’,0}: it consists of a morphism ¢ : B — B’ and a 2-cell Ay : 040 =
w4 such that

(o5 %) o (S(A, f)xma) = (S(f, A') xmar) owy (7.7)

(draw the corresponding diagram of 2-cells). We are not interested in
this alternative definition, and this will not be investigated further. We
thus take 7.1.3 as our working definition without further mention.

Such definition entails that the set LWd(B, S) of lax wedges B = S
is a category having morphisms precisely the modifications © : w = ¢
with the same tip, and the correspondence 8s : B — LWdA(B,S) is
functorial. The definition of laxz end for S relies on the representability
of this 2-functor.

Definition 7.1.5 (Lax end of S). Let S : A°? x A — B be a 2-functor;
an object of B is called the lax end of S, and denoted ffi, S(A, A), if there
is a terminal lax wedge ffi, S(A, A) = S, i.e. such that for any other lax
wedge o : B’ — S there exists a unique 1-cell u : B’ — B between the
tips of the wedges such that

waoU =04, Wrku=0oy. (7.8)

(This pair of equations is conveniently depicted by the diagram of 2-cells

BI TA B/ TA
m

£, B——">5(A,A) Lo, S(A, A)
A = T Al
wA/l wy lS(A,f) lS(A,f)
S(A, A —— S(A, A) S(A,A') ——= S(A, A"
5(f,A7) S(f,A)
(7.9)

that we require to commute). Moreover, every modification © : o = ¢’
induces a unique 2-cell A : u = u' (v is the arrow induced by ¢’) in such
a way that Axwy = O 4.

This equivalence sets up an isomorphism of categories between lax
wedges with tip B and the category B(B,fi, S(A, A)) (if needed, this
can be relaxed to an equivalence of categories).
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Remark 7.1.6. We denote the lax end of S as a ‘squared integral’

5’5 S(A, A). (7.10)

This notation has a meaning: in the world of n-categories, the n-co/-
end operation should be depicted by an integral symbol (with suitable
super- or subscripts) overlapped by an 2"-agon; in this way, the polygon
for a 2-end has the correct number of edges since it is denoted as a
‘square-over-integral’ symbol ffi, and the circle being a polygon with an
infinite number of sides, the notation is consistent for co-co/ends (see
7.3.3, where we denoted the co/end as an ¢ symbol).

Remark 7.1.7. Reversing the direction of 1-cells yields the notion of
lax coend; but be careful! There is an additional dimension that can be
reversed, i.e. the direction of 2-cells. Doing so, we obtain the notion of
oplaz end and coend. We will rarely need to invoke oplax cells; of course
every statement involving a lax widget can be properly dualised to get
an oplax one.

In compliance with the above 7.1.6, we denote the lax end of S as a
squared integral with a superscript,

A
515 S(A, A). (7.11)

Imposing stronger conditions on the 2-cells filling diagrams (7.3)—(7.9)
we obtain the notion of strong coend (if each component w; of a wedge
is an isomorphism for every arrow f : A — A’) and strict coend (if each
wy is the identity). Of course, a similar terminology applies to those
cases, as well as the co/end calculus we are going to develop in the next
section.

7.1.1 Lax co/end calculus

Co/end calculus and its rules remain true and expressive in the lax
setting: several results proved in the previous chapters can be suitably
‘laxified’, justifying the intuition of lax co/ends as the right 2-categorical
generalisation of strict co/ends.

We collect the most notable examples of this phenomenon in the rest
of the section; the content of 7.1.2 surely deserves a special mention, as
well as other remarks chosen to convey a sense of continuity and analogy.
In 7.1.2 we prove that the lax counterpart of the ninja Yoneda lemma
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2.2.1 provides a reflection (using coends) and a reflection (using ends) of
the category of strong presheaves into the category of lax presheaves.

Example 7.1.8. The comma objects (f/g) [Gra80] of a 2-category B
can be identified with the lax end of functors [1]°P x [1] — B choosing
the two 1-cells f,g; this is a perfect analogy with Exercise 1.7, also in
view of the characterisation of the comma object (f/g) as a lax limit.

Example 7.1.9. If F,G : A — B are 2-functors, then the lax end of
the functor
B(F,G) : A°® x A — Cat (7.12)

characterises laz natural transformations between lax functors F,G :

A — B:
% B(FA,GA) = 2-Cat; (A, B)(F,G) (7.13)
A

(see [Gra80] for more information).

Proof We abbreviate 2-Cat; (A, B)(F, G) as hom(F, G). The reader will
notice that the argument is fairly elementary and echoes our proof of
1.4.1.

A lax wedge 7 for the 2-functor (A, A’) — hom(F'A, GA") amounts to
a diagram

£ ——— > hom(FA,GA)

wl Ur; leo— (7.14)
hom(FA', GA') — hom(FA,GA')

filled by a 2-cell 7 : Gf o T4 = Tas o F'f. Similarly to what happens
in 1.4.1, each of the functors 74 : £€ — hom(F A, GA) sends an object
E € € into an object T4(E) : FA — GA such that

G(f) o Ta(E) 22 14/ (E) 0 F(f) (7.15)

is a 2-cell filling the square above. This is precisely the lax naturality
condition needed to show that the correspondence E +— {14 E}ac 4 fac-
tors through 2-Cat;(A, B)(F, G) (a moderate amount of work is needed
to check that the correct coherence properties hold for 77 g, but we leave
such minor chore to the willing reader). O

Lax natural transformations n : F --+ G, described as the lax end
above, can also be characterised as lax limits in the enriched sense: this
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motivates the search for a more general description of lax co/ends as lax
co/limits, analogue to our 1.2, where instead of strict co/equalisers we
use [Kel89]’s notion of co/inserter (see 4.2.7).

Definition 7.1.10 (Lax co/limit). Let F' : A — B be a 2-functor; a
lax limit for F consists of a family of 1-cells ps : llim F' — F'A from
an object llim F', together with 2-cells 7y : F'f o pa = pas for every
f:A— A, such that the pair of families (pa,7s) is terminal with this
property.

This means that every other family of 1-cellsuy : X — F'A and 2-cells
vf: Ffous = ug factors uniquely through a 1-cell 4 : X — llim F', as
in the diagram

“a FA
>~
X e ﬁ) 1lim F 74 Ff = vg (716)
Par
v FA

(this takes into account the 1-dimensional universal property of llim F')
and moreover, given a 2-cell u : pau = pav, there is a unique 2-cell p
such that

llim F

71/7 \pi

X |22 FA =paxp (7.17)

llim F

Reversing the direction of 1-cells yields the notion of lax colimit; but

be careful! There is an additional dimension that can be reversed, i.e.

the direction of 2-cells. Doing so, we obtain the notion of oplaz limit

and colimit. Again, we employ without further mention each of these
names whenever needed.

Proposition 7.1.11 (Co/ends of mute functors). Suppose that the 2-
functor S : AP x A — B is mute in the contravariant variable, i.e. that
there is a factorisation S = S" op: AP x A 2 A i> B; then the lax
end of S exists if and only if the lax limit of S does; moreover, the two
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objects are canonically isomorphic, sharing the same universal property:
gﬂ S(A, A) 2 llim §' (7.18)
A

This means that every lax co/limit is a degenerate form of lax co/end.

Example 7.1.12. As a particularly simple example of this, if A is lo-
cally discrete (informally, this means that it can be identified with a
1-category) and if the functor ¢g : A — B is constant on a single ob-
ject B, ie. cp(A) = B for each A € A, and cp(f) = idp, then i, cp
is canonically identified with the cotensor of B by A and is denoted
At B.

Proof Tt is easily seen that a lax wedge B’ — fficp corresponds to a
family of maps B’ — B indexed by the objects of A; the wedge condition
now entails that the correspondence A — f4 : B' — B can be lifted to
a functor A — B(B’, B). This concludes the proof of an isomorphism

Cat(A, B(B', B)) = B(B',gﬂ cB) O (7.19)

B
Theorem 7.1.13 (Parametric lax ends). Whenever we have a functor
F: APx AxB — C, and the lax end gﬁA F(B, A, A) exists for every object
B € B, then B — gﬁA F(B, A, A) extends to a 2-functor B — C which
has the universal property of the lax end of its mate F: A% x A—CB
under an obvious cartesian closed adjunction.

We omit the proof (one way to proceed is to show how a functor
F : A x A x B — C transposes to ' : B — 2-Cat(A°° x A,C) once
the functoriality of ffi : 2-Cat(A°? x A,C) — C has been proved); we
leave the reader enjoy this exercise, letting them discover how strict the
resulting functor ffi, F'(—, A, A) shall be.

We also offer without proof the statement the 2-dimensional analogue
of Fubini theorem in 1.3.1. This is a much more daunting exercise, but
the challenge is merely notational, not conceptual.

Theorem 7.1.14 (Fubini rule for lax co/ends). If one among the follow-
ing lax ends exists, then so does the others, and the three are canonically
isomorphic:

%B,CT(B,C,B,C) ~ 5@9 (560 T(B,C,B,C’)) ggé (5@9 T(B,C’,B,C))

(7.20)
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In a similar fashion,

56370 T(B,C,B,C) = 5’53 <5’§C T(B’C’B’C)> . gﬂc <5£B T(B,C’B’CO

(7.21)

Corollary 7.1.15 (Fubini rule for lax co/limits). Let T : BxC — D be
a 2-functor; then

LC1) lazx limits commute: we have canonical isomorphisms in D

lim llim T'(B, C) = llim llim T(B, C); (7.22)
BeB CeC CceC BeB

Lce) lax colimits commute: we have canonical isomorphisms in D

lcolim lcohm T(B,C) = Icolim leolim T'(B, C). (7.23)
BeB Ce CeC BeB

The hom functor must preserve lax ends:

Theorem 7.1.16. Let S : A — B be a 2-functor such that i, S(A, A)
exists in B; then we have a canonical isomorphism of categories

B, 5é S(A,A)) o gi B(B, S(A, A)). (7.24)

A completely dual statement involves the lax coend of S : A — B: there
s a canonical isomorphism of categories

gﬂSAA 5153 (4, A),B). (7.25)

This can be seen also as an alternative definition: the lax co/end of

S exists if and only if for every object B € B the functor A°P x A 5,
B 2B, Cat (homp is understood here as a covariant or contravariant
representable over B € B) has a lax co/end; indeed if this is the case,

there is the isomorphism above.

7.1.2 The lax ninja Yoneda lemma

In the world of 2-categories and lax morphisms, the ninja Yoneda lemma
2.2.1 acquires a peculiar flavour, since it is equivalent to the co/re-
flectivity of strict presheaves F' : C°°? — Cat inside lax presheaves
F':C° --5 Cat.
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More precisely, there is a diagram of adjoint 2-functors

(—)*
Cat(C°P, Cat) —— Cat,;(C°P, Cat) (7.26)
(-

where the central arrow is the inclusion. This means that for each strict
2-functor H € 2-Cat(C°P, Cat) there are two natural isomorphisms

2-Cat(C°P, Cat)(H, F*) = 2-Cat;(C°?, Cat)(H, F),
2-Cat(C°P, Cat)(F*, H) = 2-Cat; (C°?, Cat)(F, H). (7.27)

The proof is completely formal. To prove the isomorphism, we will show
that the functors F” and F* defined by means of the lax coends

Ff gﬂAC(_,A) x FA F 5’5 C(A, )M FA.  (7.28)
A

have the above property.

Proof The proof exploits 7.1.9 as well as the evident fact that strict co/-
ends are particular cases of lax co/ends, and (as a consequence) the fact
that any number of co/ends and lax co/ends commute with each other
by virtue of the lax Fubini rule, plus the preservation of lax co/ends by
the hom functor 7.1.16, and the strict ninja Yoneda lemma 2.2.1.

Now, let us denote F” = ffi, C(A, _) th F'A; we have that

Cat(CP, Cat)(H, F*) = / Cat(HC, F°C)
C

_ /C Cat <Hc, 54 Cat(C(A,C),FA))
%/CgéCat(HC, Cat(C(A, C), FA))

~ gi/CCat(HC X C(A,C), FA)

=~ giCat (/CHC x C(A,C),FA)

= 56 Cat(HA,FA)
A
(7.13) = 2-Cat;(C°P, Cat)(H, F).

The proof that Cat(C°P,Cat)(F¥ H) = 2-Cat;(C°P, Cat)(F, H) is simi-
larly formal, thus we leave it to the reader. O
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Lax coend defining F* can take as argument a very simple functor,
and spit out a not-so-simple one: an instructive example is given by the
() of the terminal functor:

Example 7.1.17. Let Z : C°? — Cat be the constant functor sending
C € C into the terminal category, regarded as a lax functor. Then the
strict functor Z% : C°P — Cat is the lax coend

T'C = 515 TA xC(A,C) = EﬁAC(A, C). (7.29)

Hence the category gﬁA C(A, C) coincides with the lax colimit of the strict
presheaf C°? — Cat, A — C(A, C), which is [Str76, p. 171] the lax slice
category C//C of commutative diagrams of 2-cells

A— I
\ Vo / (7.30)

Another striking instance of this phenomenon, by which quite complex
shapes can arise as lax co/limits of simpler diagrams, is given by the
twisted arrow category of A, whose opposite category is isomorphic to
the lax colimit of the ‘slice category’ diagram.

Proposition 7.1.18 (The twisted arrow category as a lax colimit). Let
A be a category; then it is possible to characterise the (opposite of the)
twisted arrow category of A, as defined in 1.2.2, as the lax colimit of the
diagram A — Cat : A — A/A, i.e. as the lax coend gﬁA A/A.

Proof In order to prove the statement, we shall first find a good candi-
date for a universal cocone. Such cocone ¢ : A/ _ — TW(A)°P is defined
on objects sending every f : X — A into itself, and a morphism

X%X//

o

again into itself, regarding the triangle as a square with identity bottom:
X ==X
fl l 7 (7.32)
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(as an aside comment, this definition makes obvious that the functor we
are defining is conservative; we shall however get an indirect proof of
invertibility).

Let us denote t, : A/A — A/A’ the functor induced by t : A — A’ by
post-composition. Then, we get a tautological laxity cell g; : g4 = qas0ts,
having components

X—X
b

; f (7.33)
t
A—— A

These components glue together defining a lax cocone ¢ : A/_ —
TW(A).

We shall now prove that this is universal: in order to do so, we have
to verify that the diagram

qgA
A4 /\
&
te| o TW(A)P s (7.34)
qa’
AJA
qar

satisfies the (dual of the) conditions in 7.1.10.

e Each time we are given a lax cocone h : A/ — TW(A)°P, there is a
unique induced 1-cell u : TW(A)°? — K such that u*p = h.
e Every 2-cell o : u = u' such that the horizontal composition o 8¢; in

A/A

qdA
u

" Za TW(A)P K (7.35)

qa’

AJA
is invertible for every ¢ : A — A’ is itself invertible.
Given h as above, since for every t : A — A’ we have

ha(to f) =ha(f) (7.36)
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we can define u : TW(A)°? — K sending the object f : X — A and the
morphism (s,t) : f — f’ respectively to

off]=m[{]ex

X Y X Y
e u | ¥ {1 =hy [ 1 ] <~ hp [ i} obtained as the composition
A—B A B

«l Tw

hp(t) = hp(tfs) = ha(fs) = haf (7.37)

where in the first step we use the laxity cell hy : hp(tfs) = ha(fs)
and in the second we apply ha to the morphism f — fs in A/A.

Using these definitions, it is rather easy to see that u * p = h as compo-
nents of suitable modifications, since

>

u(gr) = u [i

] (7.38)

~1
=

or in other words to the action of the laxity cell ¢ : u(tf) — u(f)
composed with ¢ia, : ga(f) = qa(f).

It is equally easy to see that every morphism in TW(A)°P can be
expressed as a morphism in the image of some ¢4, and as a consequence,
u is uniquely determined by the properties we just checked.

It remains to check the last condition; however, thanks to the defini-
tion of g, if the diagram (7.35) satisfies the property that the horizontal
composition o 8 ¢; is invertible for a 2-cell ¢ : © = v/, and each com-

ponent of the composition o 8 ¢iq, is invertible, then each component
b'e X
O(X—A) U [ ,JZJ — [ j} is invertible as well. O

The following result is a partial analogue of 4.1.8: in order to charac-

terize a lax co/end as a weighted co/limit, we have to ‘twist’ the hom
functor using the f construction of 7.1.2.

Proposition 7.1.19. [Boz80, §2] There is a canonical isomorphism be-
tween the lax end of a 2-functor T : C°P x C — B and the limit of T
weighted by the bifunctor C((_)¥, =), i.e.

(=) =) = 5;5 T(A, A) (7.39)
A

where C((_)%, =) : (C,C") — C(_,C"H(C) = i C(C, A) x C(A,C"). A
dual statement holds for lax coends.
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Proof The proof is completely formal, by virtue of the results estab-
lished so far: we can compute

B(zzhan“4“=>T)::hnf“—4”=>B(B,T) (see 4.1.14)

(M@z/ B(B,T(C, D))¢(“*D)
c,D

- B(BaT(C,D))ﬁA C(C,A)xC(A,D)
C,D

Néép@@ﬂamﬂwg

(7.1.14) = gi/CCat (C(C, A),/DB(B,T(C,D))C(AW)
%gi/CCat (C(C,A),B(B,T(C, A)))

%éBBIMﬁWBO%éTMJO-

Let S : A°? — Cat, T : A — B be two functors and suppose B has Cat-

tensors; then the lax coend of the 2-functor A°P x A ST catx B2 B

is the tensor product of S and T', denoted

c(C,A)

A
ST =: gﬁ Sa ® Ta. (7.40)

7.1.3 2-profunctors, lax Kan extensions

The present section is intended to provide an analogue of profunctor
theory for lax co/ends; it can be safely skipped at first reading.

The proof of 7.1.19 above suggests that C((_)#, =) is the laz compo-
sition of two representable profunctors. The intuition that the theory
of Chapter 5 can be suitably adapted to the lax context is correct (un-
fortunately though, we have few applications in mind for such a theory:
exercise 7.1 below tries to suggests a few lines of investigation).

Shortly, a 2-profunctor p : A ~» B is a 2-functor p : B°P? x A — Cat.
Lax coends provide a weak composition rule for 2-profunctors: more
precisely, let

A¥Bdc (7.41)

be a couple of composable 2-profunctors, namely two 2-functors p : B°P x
A — Cat and q : C°? x B — Cat; then the composition q ¢ p is defined
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by the coend
B
401 p(C.4) = (fi p(B.4) xa(C.B) (7.42)

The compatibility between lax colimits and products ensures that the
expected associativity holds up to a canonical identification:

(t o] q) S p = T o (q Ol p) (743)

for any three A LB .
A much more useful laxification involves Kan extensions: let T : A —
B and F': A — C be two 2-functors.

Definition 7.1.20. We call left lax Kan extension of F' along T a 2-
functor lLany F' : B — C endowed with a lax natural transformation
n: F = lLany FoT (a unit) such that, for every pair S: B — C and X :
F = SoT (respectively, a 2-functor and a lax natural transformation)
there exists a unique (¢ : lLany F =; S such that

(C*xT)oa =\ (7.44)

and moreover, if ¥ : A = X is a modification between lax natural
transformations, there is a unique modification Q : { = ¢’ (where ( is
induced by A, and ¢’ by \) between Cat-natural transformations such
that (Q*T)oa =1X.

This entire list of conditions can be expressed by means of the isomor-
phism

2-Cat(A,C)(F, S o T) = 2-Cat(B,C)(1Lany F, S) (7.45)
which is natural in S.

Example 7.1.21. Let 1 be the terminal 2-category. Then the left lax
Kan extension of a 2-functor F' : A — C along the terminal 2-functor
A — 1 is the lax colimit of F.

Remark 7.1.22. We can obtain different flavours of lax Kan extension
by reversing the directions of o, A, (... and imposing invertibility. The
example above, as well as the following theorem, shows that the choice
of Cat-natural transformations instead of lax natural transformations is
the right choice (see also [Boz80] for a dual statement):

Theorem 7.1.23. In the same notation as above, assume C admits
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tensors for hom categories B(TA, B)®@ FA' for each A, A" € A, and that
the lax coend

gﬂA B(TA,B) & FA (7.46)

exists; then the lax Kan extension of F along T exists too, and it is
canonically isomorphic to the coend above.

We can mimic also Exercise 2.3 to obtain a lax analogue of it:

Proposition 7.1.24. Let 2-Cat;(C, Cat)(U,V) denote the category of
lax natural transformations between two 2-functors U,V : C — Cat. Then

2-Cat;(C, Cat)(F x G, H) = 2-Cat;(C, Cat)(F, H), (7.47)

where HY(z) = 2-Cat;(C, Cat)(&(A) x G,H) = ffi,, Set(hom(Y, X) x
GY, HY)

Proof Every step can be motivated by results in the present section:
2-Caty(C, Cat)(F, HE) = gﬂ Set (FX, 2-Caty (C, Cat) (& (A) x G, H))
X

ggﬂ gﬂ Set(FX, Set(C(Y, X) x GY, HY))

o %/Set((gﬁx FX x C(Y,X)) % GY, HY)

~ 515 Set(FY x GY, HY)
Y

= 2-Cat;(C, Cat)(F x G, H).

7.2 Coends in homotopy theory

Higher category theory is nowadays living a Renaissance, thanks to a
massive collaboration of several people drawing from various fields of
research, and cooperating to re-analyze every feature of category theory
inside, or in terms of, the topos of simplicial sets.

The purpose of the present section is to study what this ‘homotopifi-
cation’ process does to co/end calculus.

The urge to keep this chapter self-contained, force us to take for
granted a certain acquaintance with model categories, simplicial cat-
egories, oo-categories d la Joyal-Lurie, dg-categories... Each of these
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theories is vast and constitutes enough material for a dedicated mono-
graph. Nonetheless, we strive to offer the best intuition we can, in the
little space we have.

We start by presenting the theory of homotopy co/ends 7.2.1 in model
category theory; the coend functor fc : Cat(C°? x C, D) — D admits a
‘derived’ counterpart ff (see [Isa09]) that preserves weak equivalences,
in the same sense the colimit functor does.

Subsequently, in 7.3, we will explore the theory of quasicategorical
co/end calculus (providing a proof of the Fubini rule for oo-coends: this
is not strictly new material, but brings together the pieces present in
[HGN17]).

Subsequently, in 7.2.2; we address the study of simplicially coherent
co/ends (i.e. enriched co/ends in sSet-categories), and the definition of
a co/end in a derivator (this is nothing more than a paragraph; some
additional results are presented as exercises 7.11, 7.13, and 7.14).

The discussion closes the circle about co/end calculus in each of the
most common models for higher category theory (model categories, sim-
plicially enriched categories, simplicial sets, derivators). The reader will
notice that most of these flavours of co/end calculus is far from being a
full-fledged theory. This testifies how much work there is still to be done
in the field!

As authors, we hope to have convinced our reader that the endeavor
to complete the theory is worth trying. Given its utility, co/end calculus
shall reach a status of well-understood and standardised tool for category
theorists, in such a way all its users, no matter what is their origin or
purpose, can profit from its conceptual simplicity.

The age to set up and use a full-fledged homotopy coherent co/end
calculus is of our readers.

Remark 7.2.1. We set aside a rather important question, that is model
dependence: the models to study the theory of (0o, 1)-categories form
a complicated web of equivalences. Uniqueness results [BSP11, Tog05]
or even synthetic approaches [RV15, RV17a, RV17b] are nowadays very
trendy as they offer extremely powerful inter-model comparison theo-
rems, but things can become rather hairy in explicitly proving that (say)
an homotopy co/end corresponds to the same notion of an co-co/end, if
we move from one model to the other.

This is a subtle issue, derailing us from our primary objective; we thus
choose to bluntly put it aside, but we maintain at least an agnostic point
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of view towards the matter: as no model is privileged, we shall glance at
them all.

7.2.1 Coends in model categories

A model category is a category C having all small co/limits (or, in the
original definition of Quillen, all finite co/limits), which is endowed with
three distinguished classes of morphisms, the weak equivalences, the fi-
brations and the cofibrations, interacting in such a way that the following
properties are satisfied:

e The initial category C[WK 1] where all weak equivalences become in-
vertible admits a presentation as a category with the same objects,
which is a hom-wise quotient of C: more precisely, there is an equiv-
alence relation Rxy on each C(X,Y) such that C[Wk~1](X,Y) =
C(X,Y)/Rxy; we call ClWK 1] the homotopy category of C with re-
spect to WK.

e The pairs (WK N COF, FIB) and (COF, WKNFIB) form two weak factori-
sation systems on C (simply put, this means that there is a way to

factor every f :— Y in C as a composition X LOf p Y Y and

as a composition X <1, g I8, Y).
Definition. Let C be a model category; we say that an object A € C is
cofibrant if its initial arrow @ — A is a cofibration. Dually, we say that
an object X is fibrant if its terminal arrow X — * is a fibration.

One of the most important parts of model category theory is the study
of homotopy co/limits. To put it shortly, the vastness of homotopy the-
ory and homological algebra arises from the fact that the colimit functor
colim is rather ill-behaved in terms of its interaction with weak equiva-
lences. The story goes as follows.

It turns out that many common functors between model categories do
not send weak equivalences to weak equivalences; so their behaviour must
be corrected, either restricting their domain to subcategories of suitably
nice objects, or by changing the shape of the functors themselves; an
illustrious example of such common but ill-behaved functor is the colimit
colimy : C7 — C over a diagram of shape [J: given a class of weak
equivalences W then every diagram category CY acquires an analogous
structure W7, where n : F = G is in W7 if and only if each component
n; : Fj — Gj is itself a weak equivalence.

It turns out that the image of such a natural transformationn : F' = G
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under the colimit functor, colimn : colim F' — colim G is rarely a weak
equivalence in C.?

One of the main tenets of homotopy theory is, nevertheless, that it
doesn’t matter if we replace an object of a model category with another,
as soon as the two become (controllably) isomorphic in the homotopy
category. There is a spark of hope, then, that the category of functors
CY contains a better-behaved representative for the functor colim, and
that the two are linked by some sort of natural weak equivalence.

That’s what homotopy colimits are: they provide deformations hcolim
of colim that preserves pointwise weak equivalences, and are linked by
object-wise weak equivalence hcolim = colim.

Remark 7.2.2. Let X : Ax B — C be the ‘tensor’ part of a thc situation
(see Exercise 3.6), and let us assume that it is a left Quillen functor (see
[Hov99, 1.3.1]); let J be a Reedy category ([Hov99, 5.2.1]). Then the

coend functor
J
/  Cat(J°, A) x Cat(J,B) — C (7.48)

is a left Quillen bifunctor if we regard the functor categories Cat(7°P,.A)
and Cat(7, B) endowed with the Reedy model structure.

The coend functor remains left Quillen even if 7 is not Reedy, but we
have to assume the categories A, B, C are all combinatorial,? and we put
the projective model structure on Cat(J7,B), and the injective model
structure on Cat(J°P,.A).4

In the following, C will be a small category, and F' : C — D, G :
C°P — Set will be functors; when needed, we freely employ the notation
of Chapter 4 on weighted co/limits. The category D will admit the co/-
limits allowing the object we define to exist.

2 A minimal example of this goes as follows: take J to be the generic span

1+ 0 — 2 and the functor F : J — Spc sending it to {*} <~ S?~1 — {x} (S¥ is
the k-dimensional sphere); the colimit of F is the one-point space {*}. We can
replace F' with the diagram F : D2 « §n—1! — D2, and since disks are
contractible there is a homotopy equivalence F' = F'; unfortunately, the induced
arrow colim F' = S? — « is not a weak equivalence (because S? is not
contractible).

A model category is combinatorial if it is locally presentable [AR94, 1.17] and
cofibrantly generated, i.e. if the cofibrations are generated as the weak
orthogonal (see A.9.2) of a small set I.

It’s not worth to enter the details, but see [Hov99, Hir03] for more information:
the projective model structure on Cat(7,C) is determined by the fibrations of C,
and the injective model structure is determined by cofibrations of C, in a suitable
sense.
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Definition 7.2.3 (Bar and cobar complexes).

e The bar complex of a pair of functors F, G is the simplicial object in
D B(G,C, F)s whose set of n-simplices is

B(G,C,F), = [[ (N(C)nxGC,) @ FCy (7.49)
Co,...,Cp
where ® : Set x D — D is the tensor functor of 2.2.3. More explicitly,
B(G,C, F), is the disjoint union over (n + 1)-tuples of objects of C of
sets

(GC x C(Cp, Cy) % -+ x C(Cpy_1,Cy)) @ FCh. (7.50)

Dually,
e the cobar complex of a pair of functors F, G is the cosimplicial object
in D C(G,C, F)® whose set of n-simplices is

CMG,C,F):= [ (N(C)nxGCn)th FCq (7.51)
CoyeorsC
where th: Set®® x D — D is the cotensor functor of 2.2.3. More explic-
itly, C(G,C, F)™ is the product over (n + 1)-tuples of objects of C of
sets

(GC x C(Cp, Cy) x -+ x C(Cpy_1,Cy)) th FC,. (7.52)

We leave as Exercise 7.4 the check of some elementary properties
of these objects; in particular, we will constantly exploit the fact that
B(G,C,F) and C(G,C, F) are functorial in F, G (with appropriate vari-
ance).

The proof of the following statement is conducted in the cited refer-
ence. The bar and cobar constructions allow to reduce the computation
of every (weighted) co/limit to the computation of a certain (weighted)
co/limit over the simplex category A (these colimits and limits are called
diagonalisation and totalisation respectively, and will return in 7.2.7 and
7.2.8 to define simplicially coherent co/ends).

Theorem 7.2.4 ([Riel4, 4.4.2]). Let F : J — D be a functor, and W :
J — Set be a weight (covariant, if we compute a limit; contravariant,
if we compute a colimit in the formula below). Then we have canonical
isomorphisms

lim" F = colima B(G, T, F)e

neA
~ / B(G,J,F)" (7.53)
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colim" F = limC(G, T, F)°

~ / (@, I, F)". (7.54)

The same result holds (and it is much more interesting) over most
(but not all: the proof relies on the presence of an enriched Grothendieck
construction) bases of enrichment; the most important instance of such
an enrichment base is that of simplicial sets.

Moreover, the bar and cobar constructions provide replacement func-
tors for colim and lim respectively, and as a consequence they provide
models for the homotopy colimit and limit functors: in the following,
if ¥ :J — D is a functor and D is a simplicial model category, we
denote B(J,J, F)e the simplicial set [n] — B(XJ,J, F),, and dually
C(J,J,F)™ is the cosimplicial set [n] — C(¥J,J,F)". (The state-
ment found in [Rield] is more general than the one we introduce here;
its essence is, however, unchanged.)

Theorem 7.2.5 ([Riel4, 5.1.3]). The left derived functor of colim :
Cat(J,D) — D and the right derived functor of lim : Cat(J,D) — D
are computed respectively as

Leolim F = d(B(7,J,F))  RlimF=t(C(J,J,F))  (7.55)

where F is a cofibrant replacement, and Fisa fibrant replacement for

the diagram F, in suitable model structures on the diagram category
Cat(J, D) i.e. as the co/ends

]LcolimF%/HA(_,[n])Q@B(A[n],j,F)
anFg/A(_,[n])mC(A[n],j,ﬁ) (7.56)

The other way to compute homotopy co/limits involves a resolution of
the weight: the equivalence between the two approaches was fist proved
in [Gam10].

Recall 4.2.5: we can express the Bousfield-Kan construction ([BK72])
for the homotopy co/limit functor using co/end calculus.

Theorem. Let F': J — C be a diagram in a model category (C, WK, COF, FIB)
which is tensored and cotensored (see 2.2.3) over simplicial sets. Then
the homotopy limit hlim ' of F' can be computed as the end

/J N(TJJ) b B(), (7.57)
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where N is the categorical nerve of 3.2.5; in the same notation, the
homotopy colimit hcolim F' of F' can be computed as the coend

/ NI e FO). (7.58)

Remark 7.2.6. These two universal objects are the weighted co/limit
of F' with the nerve of a slice category as weight; the idea behind this
characterisation is that colim is a weighted colimit over the terminal
weight. The problem is that usually the constant terminal weight won’t
be a cofibrant object in Cat(J,sSet); thus, when we want to pass to the
homotopy correct version of colim we shall replace the weight W with a
homotopy equivalent, but cofibrant, diagram w.

The Bousfield-Kan formula arises precisely in this process: N(J/J)
and N(J/J) are both contractible categories, and they are linked to
N (%) (the nerve of the terminal category) by an homotopy equivalence in-
duced by the terminal functor. The simplicial presheaves N(J/_), N(-/J)
can thus be thought as proper replacements for the terminal functor.

7.2.2 Simplicially coherent co/ends

All the material in the following subsection comes from [CP97]. We begin
the exposition establishing a convenient notation and a series of useful
short-hands to adapt the discussion to our choice of notation.

We strive to keep this introduction equally self-contained and simple,
but the reader shall be warned that

e there is a sheer amount of unavoidable sins of omissions in the exposi-
tion, essentially due to our inability to master the topic in its entirety;
moreover, the price we pay to obtain a self-contained exposition is
that we deliberately ignore most of the subtleties of the combinatorics
of simplicial sets. The blame is on us if the reader feels that our expo-
sition is gawky or incomplete.

e Since the times when [CP97] was published, newer and more system-
atic approaches to a similar topic were developed; among many, the
reader shall take the exceptionally clear [Riel4, Shu06]. These refer-
ences reduce the construction of a simplicially coherent co/end to an
application of the ‘unreasonably effective’ co/bar construction [Riel4,
4], and it can be proved using [Shu06, 21.4] that the coherent co/-
end of T (see 7.2.11) results as a suitable derived weighted co/limit
of the functor T'. This last remark is important, in particular in light
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of the fact that it can be exported to define an homotopy coherent
co/end calculus in every 2-category V-Cat of categories enriched over
a monoidal model category (see [Hov99, Ch. 4] and [BM13]).5

It is our sincere hope that this does not affect the outreach of this elegant
and neglected piece of Mathematics, and our clumsy attempt to popu-
larise an account of [CP97] has to be seen as a reverent act of outreach
of the branch of algebraic topology called categorical homotopy theory.

Local notation. All categories A, B, ... appearing in the present sub-
section are enriched over the category sSet = Cat(A°P,Set). All such
categories possess the co/tensors (see 2.2.3) needed to state definitions
and perform computations.

Moreover, the tensor, internal hom, and cotensor functors assemble
into a the situation (see 3.6) (®,hom,mh) where ® : sSet x 4 — B
determines the variance of the other two functors. A useful shorthand
to denote the functor th (K, A) = K M A is AX. We feel free to employ
such exponential notation when needed (especially when it is necessary
to save space or invoke its behaviour, similar to the one of an internal
hom). Let B be a simplicially enriched category. A simplicial-cosimplicial
object in B is a functor Y : A°? x A — B.

Definition 7.2.7 (Totalisation). Given such a simplicial-cosimplicial
object, we define its totalisation t(Y) as the end

/ A MY, (7.59)
neA

(note that it is a cosimplicial object m — [ _ A[n] h Y;"). The totali-
sation of Y is also denoted with the shorthand A® 'Y or similar.

Dually, a bisimplicial object in B is a functor X : AP x AP — B.

Definition 7.2.8 (Diagonalisation). Given a bisimplicial object X :
AP x AP — B we define the diagonalisation d(X) of X to be the

5 This remark deserves better expansion, and yet hanc marginis exiguitas non
caperet: in short, the category V-Cat(C°P x D, V) can be endowed with a model
structure that allows to compute cofibrant resolutions d hom for the identity
profunctor home when C = D; the coherent co/end of an endo-profunctor
T : C ~ C is then computed as the homotopy co/limit of T' weighted by the
resolved weight 6 hom, in the exact same way as the incoherent co/end is the
co/limit weighted by hom (see 4.1.8). At the moment of writing this book, this
appears to be an interesting subject of further investigation.
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coend
neA

/ Aln] ® X, (7.60)

neA

(note that it is a simplicial object m — [ Aln]® X™) The diagonal-
isation of X is also denoted with the shorthand A® ® X or similar.

Note that as a consequence of the ninja Yoneda lemma 2.2.1, the
diagonalisation A®* ® X is the simplicial object n — X (often denoted
simply Xpn)-

Notation 7.2.9 (Chain co/product). Let A € Cata; we shall denote
as Xn = (Xo,...,Xn) the ‘generic n-tuple of objects’ in A; given two
other objects A, B € A, we define a bisimplicial set HA[A|X.|B]. whose
simplicial set of n-simplices is

HAAIX,|Ble = [ A(A Xo)e x A(Xo, X1)ex - X A(Xp, B)o.®

(7.61)

Faces and degeneracies are induced, respectively, by composition and
identity-insertion (see Exercise 7.5).

Finally we define the simplicial set 6 A(A, B) to be the diagonalisation

d(ITA[A|X,|Bls) = n — LA[A|X,|B],. (7.62)

Couched as a coend, the object §A(A, B) is written
neA N
SAA,B) = / Aln] x TTA[A| X, |B]

- /"GA Al x  JI A4 Xo) x A(Xo, X1) x -+ x A(Xp, B)

X0y.-ey Xp€eA

g/”EA [T Al % A4 Xo) x A(X0, X1) x - x A(X,., B)

X050y Xn€A

Example 7.2.10. If we consider A to be trivially enriched over sSet
(i.e. as a discrete simplicial category, where each A(A, A”) is a discrete
simplicial set), then the object A[A|X,|B]s coincides with the nerve of
the ‘double slice’ category A/ A/B of arrows ‘under A and above B’.

6 It is useful to extend this notation in a straightforward way: A[A|X|B] denotes
the product A(A, Xo) x A(Xo, X1) X - - - X A(Xpn, B), and ILA[A|X|B], A[X],
ILA[X], ILA[X] are defined similarly. Note that ILA[A|X,|B]s does not depend
on X, since the coproduct is quantified over all such Xn's.
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Definition 7.2.11 (Simplicially coherent co/end). Let T': AP x A — B
be a sSet-functor. We define
55 T(AA) = / SAA, A"y T (A", A”)
A

A/,A//
A A/,AN
§1§ T(AA) = / SAA, A"y @ T (A, A”) (7.63)
to be respectively the simplicially coherent end and coend of T.

Expanding these definitions, we see that

yﬁ T(A,A) = / Aln] x ILA[A|X,,|B] h T(A’, A”)
A A’ A" n

A A/7A//,n .
55 T(A,A)g/ Aln] x TLA[A| X |B] @ T(A, A")

(At this point, the reader will surely understand why performing even
elementary computations with this sort of objects compels us to establish
a compact notation.)

Remark 7.2.12. In a few words, the definition of a simplicially co-
herent co/end mimics the classical construction, and in particular the
characterisation of a co/end as a hom weighted co/limit (see 4.1.8 and
4.1.13.wc3), replacing hom with co/tensors for a ‘fattened up’ mapping
space A[A|)f |B]. The ‘deformation’ perspective is very useful, since we
write that ¢, 7" corresponds to the end

/ hom(A’, A"y M T(A", A") (7.64)
(A7, A”)E AP x A

where we applied a suitable ‘deformation’ (or ‘resolution’; or ‘replace-
ment’) functor § to the hom functor A(_, =), seen as the identity pro-
functor (Remark 5.1.8). This point of view is rather fruitfully explored
in [Genl5], in the particular case of dg-Cat (see 7.2.2 below to draw a
connection between simplicially enriched and dg-categories, and for a
precise definition of dg-category).

This perspective is of great importance to encompass coherent co/-
ends into a general theory ‘compatible’ with a model structure on V-Cat,
for some monoidal model V and the Bousfield-Kan model structure on
V-Cat.

We now embark in the study of what shall be called simplicially co-
herent coend calculus. Classical co/end calculus consists of the triptych
Fubini - Yoneda - Kan; we shall now reproduce these steps in full detail.
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The authors of [CP97] succeed in the quite ambitious task to rewrite
the most important pieces of classical category theory in this coherent
model describing co/limits, mapping spaces, the Yoneda lemma, and
Kan extensions. The aim of the rest of this subsection is to sketch some
of these original definitions, hopefully helping one of the alternative ap-
proaches to (0o, 1)-category theory to escape oblivion.

Definition 7.2.13 (The functors Y and W). Let T : A°? x A — B be
a functor; we define Y (T')* to be the cosimplicial object (in B)

Y (T)" = 1T A[X,] b T(Xo, X) (7.65)

where A[X,] = A(Xo, X1) X -+ x A(Xn_1, Xp).
Dually, given the same T, we define W (T'),, to be the simplicial object
(in B)
W(T), := 1T A[X,] @ T(Xo, X0). (7.66)

Xn=(Xo0,..,.Xn)

Proposition 7.2.14. Let T : A°® x A — B be a sSet-functor. Then
there is a canonical isomorphism

55 T(A, A) = (Y (T)*) (7.67)
A

Proof We make heavy use of the ninja Yoneda lemma 2.2.1 in its en-
riched form, i.e. of the fact that given a sSet-functor F' : A — sSet we
have a canonical isomorphism

/ A(X, B) h F(X) = F(B) (7.68)

and the fact that K m (H M A) = (K ® H) M A, naturally in all
arguments.

Now, let X, = (Xo,...,Xn) be a generic tuple of objects of A: to
save some space we employ the exponential notation A¥ to denote the
cotensor K M A.

§[§T(A,A) = / T(A!, A" )PAAAT)

A

A’ ,A”

Il

/ T(A, A7) Alnl <AL X A7)
A/7A//

1%

/ T(A, A7) A< IAL K ]47]
Al A"
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Il

A/ A//) 1A//))A[n]XHA[A/|)2]

A//

A
/ (T(A’, A//)A(Xn,A“))
“fo.
[

Aln]x A[A'|X]

I

. Aln]x A[A'| X]
</ T(A/,AN)A(X"’A )>

T(A, X,) Aln]x A[A'|X]

(=3

.....

g/ 11 (/ T(A’,XH)A(A/aXo))
" Xg, Xn !
- Aln

Aln]x A[X]

For the sake of completeness, we notice that the universal wedge tes-
tifying that ¢, T'(A, A) = t(Y(T)) is induced by the morphisms

55 T(4, A) = / SA(A', A" N T(A', A”)
A ALLAY
J/z
/ (Aln] x ILA[A'[X|A")) h T(A", A")
A7, AV

v
Aln] 1 Y (T)".

(7.69)

Prove the dual statement as an exercise (it is of vital importance that
you establish a good notation):

Proposition 7.2.15. Let T : A°® x A — B be a sSet-functor. Then
there is a canonical isomorphism

%ATMJUNMWKHJ (7.70)

Remark 7.2.16. The homotopy coherent co/ends admit ‘comparison’
maps to the classical co/ends, induced by the fact that the ‘fattened hom’
dA(—, =) has canonical maps to/from the plain hom A(_, =); this is
part of a general tenet, where homotopically correct objects result as a
deformation of classical ones, and the deformations maps in/out of the
plain object.
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The comparison map ¢ T'(A, A) — [ T(A, A) arises, here, as an homo-
topy equivalence between the simplicial set A(A, B) (seen as bisimpli-
cial, and constant in one direction) and the bisimplicial set d.A(A, B) =
dA[A] e | Ble: this is [CP97, p. 15].

Note that it is possible to write an explicit contracting homotopy
between the two objects. The map

do : [, A(A, Xo) x A(Xo, B) — A(A, B) (7.71)
given by composition has an homotopy inverse given by
s—1:A(A,B) = A(A,A) x A(A,B) : g — (ida4, g). (7.72)

Indeed, the composition dps_; is the identity on A(A, B), whereas the
composition s_1dy admits is homotopic to the identity on §.4(A, B)
(we use the same name for the maps dg,s_; and the induced maps
do : 0A(A,B) — A(A,B), induced by the universal property, and
5-1:A(A,B) = dA(A, B)).

There is an important difference between these two maps, though:
while dy is natural in both arguments, s; is natural in B but not in A.
This has an immediate drawback: while dy can be obtained canonically,
as the universal arrow associated to a certain natural isomorphism (see
(7.76) below), s_1 can’t (the best we can do is to characterise the natural
argument of s_; via [CP97, Example 2, p. 16]).

Simplicially coherent natural transformations
As we have seen in 1.4.1, the set of natural transformations between two
functors F, G : C — D coincides with the end [, D(FX,GX), and (see
7.1.9) the category of lax natural transformations between two 2-func-
tors coincides with the lax end gﬁX D(FX,GX). It comes as no surprise,
then, that the following characterisation of homotopy coherent natural
transformations between two simplicial functors hold:

Definition 7.2.17 (Coherent natural transformations). Let F,G : C —
D be two simplicial functors; then the simplicial set of coherent trans-
formations between F' and G is defined as

Cata(C,D)(F,G) = 9% D(FA,GA). (7.73)

We define the following operations of coherent tensoring and coten-
soring a simplicial functor with a representable:
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Definition 7.2.18 (Mean tensor and cotensor). Let F : A — B, G :
A — sSet, H : A°P — sSet. We define G M F, H @ I respectively as

A
GhF ::yﬁ GAMFA H®F ;:515 HA®@ FA.  (7.74)
A

This yields the notion of standard resolution of a simplicial functor:

Definition 7.2.19 (Standard resolutions). Let F': A — B be a simpli-
cial functor; we define

FA:= A(A, _)EF:gg A(A, X)) h FX
X

X
FA = A(_,A)@F:§£ A(X, A) © FX.

Example 7.2.20. We specialise the above definition to compute the
functors hom(A, _) and hom(A, _): in particular we concentrate on the
second case, since the first is completely dual.

A
hom(A, B) = yﬁ A(A, X) x A(X, B)

XY
o / SA(X,Y) x A(A, X) x A(Y, B)
[T AL X) % GACX,Y) x A(Y, B)
XYn
o / A[A| X B] x Aln] = 5A(A, B).

We leave as an easy exercise in co/end calculus the proof of the follow-
ing result (see Exercise 7.7), which shows that the standard resolutions
F.F of F ‘absorb the coherence’:

Proposition 7.2.21. Let F,G : C — D be two simplicial functors; then
there are canonical isomorphisms

[F,G] = Cata(C,D)(F, Q) = [F,G. (7.75)

This result has a number of pleasant consequences: the simplicially
coherent setting is powerful enough to retrieve several classical construc-
tions.

e Example 7.2.20 above shows that hom(A, _)(b) = §A(A, B); this en-



224 Higher dimensional co/ends

tails that there is an isomorphism

Cata (A, sSet)(0A(A, ), A(A, =)) = Cata(A,sSet)(A(4, -), A(4, =))

(7.76)
and it is a matter of verifying some additional nonsense to see that
the sSet-natural transformation corresponding to the identity coherent
transformation is precisely dy.

e The map dy defines additional universal maps ng,n* which ‘resolve’ a
functor F': A — B whenever F, F exist (it is sufficient that B admits
all the relevant co/limits to perform the construction of F, F). From
the chain of isomorphisms

n" :FB= 55 A(B,A)m FA
A
= / SA(A, A"y h A(B,A") th FA'
A/7A//

« A(A', A"y th A(B, A") i FA’
A/7A//

(2.2.1) = FB;

A
nr: FB :515 FA® A(A,B)
A,,A//
~ / FA' © A(A", B)SA(A, A")

A/,A//
= / FA © A(A", B)A(A, A")

= FB;

we obtain natural transformations corresponding to suitable coherent
identities under the isomorphism of 7.2.21.

e The maps nr,n’" behave like resolutions: [CP97, 3.4] shows that they

are level-wise homotopy equivalences (meaning that ng : FA — FA

induces homotopy equivalences of simplicial sets B(B, F'A) M)

B(B, FA) for each B, naturally in B).”

‘We decide to skip the proof of this proposition, as it is quite long, technical, and
even though it relies on co/end calculus it doesn’t add much to the present
discussion.
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Simplicially coherent Kan extensions

The universal property of a Kan extension is inherently 2-dimensional:
uniqueness is stated at the level of 2-cells, and any sensible generalisation
of it to the higher world involves a ‘space’ of 2-cells between 1-cells.

This entails that any reasonable definition of a (left or right) Kan
extension ultimately relies on a nice definition for a space of coherent
natural transformations between functors, which has been the subject
of the previous subsection.

There are, nevertheless, several subtleties as there are many choices
available for a definition: in the words of [CP97],

Clearly one can replace natural transformations by coherent ones [in the
definition of a Kan extension], but should isomorphism be replaced by
homotopy equivalence, should they be natural, in which direction should
this go...?

Solving this problem can be tricky; one of the reasons is that simplicial
combinatorics captures really well the behaviour of (oo, 1)-categories,
whereas any satisfactory model for homotopy coherent Kan extensions
shall speak about (00, 2)-categories.

In order to define coherent Kan extensions for B <—Ci A £, C we ask
the isomorphisms

Cata (B,C)(H, hoRang F)) = Cata (A,C)(HG, F)) (7.77)
Cata (B,C)(hoLang F, K) = Cata (A, C)(F, KG) (7.78)

to hold at the level of coherent transformations. This can be achieved as
follows:

Definition 7.2.22 (Coherent Kan extensions). Let F' : A — C and
G : A — B be a span of simplicial functors; we define

hoRang F(-) = yg B(-,GA)h FA
A
A
hoLang F(_) = §l§ B(GA, _)® FA
Proving that the isomorphisms (7.77) and (7.78) hold follows from an
easy computation with the explicit form of the coherent co/ends above.

We leave to the reader to either solve this as an exercise in 7.8, or to
consult [CP97].
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A glance at dg-coends The Dold-Kan correspondence (see 3.2.10) es-
tablishes an equivalence of categories between Chx (Z), chain complexes
of abelian groups concentrated in positive degree, and simplicial objects
in the category of abelian groups, i.e. functors G : A°®? — Mod(Z). The
equivalence of categories is generated by a cosimplicial object

DK : A — Chx(Z) (7.79)

and the universal property of the Yoneda embedding now yields an ad-
junction

Lan, (DK) : sSet = Ch>(Z) : Lanpk & (7.80)

It turns out that this is an equivalence of categories.

(This result can be restated in fair more generality, but in this para-
graph we stick to the R-linear case.)

Dold-Kan equivalence induces an equivalence of 2-categories between
simplicial-abelian-group enriched categories on one side, and categories
enriched in (positive) chain complexes on the other, or suitable dg-cate-
gories (i.e. categories enriched in chain complexes) for short.

The theory of dg-categories is deeply rooted in homological algebra
and finds applications in algebraic geometry [KL14, Genl5]: in order to
study nicer versions of derived categories, one can attach a derived dg-cat-
egory D(X) to a space/scheme/abelian category, and such a category is
way better behaved than the ‘incoherent’ derived category D(X) (where
the cone construction of 4.2.1 is not functorial).

There is of course a link between the two objects; the incoherent cate-
gory can be recovered as the homotopy category of D(X) as follows: each
cohomology functor H™ extend degree-wise to functors H" : dg-Cat —
Ab-Cat (=categories enriched on abelian groups, also called preadditive),
and there is an isomorphism D(X) = H°(D(X)).

In order to approach derived algebraic geometry with the tools of
enriched category theory, it might be interesting to restrict coherent
co/end calculus to [A°P, Ab]-categories, and think about the result as
dg-categories using the Dold-Kan equivalence.

This is an enticing application of co/end calculus in an homotopi-
cal/homological setting, and many questions arise naturally from the
expressive power of co/end calculus. For example: if A is any dg-cate-
gory its identity profunctor A ~~ A is a functor A°? X A — Ch(Z), so
that the coherent end

55 A(A, 4) (7.81)
A
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i.e. the object of derived natural transformations of the identity functor
id 4, recovers the Hochschild complex of A. Then, if A is an associative
algebra regarded as a one-object dg-category concentrated in degree zero,
the object H" ([, A) is the Hochschild cohomology of A, understood in
the classical sense of, say, [Pie82, Ch. 11].

We don’t have enough space to expand on this interesting topic, but
one can find that the bicategory of dg-profunctors, and in particular of
the endoprofunctors of a single object X gives rise to plenty of derived
invariants of a dg-category, but we leave to the interested reader the
endeavor of re-reading the paper [KL14] wearing appropriate co/end-
goggles (among many, that paper seems the most liable to a co/end-
theoretic reformulation).

The same approach can be carried over in the more general setting of
a category enriched over a monoidal model category; a perfect starting
point accounting for the state of the art on the matter is Shulman’s
[Shu06].

7.3 Co/ends in quasicategories

As a rule of thumb, the translation procedure from category to co-cate-
gory theory is based on the following meta-principle: first you rephrase
the old definition in a ‘simplicially meaningful’ way, so that the co-cat-
egorical definition specialises to the old one for quasicategories N(C)
which arise as nerves of categories. Then you forget about the original
gadget and keep the simplicial one; this turns out to be the right defini-
tion.

The first victim of this procedure is the twisted arrow category 1.2.2
of an co-category.

Definition 7.3.1 (Twisted arrow oo-category). Let € : A — A be the
functor [n] — [n] * [n]°P, where * is the join of simplicial sets [Joy08,
EPO08], and the opposite of a simplicial set is defined in [Rez17, §6.19].
Let C be a oo-category; the twisted arrow category Tw(C) is defined
to be the simplicial set €*C, where ¢* = _ 0 ¢ : sSet — sSet is the
induced precomposition functor. More explicitly, and consequently, the
n-simplices of TW(C) are characterised by the relation

TW(C),, = sSet(A[n], TW(C)) = sSet(A[n] x A[n]°P,C). (7.82)

The most important feature of the twisted arrow category is that it
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admits a fibration over C°P x C (part of its essential properties can be
deduced from this); the machinery of left and right fibrations exposed
in [Lur09, 2.0.0.3] gives that

e There is a canonical simplicial map % : TW(C) — C°P x C (induced by
the two join inclusions A[_], A[_]°P — A[_]* A[_]°P);
e This oo-functor is a right fibration in the sense of [Lur09, 2.0.0.3].

Remark 7.3.2. It is rather easy to see that the above definition is
reasonable: a 0-simplex in TW(C) is an edge f : A[l] — C, and a 1-
simplex of TW(C) is a 3-simplex thereof, that we can depict as a pair of
edges (u,v), such that the square having twisted edges

u

v (7.83)

i

—_—
v

commutes. This suggest (as it must be) that the definition of TW(C)
for a oco-category specialises to the 1-dimensional one and adds higher-
dimensional information to it.

Definition 7.3.3. Let C,D be two oo-categories; the co-co/end of a
simplicial map F : C°? x C — D is the co/limit ¢ F of the composition

™w(C) =P xC LD (7.84)

The main interest of the authors in [HGN17] is to formulate an analogue
of A.5.13, which characterises the Grothendieck construction of a Cat-
valued functor as a particular weighted colimit (see 4.2.2).

It is rather easy to formulate such an analogue definition: this appears
as [HGN17, 2.8].

Definition 7.3.4 (op/lax colimit of F'). Let F' : C — Cato, be a functor
between oco-categories. We define

e the slice fibration for C € QCat to be the functor of quasicategories
Xxc : C = QCat sending C € C to C/C, and dually the coslice fibration
to be x¢ : C — QCat : C +— C/C;

e the lax colimit of F' to be the coend

C
55 C/C x FC: (7.85)
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e the oplax colimit of I to be the coend
C
yﬁ C/C x FC. (7.86)

The Grothendieck construction associated to F, discussed in [Lur09]
with the formalism of un/straightening functors results precisely as the
oplax colimit of F'. This is concordant with our 4.2.2 and 4.2.3.

A Fubini rule for co-coends
The following section establishes the analogue of 1.3.1 for co-coends; the
present proof, as it stands, currently appears as [Lor18].

We freely employ the terminology on oo-category theory recalled in
§A.8. In particular we denote Kan the category of Kan complexes i.e.
simplicial sets that lie in the orthogonal of all horn inclusions A} —
Aln], for 0 < k < n and n > 0; the nerve functor N : Cat — sSet
establishes a Quillen equivalence between the category of categories and
the category of simplicial sets; fibrant objects in the latter category are
the oco-categories of [Lur09].

Lemma 7.3.5. Let C be a small co-category, and D be a presentable oo-
category; then D is tensored and cotensored over S = N(Kan) (the oo-
category of spaces). This entails that there is a two-variable adjunction

PP xD X2 s sxDED  SPxD LD (7.87)
such that
DX ®D,D") = S8(X,Mapp(D,D")) = D(D, X th D) (7.88)
From the existence of these isomorphisms it is clear that

VeaWeD)2We(VeD)=2(VxW)®D (7.89)
VAaWhD)2Wh((VhD)2(VxW)hD (7.90)
Lemma 7.3.6. Let F : C°°? x C — D be a oco-functor and C,D oco-

categories as in the assumptions of 7.3.5. Then

o > fc F is functorial, and it is a left adjoint;
e ' fC F is functorial, and it is a right adjoint.

Proof We only prove the first statement for coends; the other one is
dual.
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Since fCF = colimyyc)(F o ¥) = colimyy ) oX*(F') results as a
composition of co-functors, it is clearly functorial; then

o colimyy(c)

is a left adjoint because it is a composition of left adjoints (¢ = ¢* is the
constant functor inverse image of the terminal map TW(C) — *).
Dually, the left adjoint to [, is given by Lany, oc¢(D). O

Now, the Fubini rule asserts that when the domain of a functor F :
A°P x A — D is of the form (C x £)°P x (C x &), then the co/ends of F’
can be computed as ‘iterated integrals’

(C,E) CE EC
/ Fg/ Fg/ F (7.92)
/ P / P / F (7.93)
(C,E) CE EC

These identifications hide a slight abuse of notation, that is worth to
make explicit in order to avoid confusion: thanks to 7.3.6 the three ob-
jects of (7.92) can be thought as images of F' along certain functors, and
the Fubini rule asserts that they are linked by canonical isomorphisms;
we can easily turn these functors into having the same type by means of
the cartesian closed structure of sSet (somewhat sloppily, we denote the
internal hom of £, D as [£,D]):

[CPXCxEPXED] [CPxCxEPXED] [CPxCxEPxXED]

[CP x C,[E°P x £,D]] [E°P x &,[C°P x C,D]] [(C xE)°P x (CxE),D]

[C”ch,f'f]l l[swxs,fc]
[c°P x C, D] [£°P x €, D] Jem
| |
D D D

(7.94)

(of course, we can provide similar definitions for the iterated end functor).
Once that this has been clarified, we can deduce the isomorphisms
(7.92) and (7.93) from the fact that the three functors fCE, fEC, f(C’E)
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have right adjoints isomorphic to each other, and hence they must be
isomorphic themselves.
This argument evidently mimics the one given in 1.3.1.

Proposition 7.3.7. The functor R = Ranx(c(_)) acts ‘cotensoring
with mapping space’:

D ((c, C") v Mape(C,C") D) (7.95)
Dually, the functor L = Lanx(c(_)) acts ‘tensoring with mapping space’:
D ((c, ") s Map,(C,C") @ D) (7.96)

Proof We only prove the first statement about R; the other one is dual.
It turns out that the statement relies on very well-known features of
simplicial categories: we move to that setting, lacking an equally simple
and conceptual quasicategorical proof.
Recall from 7.2.11 that translating this result into the simplicially-
enriched setting, we get the coherent end of a simplicial functor F :
A — B of Kan-tensored and cotensored simplicial categories as the end

A AlLAY
9§ F(A, A) = / SAIAA"] ® F(AL, A7) (7.97)

defined in 7.2.11; the object 0.A[X|Y] is a cofibrant resolution of the hom
functor, regarded as the identity hom : A ~» A. In view of this, and since
the weighted colimit functor

_®=:[X°P Kan] x [X,B] = B: (G, F) — colim“F (7.98)

is functorial in its F' argument, is also a left adjoint with right adjoint
the cotensoring with the weight:

D(W @ F, D) = [X,D|(F,W i D). (7.99)

Since gSA F(A, A) 2 6A® F is the weighted colimit with 6.4 as a weight,
it turns out that there is an adjunction

$' =A@ _ A ADNXYSAX|Y]hD (7.100)

and by the uniqueness of adjoint functors (of course valid also in this
setting) we obtain that Rany oc(D) = §.A th D. O
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The Fubini rule now follows from uniqueness of adjoints: in diagram

AF. [ F —— ADACC' AEE' Map(C, C") th (Map(E, E') th D)
Ik
AF. [E[9 F —— ADAEE'ACC' Map(E, E') th (Map(C, C") th D)
Il2
(G.E) I ’ ,
AF. [P F——— ADACEC'E' (Map(C, C') x Map(E, E')) th D

II?
Map((C, E), (C', E")) th D
(7.101)
the vertical isomorphisms on the right are justified by (7.90). A com-
pletely analogous argument, using (7.89) instead, and the left adjoints
given by tensoring with the derived mapping space, gives the Fubini rule
for (7.93).

7.4 Co/ends in a derivator

The theory of derivators provides a purely 2-categorical model for higher
category theory, where all the coherence information is encoded in con-
ditions that are imposed on suitable diagrams of 2-cells.

The theory was invented by A. Grothendieck in order to address the
many shortcomings of triangulated categories, a categorical structure
naturally arising in stable homotopy theory.

Here we only sketch some of the basic definitions needed to pave the
way to 7.4.4 below.

Definition 7.4.1 (The 2-category of prederivators). We define a 2-
category PDer such that

e an object of PDer, called prederivator, is a strict 2-functor D : cat®? —
Cat;

e a morphism of prederivators is a pseudonatural transformation be-
tween pseudofunctors, i : D = D;

e a 2-cell between morphisms of prederivators is a modification (see
7.1.3) © : = 1’ between pseudonatural transformations.

Notation 7.4.2. Along this paragraph we employ a local notation
which is specific of the literature in derivator theory: the terminal cat-
egory is often denoted e (perhaps French for ‘ensemble avec un seul
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élément’); small categories are in Roman uppercase I, J, K ... and func-
tors are in Roman lowecase v : I — J. If uw : I — J, then its image
along a prederivator D is denoted u* : D(J) — D(I). A morphism of
prederivators has components Fy : D(I) — D/(I) and it is specified by
families of invertible 2-cells 7, : F; o u* = u* o F; subject to suitable
coherence conditions.

The notion of derivator is a refinement of 7.4.1, originally motivated
by the desire to provide a satisfactory axiomatisation for triangulated
categories —and more generally, homotopy categories of model categories—
that only appeals to 2-categorical language.

A derivator is then a prederivator that satisfies the following addi-
tional conditions (we adopt the same labeling convention of [Grol3]):

Der1) The functor D(I U J) — D(I) x D(J) obtained from the canonical
inclusions 47 : I — I U J < J :i; is an equivalence.

Der2) Each object j : e — J induces a family of functors D(J) EMR D(e);
we ask that this family jointly reflects isomorphisms, i.e. a morphism
f € D(J) is invertible if and only if each j*f is invertible in D(e).

Derg) Each functor u* : D(J) — D(I) induced by uw : I — J admits both
a left adjoint u; and a right adjoint u.. These functors are called,
respectively, the homotopy left Kan extension and homotopy right Kan
ertension along u.

Der4) Given a functor v : J — K, and the two squares in the left column be-
low, there exist two squares in Cat, in the right column below, induced
by the colax pullbacks defining the slice and coslice categories:

ts
J, D(Jjy) ——

IR

J—>

k >

Ty —— D(J) — > D(e)

J el e
J— K D(J) —— D(K).

We ask that these squares are filled by invertible 2-cells @y : tip* =
k*uy, and wy : k*u, = top*.

Remark 7.4.3. Taken all together, the axioms of derivator are meant
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to ensure that we can build a theory which is expressive enough for
applications: te fundamental idea is that we can do category theory
‘over cat’ as a family of large categories D(J) contravariantly depending
on functors u: I — J.

Let’s take a deeper look at the axioms: (Der1) asks D to act inde-
pendently on different (finite) connected components; (Derz) asks that
being an isomorphism in D(J) is a ‘local’ notion; the other two axioms
are meant to express the fact that we can compute left and right Kan
extensions for every functor u : I — J (Derg), and that these exten-
sions are pointwise (Derg). More precisely, axiom (Derg) (see [Grol3,
1.10]) states that these Kan extensions can always be computed with a
pointwise formula; since, according to our 4.1.7, Kan extensions can be
identified with weighted co/limits on representable weights, and more
precisely because all the following concepts are equivalent:

the left Kan extension of F': 4 — C along G : A — B computed in B;
the weighted colimit of F’ with respect to the representable hom (G _, B);

the conical co/limit of F' over the category of elements of hom(G _, B);

the conical colimit of the diagram (G/B) — A £, B over the comma
category of G and B.

we can try to express co/end calculus using pointwise Kan extensions in
a derivator. We exploit two basic facts: first, according to 1.2.3 co/ends
are colimits over twisted arrow categories (or suitable opposite thereof);
second, co/limits are Kan extensions along terminal arrows p : K — .

With these remarks in mind, let TW(K) be the twisted arrow category
of K (see 1.2.2) or equivalently the category of elements (see A.5.9) of
hompg, for a small category K; then there exists a functor X = (¢, s) :
TW(K) — K x K (see A.5.13).

Definition 7.4.4 (Homotopy coend in a derivator). Let D be a deriva-
tor, and K € cat a category. The homotopy coend

%K :D(J x K x K) — D(J) (7.102)

is defined as the pseudonatural transformation with components ob-
tained from the composition

]

K,[J] -
55 :D(J x K x K) =5 D(J x Tw(K)) 25 D(J)  (7.103)
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Remark 7.4.5. If we rephrase the above definition in terms of the

shifted derivator D(J|_) : cat®® — Cat of D, i.e. the functor I =
xS D(I x J), the homotopy coend gSK defines a morphism be-
tween the shifted derivators D(K°P x K|_) — D. (Pseudonaturality fol-
lows from a simple pasting rule between pseudonatural transformations:

filling in the details is straightforward.)

Remark 7.4.6 (Homotopy ends as homotopy limits). We can state
the dual notion of homotopy end in D: it is enough to replace p; with
the right adjoint p, computing limits instead of colimits in the definition
above (the twisted arrow category shall be replace by a suitable opposite
thereof): in components,

/ L D(J x K x K) 775 () x tw(K)) 25 D(J)  (7.104)
K]

Lemma 7.4.7. If F : D — I’ is a morphism of derivators, there is a
canonical ‘comparison’ morphism

c: [FoF s Fo " (7.105)
obtained as the composition

pro(t,8) 0 F % 1 x KoP x KK

e T

ID)(J x K x KOp) —P!OFJXLxT\xf(K)o(tas)*% D/(J) (7106)

~_ v

Fyxropio(t,s)*

where the second morphism results from the pasting of 2-cells:

D' (e) D' (J) D(J)
IR, e
D' (e) D(e) D(.J)

Proof The morphism F : D — D' has components Fy : D(I) — D'(1)
and there is a 2-cell filling the central square in (7.107). This allows for
(7.106) to be a well-posed definition. The rest is an easy check of pseudo-
naturality conditions, following from conditions on the data defining
S. O



236 Higher dimensional co/ends

A derivator morphism F preserves homotopy coends (i.e. the above
2-cell is invertible) if (and only if? Think about it: is it still possible to
describe a co/limit as a certain co/end) it preserves colimits, or more
generally left homotopy Kan extensions. Dually, F' preserves homotopy
ends if (and only if?) it preserves right homotopy Kan extensions.

Exercises

7.1 Study the category of 2-profunctors with the composition of 1-cells
given by the lax coend

poq(4,0) =g§ p(A, B) x (B, C)

e the 3-category 2-Cat can be embedded into 2-Prof in various ways,
using F' + hom(F, 1), F — hom(F* 1), etc.; what is the strictest
of these embeddings? Are they fully faithful in a suitable sense?

e Is there an adjunction hom(F,1) 4 hom(1, F)? Or rather an ad-
junction hom(F*#, 1) 4 hom(1, F*)?

e Does 2-Prof have a dualiser in the sense of 5.3.17 Does it have
products, coproducts?

7.2 A lax colimit for a diagram F' : J — K in a 2-category K is an
object L with a laz cocone {F'.J — L | J € J} satisfying a suitable
universal property (state it, mimicking —the dual of- 7.1.1).

7.3 Dualise 7.1.1: state the definition of lax cowedge S = d for a 2-
functor S : A°? x A — B; state the definition of lax coend for S
as an initial cowedge, the representing object of the functor d —
LCwd(S, d).

7.4 Prove that the bar and cobar complexes define functors

B(_.C,F) B(G.C,_) C(_,C,F) C(G.C,_).

Deduce that there exists a canonical morphism B(G,C, F) — NC in
the category of simplicial sets.

Prove that if F;G : C — Set are parallel functors, there is an
isomorphism

B(G,C,F)? = B(F,C°?, Q).
Prove that the bar complex is isomorphic to the nerve of a certain

category of elements (see A.5.9). Can you provide an intuition about
this identification? Dualise this statement.
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7.5 Define co/face and co/degeneracy maps for the co/simplicial objects
Y (T) and W(T) of 7.2.13 (hint: there is an isomorphism

)

T (X, X)) 22 (7(x, X, AR ) T

and you want to assemble a map Y (T)"~! — Y (T)" from its compo-
nents ILA[X] h T'(X1, X,,) — Y (T)™; this defines d°. The map d" is
defined via an isomorphism ¢ and a similar argument).

7.6 @@ Prove the Fubini theorem for simplicially coherent co/ends: given
a functor T : AP x A x B°P x B — C, then

yﬁA <§1§B T(A,A,B,B)) o~ gﬁ(A’B)GAXBT(A,B,A,B)
o §1§B <§1§A T(A,A,B,B))

(hint: it is a simple theorem about the relation between (A x B) and
dA x dB and about 1.3.1).

7.7 Prove that [F, G] = Cata(F, Q) = [F, G], using 7.2.11 and a formal

argument.

7.8 Prove that the isomorphisms (7.77) and (7.78) hold, and thus define
coherent Kan extensions for simplicial functors.

7.9 Prove that the standard resolutions of 7.2.19 ‘absorb coherence’ in
coherent Kan extensions, showing that

Rang F = hoRang F Lang F = hoLang F.

(a preliminary lemma: prove that F(_) = [, FASA(=A)),

7.10 Find an expression for hoRang F', given a cospan of functors Cata (C, sSet) A
AL Cata (B, sSet).

7.11 ®® Prove that fK : D(K°P x K|—) — D defines a morphism of
derivators (you can either prove that a functor v : K — L induces a
morphism between the shifted derivators D(L|—) — D(J|—), or prefer
an explicit argument —both ways are considerably long).

7.12 Prove that ‘coends in a derivator are pointwise’, i.e. that given
an arrow j : e — J there is a canonical isomorphism j*( i K x ) =
[ j*X for each X € D(J x K x K).

7.13 State and prove the Fubini theorem for homotopy coends in D: the
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diagram

]D)(J % Ko x Loo) (JXT g xL°°)*

D(J x TW(K) x L°°)

D(J x TW(K)) — D(J)

commutes for canonically determined 2-cells o and f.

7.14 We define a bimorphism between three derivators to be a family of
functors

Bry: D) xE(J) = F(I x J)
in Cat endowed with 2-cells 7, 4, filling the diagrams
D(J;) x E(Jz) ——=F(J1 x Ja)
.
D(I) x E(Iy) ——=F(I1 x I1)

These vy, .4, are subject to certain coherence conditions: for every
pair (a1, @2) of natural transformation «, : ue = v, : I. = J. and
€ = 1,2 we have that the two diagrams

(up X ug)* o (v1 X v2)* o B . (u1 X ug)* o Bo (vf x v3)
l'y
v
Bo (uf x u}) o (v x v3)
(ur X ug)* o B——= (u} X ub)* o B
vl J{v
Bo (uf x uj) — Bo (uf* x u)

commute. Write suitable diagrams of 2-cells expressing these commu-
tativities less tersely. Show that there is a category Der,((D, E), F) of
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bimorphisms of derivators, and that there is an equivalence
Der,((D,E),F) = Der(D x E, F)

Is there a way to prove this result using the fact that the right side
is a pseudo-end?

7.15 ®® Let DSt be the discrete derivator sending a small category J
into the functor category Set’ = Cat(.J, Set). State a definition and
an existence theorem for weighted colimits in a derivator D: given a
small category I € cat and a bimorphism B : (D%, D) — D(—|I), we
define the colimit of X € D(J), weighted by W € D5¢*(J°P) as the
coend (in D) fJ W H X, i.e. as the image of the pair (W, X) under
the composition

J,[1]
DI x J11) L p(1).

Hjop, s

DS (JOP) x D(J)



Appendix A

Review of category theory

SUMMARY. The scope of the present appendix is to recall the
bare minimum of category theory that we employ along the book.
This is also meant to fix our notation beyond what is already done
in the introduction. Even though we assume the typical reader of this
book is already acquainted with basic category theory, we will still
indulge in a certain desire of self-containment: as a rule of thumb,
capital results like A.5.3 or A.5.7 are proved in full detail; most of
the other proofs are barely sketched, and some of the marginal results
are not proved. It is in fact unrealistic to aim at such a big target as
providing a complete account of basic category theory in this appendix;
the reader not feeling at ease while consulting the present section is
warmly invited to parallel it with more classical references as [ML98,
Riel7, Leil4, Sim11].

A major explanation for the cognitive advantages of

diagrams is computational offloading: They shift some of

the processing burden from the cognitive system to the
perceptual system, which is faster and frees up scarce
cognitive resources for other tasks.

Daniel L. Moody — [Moo09]

A.1 Categories and functors

In simple terms, a category is a structure capable to abstract a number
of working assumptions of everyday mathematics:

e All objects of a given ‘kind’ can be collected in a class;

e such objects form coherent conglomerates, allowing for relations be-

tween structures to form;

240
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e far from being rare, these relational conglomerates are pretty common
and arise at every corner of pure and applied mathematics.

Of course, it is not trivial at all to define what is the ‘kind’ of a structure;
nor it is easy to define properly what is the process leading to the forma-
tion of ‘homomorphisms’, understood as a map preserving the structure
(why a ‘homomorphism of topological spaces’ is a continuous function
and not an open map?). As always, only experience gives the right an-
swer to such questions; but category theory is of great help in building
and strengthening some sort of sixth sense for which Mathematics among
the many is ‘the right one’

Lacking the sufficient authority to break the unspoken rule that a
mathematician should talk about explicit theorems or concrete exam-
ples, and not about speculations, we shall refrain from this kind of ram-
blings into philosophy of Mathematics. The problem of what is category
theory, and what’s it for, and what’s there to do in it, has however been
addressed to some extent. A much better informed opinion than ours
can be found in [Kr607, MZ10]:' we warmly invite the interested reader
to refer to these sources, but it is our humble opinion that a too deep
study of the philosophical ground that made category theory possible
quickly turns out to be counterproductive, when is not backed up by at
least an elementary knowledge of his techniques.

Definition A.1.1 (Category). A (locally small) category C consists of
the following data:

c1) A class C, whose elements are termed objects, usually denoted with
Latin letters like A, B, .. .;

c2) A collection of sets C(A, B), indexed by the pairs A, B € C,, whose ele-
ments are termed morphisms or arrows (see A.1.3 below) with domain
A and codomain B;

This shows how category theory fits into a solid track of prior philosophical and
mathematical research; in a certain sense it is the pinnacle of such research, and
the result of its declination in the field of pure mathematics: category theory is

what structuralism becomes when it is merged with mathematical craftmanship.
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€3) An associative? composition law
o=o¢ apc :C(B,C)xC(A,B) - C(A,C): (g, f) —gof (A1)

defined for any triple of objects A, B,C. The composition o(g, f) is
always denoted as an infix operator, g o f := o(g, f);

c4) for every object A € C, there is an arrow id4 € C(A, A) such that for
every A,Be€C,and f: A— B wehave foidg = f =idgof.

Remark A.1.2 (On composition). From time to time, the composition
go f in a category may be denoted by similar ‘monoid-like’ infix opera-
tions as g - f or g e f, or even mere juxtaposition gf. What will never
happen is that we denote function application and morphism composi-
tion with an infix semicolon as in f ; g.

Remark A.1.3 (On arrows). The fact that for every f € C(A, B) we call
A the domain of f and B the codomain of f suggests how a morphism
can be pictorially represented as an arrow f : A — B ‘traveling’, so to
speak, from the domain to the codomain. Alternative notation for the
set of arrows A — B are: hom¢ (A4, B), hom(A, B) (when the category C
is understood from the context), or more rarely [A, B].

Remark A.1.4 (On morphism application). There are few illustrious
exceptions to the tradition of accumulating function symbols to the left,
when denoting the composition

fanofu—10--0f1 (AQ)

of a tuple of morphisms C;_; ELN C;. We stick to the most common
notation that function application is on the left, without further mention;
in this sense, a composition A ENY;IEN C is written g o f.

The fact that composition is associative in a category C makes every
such tuple of compositions well-defined, and we will refer to the arrow
fno---o f1, where the f; are composed according to an arbitrary paren-
thesisation, as the composition of the tuple (f,,..., f1).

Definition A.1.5 (Functor). Let C and D be two categories; we define
a functor F : C — D as a pair (Fp, F1) consisting of the following data:

2 If C is a class of sets, we say that a family of functions {fxyz : X x Y — Z}
indexed by the elements X,Y, Z € C is associative if

fwzu(w, fxyz(,y)) = fzyu(fwxz(w,x),y)

for every tuple X,Y, Z, U, W and elements for which this is meaningful. When
fxvz = o is the composition map of a category this translates, of course, into
the familiar associativity property u o (v ow) = (uov) ow.
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F1) Fp is a function C, — D, sending an object C' € C, to an object
FC € D,;

F2) Fy is a family of functions Fap : C(A, B) — D(F A, FB), one for each
pair of objects A, B € C,, sending each arrow f : A — B into an arrow
Ff:FA— FB, and such that:

o Faa(ida) = idpa;
e Fac(goc f) = Fpc(g) op Fap(f).

Remark A.1.6. Every family of arrows Fap like in A.1.5.F1,F2 will
be said to satisfy a functoriality property; from now on, we will always
denote both the action on objects and on arrows of F' with the same
symbol F: so, F' sends an object A into F'A and an arrow f : A — B
into an arrow F'f : FA — FB.

Definition A.1.7 (Subcategory). Let C be a category. A subcategory S
of C is a category defined by the following conditions

sc1) The objects of S form a sub-class of the class of objects of C;
sc2) For every A, B € S, there is an injective function S(4, B) C C(A4, B).

If in the second condition above the inclusion is in fact an equality, or a
bijection, the subcategory is called full.

Definition A.1.8 (Isomorphism). Let C be a category, and f: A — B
one of its morphisms. We say that f is an isomorphism (or an invertible
morphism) if there exists a morphism ¢ : B — A going in the opposite
direction, such that fog = idg and go f = idy. When A = B we
call an arrow f : A — A an endomorphism, and an invertible arrow an
automorphism of A.

Remark A.1.9. As it happens for groups, if an inverse of f : A — B
exists, then it is unique: if there are two such inverses,

g=goid=gofog =4

using associativity of the composition and the definition of inverses.> We
can thus call an inverse of f the inverse f~1.

Example A.1.10 (Examples of categories).

c1) Let’s rule out all edge examples in a single item: the empty category,
having no objects and morphisms, satisfies all axioms of A.1.1. So does

3 Note that this is actually showing something stronger: if f has a left inverse g,
and a right inverse g/, then f is invertible, and g = ¢’.
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c2)

C3)

C4)

C5)

C6)

the singleton category, having a single object * and a single morphism,
its identity id,. Every set A can be regarded as a category A%, having
as objects the elements of A, and where A%(x,y) = @ if 2 # y, and
where there is a unique arrow x — x, which must be the identity id,.
This is called the discrete category on the set A. In a dual fashion,
every set A can be regarded as a category AX, having as objects the
elements of A, and where AX(z,y) has exactly one element for each
pair (z,y) € A x A; this is called the chaotic category on the set A.
The collection of sets, and functions between sets is a category Set.
The set Set(A, B) is the set of all functions f : A — B, seen as the
subset of the power-set of A x B of those relations that are functions
(i.e. such that for every a € A such that (a,b) € f there is a unique
such b € B).

The above category contains as (nonfull) subcategories those of struc-
tured sets, having objects the sets endowed with operations like groups,
rings, vector spaces, and morphisms the homomorphisms of these
structures (homomorphisms of groups, rings, linear maps of vector
spaces, ...). These categories are denoted with evocative terms like
Grp (groups and their homomorphisms), Ab (abelian groups and their
homomorphisms), Mod(K) (vector spaces and linear maps), or more
generally Mod(R), Gph (graphs? and their homomorphisms). ..
Moreover, there is a category of topological spaces, whose objects are
pairs (X, 7) (7 is a topology on the set X) and the morphisms f :
X — Y are continuous functions.

Every partially ordered set (poset) P endowed with a relation ‘<’ can
be seen as a category P. Indeed, the objects of P are its elements, and
there is an arrow  — y if and only if # <y in P (in all other cases,
the set P(x,y) is empty).

Every monoid M can be regarded as a category M with a single object
*)7, and where the set of arrows m : 37 — 7 is the set of elements
of M; indeed, in this case, the monoid axioms and the axioms in A.1.1
translate perfectly into each other. The group of invertible elements
of M identifies to the automorphism group of the unique object ;.
Given this, every group G can be regarded as a category with a single
object, such that every morphism is invertible.

A graph consists of a pair of sets E,V (edges and vertices) such that E CV x V;
a graph homomorphism is a pair of functions fg, fiy between the sets of edges
and vertices of two graphs. A graph G = (E,V) is directed if each element
(eo,e€1) in E is an ordered pair; in this case eqg is the source or domain of the

edge and e; is its target or codomain. Of course, a category can be regarded as a
(possibly UT-)graph of a particular kind.
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¢7) Given a directed graph I', we can consider the free category generated
by the graph: its class of objects is the same collection of vertices of
I'; given two vertices U,V the set of morphisms f : U — V is the
set of paths U — W; — .- — W,, — V of length n; composition
of morphisms is concatenation of paths; the identity morphism is the
(unique) empty path of length 0.

Definition A.1.11. Let C be a category; we say that an arrow f : X —
Y is

ME1) a monomorphism if every two parallel arrows u,v : A = X such that
fou= fow are equal,

ME2) an epimorphism if every two parallel arrows u,v : Y = B such that
uo f=wvo f are equal.

These conditions are in turn respectively equivalent to the following ones,
stated in terms of the hom-sets of C: the arrow f: X — Y is

EM1) a monomorphism if for every object A the function C(A4, f) : C(4,X) —
C(A,Y) :uw fouis injective;

EM2) an epimorphism if for every object B the function C(f, B) : C(Y, B) —
C(X,B):uw uo f is injective.

Arrangements of objects and arrows in a category are called diagrams;
to some extent, category theory is the art of making diagrams commute,
i.e. the art of proving that two paths X - A1 - A3 —» - =5 A, > Y
and X — By — -+ — B, — Y result in the same arrow when they are
fully composed.

We attempt at the difficult task of providing a precise formalisation
of what is a commutative diagram; it is with a certain surprise that we
noticed how even reliable sources as [ML98, AHS90] fail to provide more
than a bland intuition for such a fundamental notion.

We begin recording an easy and informal remark.

Remark A.1.12 (Diagrams and their commutation). Depicting mor-
phisms as arrows allows to draw regions of a given category C as parts of
a (possibly non planar) graph; we call a diagram such a region in C, the
graph whose vertices are objects of C and whose edges are morphisms
of suitable domains and codomains. For example, we can consider the
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SN

diagram

The presence of a composition rule in C entails that we can meaningfully
compose paths [ug, ..., u,] of morphisms of C. In particular, we can
consider diagrams having distinct paths between a fixed source and a
fixed ‘sink’ (say, in the diagram above, we can consider two different
paths P = [k, p,g] and Q = [v,u]); both paths go from X; to X3, and
we can ask the two compositions o[k, p,g] = kopog and v ou to be the
same arrow X1 — X3; we say that a diagram commutes at B3, 2 if this
is the case; we say that a diagram commutes (without mention of B, Q)
if it commutes for every choice of paths for which this is meaningful.

Searching a formalisation of this intuitive pictorial idea leads to the
following:

Definition A.1.13. A diagram is a map of directed graphs (‘digraphs’)
D :J — C where J is a digraph and C is the digraph underlying a
category.® Such a diagram D commutes if for every pair of parallel edges
f,g:1=371in J one has Df = Dg.

Definition A.1.14 (Full, faithful, conservative functors). Let F : C —
D be a functor between two categories.

FFC1) F is called full if each Fxy : C(X,Y) — D(FX,FY) in A.1.5.F2 is
surjective;

FrFC2) F is called faithful if each Fxy : C(X,Y) - D(FX,FY) in A.1.5.F2
is injective;

Frcy) F is called fully faithful if it is full and faithful;

FFC4) F' is called conservative if whenever an arrow F'v is an isomorphism

in D, then the arrow v is already an isomorphism in C.%

Every small category has an underlying graph, obtained keeping objects and

arrows and forgetting all compositions; there is of course a category of graphs,

and regarding a category as a graph is another example of forgetful functor. Of

course, making this precise means that the collection of categories and functors

form a category on its own right.
6 Note that the fact that F preserves invertibility of v is a consequence of the
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Remark A.1.15. A subcategory S C C is full if and only if the inclusion
functor S < C is full in the sense of A.1.14.FFC1 above.

A.2 Natural transformations

Category theory was born in order to find the correct definition of a
natural transformation.

The original motivation for this search lied in algebraic topology: there
are two well-known ways to attach an homotopy invariant algebraic struc-
ture to a topological space X:

e the homotopy groups 7, (X, ), obtained as homotopy classes of pointed
maps S™ — X; these are abelian groups if n > 2, and they are noto-
riously from-difficult-to-impossible to compute;

o the homology groups H,(X,Z) with integer coefficients, a family of
abelian groups way easier to compute, and very well-behaved, but not
as expressive and comprehensively descriptive as homotopy groups.

The two constructions are tightly linked: the homology group H, (X, Z)
is obtained as the n-th homology of the chain complex whose groups of n-
simplices are free on the set of all continuous functions Sp: D™ — X (D"
is the n-dimensional ball, identified up to an obvious homeomorphism
with the topological n-simplex of 3.1.2); since H,,(S™,Z) = Z{u), the ho-
motopy a continuous function f : S™ — X determines a unique element
fe(uw) == Hp(f)(u) € Hp(X), and this defines a function 7, (X, z) —
H,(X,7Z) by sending f to f.u.

Now, a capital observation is in order: this construction is compatible
with the functoriality of 7,,, H, in the following sense. If g: X — Y is a
continuous function of spaces, then the square

T (X) —Ls H, (X)

g*l lg* (A4)

T (Y) o H,(Y)
is commutative, so that the maps hx : 7, (X, z) = H(X,Z) ‘coherently’
or ‘naturally’ vary according to the action of 7,,, H,, on morphisms (since
functoriality conditions in A.1.5; one also often says that a functor F' is

conservative if, besides preserving them, it reflects isomorphisms. A conservative
functor is thus such that v is invertible if and only if Fv is invertible.
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a category is just a bunch of objects linked by morphisms, it is ‘natural’
to ask functors to preserve composition, and to families of morphisms
ax : FX — GX between two functors to vary accordingly, in the same
sense of (A.4)).

This leads directly to the notion of natural transformation.

Definition A.2.1 (Natural transformation). Let F,G : C = D be func-
tors between two categories; a natural transformation T : F = G consists
of a family of morphisms 7x : FX — GX, one for each object X € C,,
called the components of the transformation, such that for every mor-
phism f: X — Y the diagram

rx 29 gy

A >

GX —GY
G(f)

commutes, i.e. we have the equation v o F(f) = G(f) o 7x.

Definition A.2.2 (Natural equivalence). Let F,G : C = D be two
parallel functors. A natural transformation 7 : F' = G such that every
component is an isomorphism in D is called a natural equivalence or (less
often) an isomorphism of functors, or a functorial isomorphism.

Note that if 7 : F = @ is a natural transformation, and each compo-
nent 7¢ : FC — GC'is an isomorphism in D, then the family of maps
To ! is also natural.

Definition A.2.3 (Whiskering). Let 7 : F' = G be a natural transfor-
mation between functors F, G : C = D; given a third functor H : H — C,
we define the natural transformations

7«H:FH=GH:(r*H)c =7ygc: FHC - GHC (A.6)

Similarly, given a functor K : D — K we can define the natural trans-
formation

Kx7:KF=KG:(Kx*x1)c =K(1¢) : KFC - KGC (A7)
It is clear that the two equations

(r*H)«H =71%(HoH') (A.8)
K'x(Kx7)=(K'oK)*T1 (A.9)

hold true for every 7, H, H', K, K’ that make them meaningful. It is
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equally obvious that (K x7)* H = K * (7« H). This operation is called
whiskering, since it acts ‘drawing whiskers’ on the left and on the right
of 7

F
H-Eoc DKk (A.10)
\C:_j

Finally, we make precise the idea that categories and functors form a
category in their own right:

Remark A.2.4 (The category of functors). Let C,D be two small cat-
egories; then the functors F': C — D form the object class of a category,
whose morphisms « : F = G are the natural transformations. Two
natural transformations can be joined component-wise, in such a way
that if F = G :ﬁ> H, we have that the components of the composite
transformation S o a are

(Boa)c =P oac. (A.11)

The naturality square is of course

FC -2 o2 HC
Ffl Gfl J/Hf (A.12)
FC’ elod HC

[e¥els ﬂC/

The identity in Cat(C,D)(F, F) is the natural transformation having
object-wise identity components. This is called the vertical composition
of natural transformations, because «, 8 can be arranged in a diagram

SN
C——DD (A.13)

N

H

and the natural transformation 5 o « is the result of stacking «, 5 one
on top of the other.

Now, we shall show that there is another way to compose the natural
transformations 8 and « called horizontal composition: let A,B,C be
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three categories, and F, G, H, K functors arranged as follows:

F H
TN TN
A%;B\Uﬁfc (A.14)
K

Definition A.2.5. Given categories A, B,C, functors F,G : A — B
and H, K : B — C we can define the horizontal composition of natural
transformations « : F = G and 8 : H — K to be the natural trans-
formation 8 a, whose components are defined thanks to the fact that

(BxG)o(H+a)=(Kx*a)o(8x*F) (as it is easy to check):
(aEﬁ)X:BGXOH(ax):K(ax)Oﬁpx. (A15)

Applying the definition, we can show that the horizontal composition
is (well defined and) associative, in the sense of A.1.1.(3).

Definition A.2.6 (Categorical equivalence). Let C, D be two categories.
An equivalence of categories (F, G, &, n) between C and D cousists of two
functors F': C — D,G : D — C endowed with two natural equivalences
£ FoG —ide e n: GoF = idp between the two compositions of F'
and G and the respective identity functors of C and D (see A.1.5.F1). If
this is the case, the categories C and D are called equivalent; we write
c=0D.

Remark A.2.7. It is quite common to denote an equivalence with the
only functor F' : C — D, and to say that it is an equivalence if there
exists a functor G in the opposite direction, and natural transformations
&, n such that the tuple (F,G,&,n) is an equivalence; this is customary
and harmless since (as we will observe in A.4.2) such a G is unique up
to natural isomorphism, provided it exists.

The richness of category theory is to some extent due to the fact
that the correct way to assert ‘sameness’ for two categories is the above
definition of equivalence, and not the stricter notion of isomorphism:

Definition A.2.8 (Isomorphism of categories). We call two categories
C, D isomorphic if there is an invertible functor (called an isomorphism
between the two categories) F' : C — D; this means that there exists
G : D — C with the property that F'o G = idp and G o F = id¢.

In a certain deep sense, equivalences and isomorphisms of categories
stand in the same relation as homotopy equivalences and homeomor-
phisms of topological spaces (this path leads directly to higher category
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theory. Another example is the following: observe that in A.2.7 we are
saying that the ‘space’ of inverses to F' : C — D is either empty or
contractible).

Proposition A.2.9. Let C,D two categories and F : C — D a functor.
Then, F is (part of) an equivalence of categories if and only if it is fully
faithful and essentially surjective, i.e. if every object in D is isomorphic
to some F'C lying in the image of F'.

A.2.1 Duality and slices

As for every other algebraic structure, there is plenty of ways we can
obtain new categories out of given ones.

e First of all, we observe that the shape of the axioms in A.1.1 entails
that the structure obtained taking the same object of a category C,
but where ‘all arrows have been reversed’ remains a category C°P. This
is called the dual, or opposite category of C.

e Then, we notice how given an object C' of C, the class of all arrows
with fixed co/domain C' becomes a category, called the co/slice of C.

e Finally, as for every other algebraic structure, two categories can be
arranged in a cartesian product and a disjoint union: these last two
examples will appear as part of a fairly more general theory of co/-
limits in A.3.

The first procedure we introduce is dualisation: the dual, or opposite cat-
egory of C is made by the same objects, and the same class of arrows, but
we have interchanged domain and codomain. If an arrow is represented
pictorially, as f : A — B, then its namesake in C°P is f°P : B — A.

To be more precise, there exists a functorial correspondence of Cat
into itself called duality involution and denoted (_)°P : Cat — Cat that
has the following properties: it is the identity on objects, and it is the
‘swapping’ involution on arrows, as soon as morphisms f : A — B are
identified with triples (4, B, f);

Aa—L.p AL B
, &5 Tgop (A.16)
gof f()poopgop
C C

Remark A.2.10. A commutative triangle in C as in the left diagram
gets modified as in the right diagram by the duality involution; the object
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C°P thus defined satisfies all the axioms of a category, as stated in A.1.1.
The reason why this construction is interesting is that every assertion
made in C has a ‘companion’ in C°P: in the words of [AHS90],

The concept of category is well balanced, which allows an economical
and useful duality. Thus in category theory the ‘two for the price of one’
principle holds: every concept is two concepts, and every result is two
results.

In short, the situation goes as follows: in order to define a category,
axioms regarding certain indefinite notions (object, morphism, domain,
codomain. . . ); now, every statement ¢ made in the language of category
theory, involving solely relations between objects of C and the notions of
object, arrow, domain, codomain, identity, composition is valid in said
language if and only if the statement ¢°P obtained from ¢ substituting
each occurrence of ‘go f” with ‘ f°P o ¢°P’, and every occurrence of domain
(resp., codomain) with codomain (resp. domain).

Of course, this does not mean that a statement ¢ about a commutative
diagram is true in C if and only if ©°P is true in C! Exercise A.4 will show
that (for example) the opposite category of Set is not equivalent to Set,
exhibiting a property that Set°® does enjoy, while Set does not.

Definition A.2.11 (Contravariant Functor). Let C, D be two categories.
A contravariant functor is a functor F : C°? — D (in the sense of A.1.5);
more explciitly, a contravariant functor amounts to the same data of
A.1.5, where the second condition in F2 is replaced by F(gof) = F foFg,
for every pair of composable morphisms f, g.

Functors in the sense of A.1.5 are called covariant.

Remark A.2.12. If we call (—)°P : C — C°P the duality involution, its
functoriality amounts to say that every functor F' : C — D induces a
functor F°P : C°P — D°P (so a contravariant functor F' : C — D°P):

F®(gof)=F((go f)?)=F(g™ o fP)=F7PfoF?g (AlT)

Similarly, to every natural transformation 7 : F' = G is associated a nat-
ural transformation 7°P : G°P = F°P (write down the relevant diagram
and check that the components of 7 are indeed reversed).

Definition A.2.13 (Slice categories). Let C be a category and C € C
be an object of C; we define

e the ‘slice’ category C/C' of arrows over C having class of objects the
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arrows with codomain C, and morphisms between f : ¢’ — C and
g:C" — C the arrows h: C' — C” such that goh = f.

e the ‘co-slice’ category C/C of arrows under C having class of objects
the arrows with domain C, and morphisms between f : C — C’ and
g: C — C" the arrows h : C' — C” such that ho f = g.

Note that C/C = (C°P/C)°P and similarly C/C = (C/C°P)°P.

Definition A.2.14 (Comma categories). The comma category of a dia-

gram S £y ¢ <€ T of functors is the category having objects the tuples
(S € 8T € T,p € C(FS,GT)), and morphisms the pairs (u : S —
S’ v: T — T’) such that the square

Fs - por

Lpl/ lzp/ (A18)
!

commutes. This category is denoted (F' | G) or (F/G).

The reader is invited to study a few properties of the comma category
(F/G) in Exercise A.5; we now turn our attention to the product and
coproduct of categories.

Definition A.2.15 (Product of categories). Let C, D be two categories;
we define the product category C x D to be the following structure:

e it has objects the product of the classes of objects C, x D,;
e it has as set of morphisms (C,D) — (C’,D’) the cartesian product
C(C,C") x D(D,D’).

All the axioms of a category are satisfied, as compositions and identities
are defined factor-wise and thus act independently one from the other.
Of course, the definition inductively extends to the product of any finite
number of categories C; X -+ X Cp,.

Dually, we can define

Definition A.2.16 (Coproduct of categories). Let C,D be two cate-
gories; we define the coproduct category C ] D to be the following struc-
ture:

e it has objects the set-theoretical disjoint union of the classes of objects
Co X Dy;
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e it has as set of morphisms X — Y theset C(X,Y)if X, Y € C,D(X,Y)
if X,Y € D, and the empty set otherwise.

All the axioms of a category are satisfied, as compositions and identities
are defined summand-wise and thus act independently one from the
other. Of course, the definition inductively extends to the coproduct of
any finite number of categories C; II--- 11 C,,.

Observe tat the following property holds true for the product C x D:

Let &€ be a category and C £ &5 Dbe two functors; then there exists
a unique functor £ — C x D such that the compositions &€ — C x D RN

and € = C x D % D with the projections on the factors of the product
correspond respectively to F' and G.

Observe that C [ D enjoys the same property in the dual category Cat°P,
or rather, the dual property in Cat:

Let € be a category and C £ & Dbetwo functors; then there exists a
unique functor C][ D — £ such that the compositions C = C[[D — &
and D — C][D — & with the embeddings into the coproduct corre-
spond respectively to F' and G.

The scope of the following section is to formalise the intuition that these
two construction are ‘universal’ and ‘dual’ to each other.

A.3 Limits and colimits

Right after having introduced the definition of an algebraic structure,
it is often shown that given one or more such structures one can build
others from it; one can for example assemble the product of two groups,
sets or topological spaces.

More than often the objects that are built in this way are characterised
by some sort of uniqueness; for example, there is only one way to assem-
ble two vector spaces V, W into a third space V' @ W that contains ‘no
more than V, W’; this vector space is made by pairs of vectors (v, w), and
the vector sum (v, w) 4 (v',w’), as well as scalar multiplication (v, w),
are done component-wise. Moreover, there is a diagram

VL>V®W<LW (A.19)

such that every other similar diagram V' i> U < W factors through
the first: there is a unique [f/g] : V & W — U that coincides with
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f, g when restricted to the summands, i.e. such that [f/g] oty = f and
[f/gloiw =g.

Category theory provides a very neat way to organise these data and
explain what are the essential features of this phenomenon, through the
theory of co/limits.

We assume that our reader is already familiar with elementary alge-
bra, and in particular that they are familiar with the simple idea that
algebraic structures of a same kind (e.g., groups or vector spaces) can
be assembled together.

Definition A.3.1 (Initial and terminal objects). Let C be a category.

e An object @ € C, is called initial if for every other object C' € C,
there is a single morphism i¢ : @ — C.

e Dually, an object 1 is called final o terminal if for every object C' € C,
there is a unique morphism t¢- : C' — 1.

(Note the substantial difference between ‘there is at most one morphism’
and ‘there is exactly one morphism’!)

Remark A.3.2. As a consequence of the definition, if @ is an initial
object in C, then there is a single arrow iy : @ — &, the identity of @.
Similarly, if 1 is terminal, there is a unique arrow ¢; : 1 — 1, the identity
of 1; if C has both an initial and a terminal object, then there is a unique
arrow z : @ — 1; we say that C has a zero object if z is an isomorphism.

The simple proof of the following statement will enlighten the nature
of the notion of universal property. An initial object @ € C enjoys what
is called a universal property:

Remark A.3.3. Let C be a category with an initial object @. If @' is
another initial object, then there is a unique isomorphism & = &’.

Proof Assume that there are two initial objects @, @’; then, by the
respective universal properties of @ and @', there is a unique arrow
u: & — @', and similarly a unique arrow v : @' — @&. The compositions
vou and u o v must be the identities of @ and @’ respectively, thus
showing that w, v are mutually inverse isomorphisms. [l

The notion of universal property arises to generalise this phenomenon;
if J is a category, a functor D : J — D can be thought as a diagram
(‘of shape J’) representing the category J in its codomain; for example
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if J is the category having three objects 0, 1,2 and whose nonidentity

morphisms are
0
/ \ (A.20)
1 2

then a diagram of shape J is simply a triple of objects Dy, D1, D5 linked
by similar morphisms Dy — Di1,Dy — Ds. The key observation of
the theory of co/limits is that to each diagram D one can associate
a category of cones (and dually, a category of cocones), obtained as
suitable extensions of D to a ‘cone category’ I>T , adding to J a new
initial (or terminal) object.

Extensions of this kind can be organised in categories J% if we add
a terminal object, and J < if we add an initial object, of co/cones over
J.T

This terse procedure directly leads to the following

Definition. The limit of a diagram D is (whenever it exists) the ter-
minal object in the category of its cones, and dually the colimit of D is
the initial object in its category of cocones.

Of course, we will not leave the reader alone deciphering this mysteri-
ous axiomatics; let us start to make this construction precise by defining
the

Definition A.3.4 (Cone completions of J). Let J be a small category;
we denote J* the category obtained adding to J a single terminal object
oo; more in detail, J% has objects J, U {oo}, where oo ¢ J, and it is
defined by

I, T =T(J,J)
J"(J,00) = {*}
and it is empty otherwise. This category is called the right cone of 7.
Dually, we define a category J<, the left cone of J, as the cate-

gory obtained adding to J a single initial object —oo; this means that
TSI =T(J,J), T3 (~0c0,J) = {*}, and it is empty otherwise.

Definition A.3.5 (Cone of a diagram). Let J be a small category, C

7 The reader will surely appreciate the origin of the name: if X is a topological
space, the cone of X is the space obtained adding a distinguished point oo,
disconnected from X and then adding a path from co to each point of X.
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a category, and D : J — C a functor; all along this section, an idiosyn-
cratic way to refer to D will be as a diagram of shape J. We call a cone
for D any extension of the diagram D to the left cone category of J
defined in A.3.4, so that the diagram

g2
iql (A.21)
D
g9
cominutes.

Every such extension is thus forced to coincide with D on all objects
in 7 C J<; the value of D on —oo is called the base of the cone; dually,
the value of an extension of D to J® coincides with D on J C J%, and
D(00) is called the tip of the cone.

There is of course a similar definition of a cocone for D: it is an
extension of the diagram D to the right cone category of J so that the
diagram

D

J——=C
k4
iD\L (A.22)
D
jD

commutes.
Remark A.3.6.

e The class of cones for D forms a category Cn(D), whose morphisms
are the natural transformations o : D’ = D" : J — C such that the
right whiskering of o with ¢ : J — J< coincides with the identity
natural transformation of D; this means that a morphism « of this
sort is a natural transformation such that

J

/D/ Y —idp (A.23)

J< e C
\_/
D//
as a 2-cell D = D.
e Dually, the class of cocones for D forms a category Cen(D), whose
morphisms are the natural transformations « : D' = D" : J — C

such that the right whiskering of « with ¢ : J — J% coincides with
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the identity natural transformation of D; this means that a morphism
« of this sort is a natural transformation such that

J

/D/ Y =idp (A.24)

> (03
Tr b ¢

D//
as a 2-cell D = D.

Definition A.3.7 (Colimit, limit). The limit of a diagram D : J — C
is the terminal object denoted ‘lim 7 D’ in the category of cones for D;
dually, the colimit of D is the initial object denoted ‘colim s D’ in the
category of cocones for D.

Proposition A.3.8. Let C be a category; the following conditions are
equivalent:

L1) C has all limits of shape J ;
L2) C has products indexed by every set J, and equalisers;
Lg) C has a terminal object, and pullback of every co-span X — Z «+ Y.

Dually, the following conditions are equivalent:

c1) C has all colimits of shape J;
c2) C has coproducts indezxed by every set J, and coequalisers;
¢3) C has an initial object, and pushout of every span X < Z =Y.

Proof See [Bor94a, 2.8.2] (and a suitable dual statement). We only
record that the limit of a diagram D has the same universal property of
the equaliser of the pair

wv:[[PA= ][] DB (A.25)
A f:A—>B
where the arrows (u,v) are defined as
T(f:AsB)OU=TR
T(f:a-B) oV = (Df)ma
if 7x : [[4 DA — DX denotes the projection at X coordinate. The

terminal cone exhibiting lim D is of course the composition lim D —
[I, DA — DA.
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Dually, the coequaliser of

w,v): J[ pA=]]pA (A.26)

f:A—B A

for a similar pair of arrows (u’,v") has the same universal property of
colim D. |

Definition A.3.9 (Preservation of co/limits). Let [J,C, D be categories,
J small, D : J — C be a diagram, and F : C — D a functor. Assume
that the limit lim 7 D exists in C; then, applying the functor F' to the
terminal cone X\ : J< — C of D, we get a cone I * X for the composed
diagram J Lic LD We say that F' preserves the limit of D if F * A
is the limit of F o D, i.e. if

limy (F o D) & F(limy D). (A.27)

Definition A.3.10 (Co/complete category). A category C has all limits
of shape J if every diagram D : J — C has a limit; dually, we define a
category having all colimits of shape [J. A category is said to have all
k-co/limits if it has co/limits of shape J for every category [J with less
than k objects. A category is said to have all small co/limits, or simply
all co/limits (but the implicit smallness request on 7 is needed!) if every
diagram D : J — C with small domain has a co/limit.®

In view of A.3.8 above, a category C has k-co/limits if and only if it
has co/equalisers and co/products of every family of less than x objects.

Proposition A.3.11. The category Cat of small categories and functors
has all small limits and colimits.

Definition A.3.12. Let C,D be two categories; we define the join of C
and D to be the category having objects the disjoint union C, [[ D, of
C, and D,, and where morphisms from X to Y are defined as follows:

C(X,Y) ifXYecC
D(X,Y) X, YeD (A.28)
{x} ifXeCYeD

where {x} is a singleton set. In every other case, there are no morphisms
X =Y.
8 Every category admitting ‘too large’ co/limits must be a (large) poset; this is a

theorem by P. Freyd, and constitutes the main reason why the smallness
assumption on J can not be dropped.
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Remark A.3.13. The join operation gives the category Cat a mono-
idal structure, having the empty category as monoidal unit; we shall
observe that the associator is easily determined, but the structure is
highly nonsymmetric.

As already observed, in the terminology of Exercise 5.4 the join of
C and D coincides with the collage of C and D along the terminal pro-
functor * : C ~» D, i.e. with the category of elements of the functor
% : C°P x D — Set constant in the singleton set. The join operation can
thus be regarded as a particular case of an operation in the bicategory
of profunctors.

Definition A.3.14 ([Riel7, 3.3] Creation of co/limits). Let F: C — D
be a functor; we say that F creates the co/limit of a diagram D : J — C
if for every co/limit co/cone for FD in D there exists a co/limit co/cone
for D in C, and every co/cone for D that is sent to a co/limit co/cone
by F'is itself a co/limit co/cone.

The above definition admits a simple restriction in case D is the empty
diagram: a functor F': C — D

e preserves the initial object if F/(&¢) is an initial object in D;

e reflects the initial object if the fact that F'(A) is initial in D entails
that A is initial in C;

e creates the initial object if the existence of an initial object in D of
the form F'A entails the existence of an initial object in C, and every
object such that FA = & is itself initial.

Of course, the word ‘initial’ can be replaced with ‘terminal’, obtaining
preservation, reflection and creation of terminal objects.

The notion of preserving, reflecting and creating an initial object is
sufficient to capture A.3.14 by virtue of the same argument in A.4.6:
F creates the colimit of D if and only if the functor F, : Cen(D) —
Cen(F D) creates the initial object. A simple dualisation yields that F'
creates the limit of D if and only if the functor Fy : Cn(D) — Cn(F'D)
creates the terminal object.

A.4 Adjunctions
The notion of adjunction lies at the very core of category theory.

Definition A.4.1 (Adjunction). Let C,D be two categories. We define
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an adjunction between C, D to be a pair of functors F : C - D, G: D —
C endowed with a collection of bijections p¢p,

vep : D(FC,D) = C(C,GD) (A.29)
one for each C' € C,, D € D,, natural in both arguments C, D.

We denote the presence of an adjunction (F,G) between C and D
writing

F:CSD:G (A.30)

and we say that F is a left adjoint to G, or that G is a right adjoint to
F, or that (F,G) is an adjoint pair, or that F,G are mutually adjoint,
etc.

Given an adjunction as in A.4.1, we write F' 4 G to shortly denote
this (highly nonsymmetric) relation among F and G. Once we will have
introduced the Yoneda lemma in A.5.3, we will be able to instantly
deduce the following uniqueness result:

Proposition A.4.2. If a functor F': C — D has a left adjoint G : D —
C, such adjoint is unique up to a unique natural isomorphism; in other
words, if we have adjunctions F < G and F - G’ then there exists a
unique natural isomorphism 7 : G = G'.

Of course, a similar result holds for the uniqueness of a left adjoint F'.
Example A.4.3 (Examples of adjunctions).

AD1) Let f: M — N be a morphism of monoids; according to A.1.10.C6
we can regard it as a functor between one-object categories; it is easy
to see that such a functor has a left adjoint g : N — M if and only if
it has a right adjoint, if and only if it is an equivalence of categories,
if and only if it is an isomorphism of monoids.

AD2) Let P be a poset regarded as a category: an adjunction f: P Q : g
consists of a pair of monotone functions f, g such that fp < ¢ if and
only if p < gg; these pairs of monotone mappings are called Galois
connections (the name is motivated by exercise A.9).

AD3) More generally, let i : S < C be the embedding of a full subcategory.
We say that S is reflective into C, or a reflective subcategory of C, if i
admits a left adjoint L : C — S. Almost all familiar subcategories of
algebraic structures (magmas, semigroups, monoids, groups, abelian
groups, R-modules, ...) fit into an adjunction with the category of
sets, but almost none of these categories is reflective; this is because
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ADY4)

AD5)

the forgetful functor U : C — Set is rarely full. (Difficult exercise:
generalise the construction of unit and counit maps to an abstract
algebraic structure.)

Given three sets A, B, C there exists a bijection between the set Set(A x
B, C) of functions f : A x B — C and the set Set(A, CP) of functions
from A to Set(B,C); given f : Ax B — C, we can define a transposed
(or curried) function f : A — CB sending a € A into the function
fa = fla,~) : B = C. Currying a function f into f is a bijection,
and the inverse sends a function g : A — CP into §: A x B — C via
an uncurrying operation.

If for every B € Set we define (_) x B : Set — Set : A — A x B and
(—)B : Set — Set : C' +— CP we get two functors (defined accordingly
on arrows) that form an adjunction _ x B 4 (_)Z.

Every category C having finite products and exhibiting the same
adjunction

C(Ax B,0C)=C(A,CP)=c(B,CH) (A.31)

is called cartesian closed; the category of sets, and the category of
categories are both cartesian closed; no category with a zero object
can be cartesian closed without being the terminal category x*; the
category of all topological spaces and continuous maps is notoriously
not cartesian closed, but many subcategories of ‘nice’ spaces are.

Let C be a category; then C has a terminal object (see A.3.1) if and
only if the unique functor t¢ : C — * has a right adjoint; dually, C has
an initial object if and only if ¢ has a left adjoint.

A.4.1 Unit and counit, triangle identities

From every adjoint pair (F,G) we can obtain a pair of natural transfor-

mations, the unit and the counit of the adjunction: if in (A.29) we put
D = FC we have

vcrc : D(FC,FC) — C(C,GFC) (A.32)

Now, the domain D(FC, FC) is nonempty (by A.1.1 it must contain at
least the identity of F'C') thus ¢ is not the empty function, and it is well
defined the image nc = pcrc(idpe) of the identity under ¢; ne is the
component at C' of a natural transformation 7 : id¢ — G o F' called the

unit of the adjunction. Indeed, given h : C’ — C we have that

GF(h)onc: = GF(h) o pcrper(idrer)
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— QOOF(h) OidFC/
= SDC’FC o] ldFC OF(h)
= pcrc(idrc) o h
=Tnc ©° h. (A33)

This is equivalent to the joint commutativity of both parts in the diagram

D(FC',F(h)) D(F(h),FC)
—_—

D(FC', FC) D(FC', FC) D(FC, FC)

¢C/Fc/l @c/pcl wcr*cl

C(C',GFC') ———— = C(C',G(FC)) C(C,GFQC)
c(C’,G(F(h))) ¢(h,GFC)
(A.34)
Dually, if in A.29 we put C' = GD we have
vepp : D(FGD,D) — C(GD,GD) (A.35)

(or equivalently o5, : C(GD, GD) — D(F(GD), D)). Again, C(GD,GD)
is nonempty, thus we can define ep = gpé}) p(idgp); this arrow is the
component at D of a natural transformation € : F' o G — idp called the
counit of the adjunction, in such a way that for every k : D — D’ the
diagram

F(GD) —2=D
F(G(k))l l/k (A.36)
F(G(D')) —= D/

CD/

commutes.
Notation A.4.4. A compact way to denote all the information of an
adjunction is

F:CHD:G (A.37)
(to be parsed as ‘there is an adjunction between the functors F' and
G, F:C — Dand G: D — C, with counit € and unit 7’): one of
the first important results about adjunctions is that we can characterise

them solely through their unit and counit instead of using the adjunction
isomorphisms in A.4.1.

Proposition A.4.5 (Zig-zag identities). Let F' : C S D : G be an
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adjunction, having n and € as unit and counit; using the whiskering op-
eration of A.2.3 we have

(G e)o(n+G) =idg
(ex F)o(Fx*n)=idp (A.38)
(idp denotes, here, the identity natural transformation of F into itself,

and similarly for idg ).

Proposition A.4.6 (Adjoint preserve co/limits). Let F - G be an
adjunction, and let F' : C — D be the left adjoint. Then

o F' preserves all colimits that exist in C, in the sense of A.3.9;
o dually, the right adjoint G preserves all limits that exist in D, in the
sense of (the dual) of A.3.9.

Theorem A.4.7. Let C be a category, F': C 4D : G a pair of adjoint
functors. Then, the following conditions are equivalent:

EQ1) F,G are both fully faithful (see A.1.14.FFC3);

EQ2) Te unit n and the counit € of the adjunction are both natural equiva-
lences (see A.2.2);

EQ3) F is an equivalence of categories between C, D, whose inverse is G (see
A.2.6).

If one of these conditions holds true, then there is also an adjunction

G:DHc:F (A.39)

A.5 The Yoneda lemma

A.5.1 Presheaves

Definition A.5.1 (Category of presheaves). A presheaf is a functor
F : C°P — Set; the category of presheaves has morphisms the natural
transformations between functors, as defined in A.2.1, i.e. the families
of maps {a4 : FA — GA} such that the square of functions

FA-225 GA

FfT ch (A.40)

commutes for every arrow f: A — B in C.
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Definition A.5.2 (Representable presheaf). Every object X € C defines
a presheaf obtained sending A € C into the set of morphisms v : A — X
in C. This defines a functor, called the presheaf associated to X, thanks
to the associative property of composition in C: the action of C(_, X) on
morphisms is given by the function that sends f : X — Y in the natural
transformation C(_, X) = C(—,Y) having components

fea:C(AX)—=CAY): uw fou (A.41)

A completely analogous definition can be given for a functor X +—
C(X, ), only in this case the functor is contravariant. We call a presheaf
F representable if it is isomorphic to C(—, X) or C(X, _) (depending on
its variance), for some object X € C.

A.5.2 The Yoneda lemma

Yoneda lemma is one of the tautologies on which our understanding of
reality is built.

Lemma A.5.3 (Yoneda lemma). Let & = X : C — Cat(C°P,Set)
be the functor sending X € C to the presheaf associated to X ; then,
for every F € Cat(C°P,Set), there exists a bijection between the set of
natural transformations £ X = F and the set FX. This bijection is
moreover natural in the object X.

Proof The proof is elementary, in the algebraic sense of the word: we
do the only possible thing with the data we have, and it works.
We define a function of sets

Y : [COP, Set]( & X, F) — FX (A.42)

and we show that it is a bijection. Given a natural transformation « :
& X = F we can consider its X-component ax : C(X,X) — FX; as
such, it is a function of sets, and it is not equal to the empty function
(because C(X,X) contains at least one element called idx, thanks to
axiom c4 of A.1.1).

Thus we can define Y (a) := ax(idx) € FX. We shall show that

e Y is injective. Assume that ax(idx) = Sx(idx) for a pair of natural
transformations «, 8 : £ X = F. The naturality request then entails
that for every u: A — X one has

as(u) = ay(idx ou)

= Fuoax(idx)
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= Fuo fBx(idx)
= Ba(u)

(if there are no maps u : A — X, then a4, 84 coincide vacuously, as
they both are the unique empty function & — FX).

e Y is surjective. Given an element x € F'X we can define, for every A €
C and every u : A — X the function o : C(A, X) - FA : u — Fu(z);
this is well-defined, because Fu is a function X — F A, given that
F' is contravariant. Now, we shall show that this is the A-component
of a natural transformation &X = F (once this has been proved, the
fact that Y(a®) = x is obvious in view of the definition of a®).

The naturality of this correspondence follows from the fact that

Ffoag(w)=a%(wof) (A.43)

for every f : A — B, i.e. from the fact that F f(Fuv(z)) = F(vf)(x),
true because F' is a contravariant functor.

This concludes the proof. O
There are many ways to read this result.

e A natural transformation kX — F' is uniquely determined by the
value that its X-component ax : C(X, X) — FX takes on idx.

e The identity arrow idx can be thought as the universal element wit-
nessing the representability of a functor; thanks to the Yoneda lemma
every element t € FX induces a unique natural transformation tx :
XX = F, and we call t a universal element if tx is invertible. The
Yoneda lemma can thus be thought as the statement that idx €
C(X, X) is a universal element.

This leads to an immediate corollary:

Corollary A.5.4. The Yoneda map is a fully faithful functor & : C —
Cat(C°P, Set).

As a consequence, we call & the Yoneda embedding of C in Cat(C°P, Set).

Proof We can apply A.5.3 to the special case of a representable F': if
F =hom(_, A) for an object A € C, we have

Cat(CP, Set) (X X, £A) = XAX = C(X, A) (A.44)

According to the way in which the bijection Y is defined above, in this
case it coincides with the action of the functor & on arrows, and this
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allows to conclude. The proof that Yx defines the X-component of a
natural transformation J = F' is an easy exercise for the reader stated
in A.12. O

Remark A.5.5. There is of course an analogue of the Yoneda lemma
for covariant functors G : C — Set; given such G, there is a natural
bijection

Cat(C,Set)(fcA,G) 2 GA (A.45)

given by evaluating at the universal element id4 for the representable
TcA = C(A4, ); a similar argument as the one in A.5.4 yields that
fe : C°? — Cat(C,Set) is fully faithful. The same happens for the
next result, that can be seen as another capital result of basic category
theory: the essential image of J. generates all the category [C°P, Set]
under colimits.

Lemma A.5.6. The natural transformation tx is the X -component of
a cocone for the diagram

F{c 3 e Cat(Cop, Set) (A.46)

This means that for every f € C(X,Y) which is a morphism in FSC
between objects (X,x € FX) and (Y,y € FY), i.e. such that Ff(y) ==

the diagram
/ \ (A.47)
FX —

*

commutes.

Theorem A.5.7 (Density of the Yoneda embedding). Let F': C°P — Set
be a presheaf; then F is canonically isomorphic to the colimit of the
diagram

C | F 25 ¢ %5 Cat(CoP, Set) (A.48)
or in other words, the presheaf I is isomorphic to colim yx ,ycc(p XX.

Remark A.5.8. The density theorem can be rephrased using coend
calculus, as we know from 4: every presheaf is isomorphic to the weighted
colimit of the Yoneda embedding, and it is its own weight. Alternatively,
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the ninja Yoneda lemma of chapter 2 constitutes an elegant rewriting of
the density theorem: the isomorphism given by the coend

/AFAxC(_,A)NF(_) (A.49)

describes explicitly the way in which the presheaf F' is a colimit of all
representable presheaves C(_, A).

A.5.3 Alternative looks on the Yoneda lemma

Definition A.5.9. Let C be an ordinary category, and let W : C — Set
be a functor; the category of elements C S W of W is the category having
objects the pairs (C € C,u € WC(C), and morphisms (C,u) — (C’,v)
those f € C(C,C") such that W(f)(u) = v.

Notation A.5.10. The notation C S W for the category of elements of
W is borrowed from [Gra74]. Other references call it [W (it is obvious
why we can’t stick to this more compact notation) or EI(W).

Proposition A.5.11. The category C S W defined in A.5.9 can be equiv-
alently characterised as each of the following objects:

i) The category which results from the pullback

C | W —— Set, (A.50)

|-

U

C ——— Set
w

where U : Set, — Set is the forgetful functor which sends a pointed
set to its underlying set;

i) The comma category (x | W) of the cospan {x} — Set ¢, where
{*} — Set chooses the terminal object of Set;

iii) The opposite of the comma category (¢ | [W1]), where [W] : {x} —
[C, Set] is the name of the functor W, i.e. the unique functor choosing
the presheaf W € [C, Set]:

(7 J—

l v LrWW (A.51)

C°P ———— Cat(C, Set)

c
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Proof The proof that these categories are all canonically isomorphic to
C S W is an exercise in Yoneda lemma and universal properties that we
leave to the reader. |

Definition A.5.12 (Discrete opfibration). A discrete opfibration of cat-
egories is a functor G : £ — C with the property that for every object
E € & and every arrow p : C — GF in C there is a unique ¢ : £/ — E
‘over p’, i.e. such that Gq = p.

With a straightforward definition of morphism between discrete op-
fibrations, we can define the category DFib(C) of discrete opfibrations
over C. The nomenclature here comes from the fact that there exists a
dual notion of discrete fibration: it is a functor G : £ — C such that for
every E € £ and p: GE — C, there exists a unique ¢ : £ — E’ such
that Gg = p. Of course, there is a category of discrete opfibrations over
C. As we will see later on, discrete opfibrations determine contravariant
functors, while fibrations determine covariant ones out of C.

Proposition A.5.13. The category of elements CSW of a functor
W . C — Set comes equipped with a canonical discrete fibration to the
domain of W, which we denote ¥ : C S W — C, defined forgetting the
distinguished element u € We.

Now, let S be any set; it is well-known (see for example [MLM92]) that
the category of functors S — Set (viewing the set S as a discrete cate-
gory) is equivalent to the category Set/S of functions over S; this seem-
ingly innocuous result is a particular instance of what is called Grothen-
dieck construction. If possible, the Grothendieck construction is equally
important than the Yoneda lemma, as it clarifies the way in which cat-
egories are intrinsically geometric entities; a presheaf F' : C°P — Set is
equivalent to some sort of generalised space ‘lying over’ the category C, in
a similar way the total space of a fiber bundle lies over its base. Now, we
can consider the category of elements A.5.9 of a presheaf F' : C°P — Set;
this sets up a functor from Cat(C°P, Set) to the category of discrete op-
fibrations over C: the Grothendieck construction asserts that this is an
equivalence of categories, as defined in A.2.6.

Theorem A.5.14. There is an equivalence of categories
Cat(C°P, Set) — DFib(C) (A.52)

defined by the correspondence sending F € Cat(C°P, Set) to its fibration
of elements Xg :C S F—C.
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Proof First of all, let’s show that ¥ is a discrete opfibration; then,
we shall show that there is a correspondence in the opposite direction
assigning to a discrete opfibration G : £ — C a presheaf of sets p© :
C°P — Set. To this end, given a functor G having codomain C, we define
a correspondence that sends an object X € C into the category G* X,
where the notion of fiber is understood as follows: we take the objects
E € & such that GE = X, and morphisms E — E’ such that Gf = idx.

It is easy to notice that the fiber of G over X is a discrete category if
G is a discrete opfibration; this means that each fiber of G over X can be
regarded as a set (incidentally, this motivates the discrete in the name);
it is equally easy to see that a morphism f : X — X’ induces a function
of sets between the fibers G X’ and G X (see Figure A.1 below); this
allows us to show that the correspondence with domain DFib(C) that
sends G into p© : X — G X; the above argument entails that p& is a
presheaf of sets on C (the discrete opfibration condition entails that it is
a contravariant functor).

It is a straightforward check that the composition of the two corre-
spondences is the identity in both directions:

e Given a discrete opfibration G : £ — C, the category C SpG receives
a natural morphism of fibrations from G, in a commutative triangle

C SpG = £
E\ % (A.53)
' C

this is the unit of an adjunction (_)& CS —, and it is quite easy
to show that ng is an isomorphism over C (i.e. an isomorphism of
categories over C).

e given a presheaf F', and given the definition of p© | F , the identity maps
work as components of a natural transformation p© \F = F.

With A.5.14 in our hand, we shall now attempt to answer the very
natural question: what does the Yoneda lemma become, if a presheaf
F : C°? — Set is regarded as a discrete opfibration over C? First of

all, the proof of the following result is an immediate consequence of the
definition of C { C(_,C):

Lemma A.5.15. The fibration of elements Y¢(_ oy = ¢ of a repre-
sentable presheaf coincides with the slice category C/C of arrows over C,
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GX
G X'
E

X
X

A discrete opfibration G : £€ — C induces a presheaf, sending
X € C to the fiber G X: a morphism f : X — X’ induces a
function of sets p© X’ — p& X sending E € p© X' to the unique E’
such that GE' = X.

defined in A.2.13; the functor Yo coincide with the ‘src’ functor sending
u:A— C into A.

We are now ready to investigate the form of A.5.3 in terms of fibra-
tions:

Proposition A.5.16 (Yoneda lemma, the geometric way). Let G : £ —
C be a discrete opfibration over a small category C; let X € C an object;
then, there is a bijection between the set of functors H : C/X — &£ such
that G o H = src, i.e. of discrete opfibration maps from the element
opfibration of XX and G, and the set G X.

Proof The opfibration of elements of a representable functor & X is the
category C/X of arrows having codomain X; the functor src: C/X —
C being the opfibration Y- in the notation of A.5.15. A morphism of
discrete opfibrations is a functor H : C/X — C such that GH (idx) = X,
so H — H(idx) defines a function DFib(C) — G* X. This assignment
determines the desired bijection, as it is easy to see using a similar
argument of A.5.3. O
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A.6 Monoidal categories and monads

Definition A.6.1 (Monoid in a monoidal category). Let C be a monoi-
dal category with monoidal structure ® and monoidal unit I; we define
a monoid in C to be an object M endowed with maps m : M @ M — M
and u : I — M such that the diagrams

MeMeME™ Mo M Mol M oM 1o M
m®Ml lm \ml/
MM ——>M M

commute; these testify the associativity and unitality property of (m,w).

Remark A.6.2. The category [C,C] of endofunctors of a category C has
a natural choice of a monoidal structure given by composition, whose
monoidal unit is the identity functor ide; it is a very useful exercise
to verify the axioms of monoidal category one by one; all coherence
morphisms are in fact identity, so this is an example of a strict monoidal
structure (the composition of functors is strictly associative, and ide is a
strict unit). Of course, this monoidal structure is highly nonsymmetric.

Definition A.6.3 (Monad). Let C be a category; a monad on C consists
of an endofunctor 7" : C — C endowed with two natural transformations

e 1 :ToT =T, the multiplication of the monad, and
e 7 :ide = T, the unit of the monad,

such that the following axioms are satisfied:
e the multiplication is associative, i.e. the diagram

T
ToTolT ——=ToT
;L*Tl/ lu (A55)

TOTT>T

is commutative, i.e. the equality of natural transformations po(u*T) =
wo (T * u) holds;
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e the multiplication has the transformation 7 as unit, i.e. the diagram

nxT Txn
T——ToT <=—T

\uqiﬁ / (A.56)

is commutative, i.e. the equality of natural transformations po(n+T) =
wo (T xn) =idr holds.

Proposition A.6.4. Let F %{ G be an adjunction between two cate-
gories; say F : C — D; then the composition GF is the endofunctor
of a monad on C; the multiplication map is given by the whiskering
Gxex F : GFGF = GF, and the unit of the monad coincides with
the unit of the adjunction, n:ide¢ = GF.

The correspondence sending an adjunction F %{ G into a monad
(T,Gxex F,n) is a functor towards a suitable category of monads; but it
is predictably highly nonbijective, and in fact there is an entire category
Spli(T") of adjunctions inducing the same monad. The category Spli(T')
is in general quite difficult to describe; we know, however, that it always
has a terminal and an initial object.

Definition A.6.5. Let T : C — C be a monad; we define a T-algebra as
a pair (A,a), where A € C and a: TA — A is a morphism (the algebra
map) in C, such that the following properties hold

e compatibility with the multiplication, namely the equation a o T'a =
aopA;
e compatibility with the unit, namely the equation aong =id4.

A morphism of T-algebras is a morphism f : A — B that commutes
with the algebra maps a,b of the objects A, B, namely such that the
square

A 1B

l lb (A.57)

A——B

comimutes.

Proposition A.6.6. The category of T-algebras, so defined, has the
universal property of a terminal object in Spli(T).
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Definition A.6.7. Every pair (T'X, pux) is, trivially, a T-algebra; these
objects define a (full) subcategory of free T-algebras.

Proposition A.6.8. The category of free T-algebras has the universal
property of an initial object in Spli(T).

The universal properties A.6.6 and A.6.8 of KI(T") and Alg(T") yields
a unique functor KI(T) — Alg(T), corresponding to the inclusion of
free algebras into all algebras. Exercise A.13 makes this characterisation
precise.

More in general, the universal property of Alg(T') as a terminal object
yields a unique functor for every other adjunction F - G splitting a
given monad:

Definition A.6.9. Given a pair of adjoint functors (F' 4 G) in Spli(T')
we call comparison functor associated to the adjunction the functor K
fitting in the diagram

c

8

% x (A.58)
D i, o >Alg(T)

Definition A.6.10. An adjunction (F' 4 G) is monadic if the associated
comparison functor K is an equivalence.

Beck’s theorem gives a necessary and sufficient condition to recognise
if a functor is the right adjoint of a monadic adjunction.

Definition A.6.11. Let U : C — D be a functor; we say that a diagram

!
X Tv-ltsz (A.59)
g

is a split coequaliser if there exist a fourth and a fifth arrows s : Z — Y
and t:Y — X such that hos=1idz, got=sohand fot=1y.

Note that if a diagram like the one above is a split coequaliser, then
h is forced to be the coequaliser of the pair f, g, so that A is uniquely
determined up to isomorphism by the pair f,g; note also that every
functor F' : D — &£ sends a split coequaliser in D into a split coequaliser
in &.

We say that a pair of arrows f, g in C extends to a split coequaliser if
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f
there is an h such that the diagram X =3 Y M Zisa split coequaliser;

g
given the above remark, this is a well-defined notion.

Definition A.6.12. Let U : C — D be a functor; then U is monadic if
and only if admits a left adjoint and

MF1) U is conservative (i.e. Uf is an isomorphism if and only if f is);
MF2) D has, and U preserves, the coequalisers of U-split pairs, i.e. those
parallel pairs of morphisms in C,

f
XY (A.60)

—_—
g

such that the pair U f, Ug has a split coequaliser in D.

Definition A.6.13. An idempotent monad is a monad (T, p,n) such
that the multiplication p : T7T = T is an isomorphism. If T is an
idempotent monad, each of these properties is true (and equivalent to
the request of idempotency):

IM1) the natural transformations T 7 and 5+ T are (invertible and) equal;

mmM2) If A is a T-algebra, then there is a unique algebra map TA — A, and
it is invertible;

M3) The category of T-algebras embeds into the category C via its forgetful
functor U : Alg(T) — C, which is thus full and faithful;

M4) Every adjunction (F,G) € Spli(T") has invertible counit.

Being endofunctors of C, any two monads 7T,.S on C can be composed,
but the composition ST is often not a monad. In order for such functor to
have a multiplication p : ST ST = ST we must provide an ‘intertwining’
operator A : T'S = ST.

Definition A.6.14. A distributive law between two monads consists of
a 2-cell A : T'S = ST such that the following commutativities hold:

DL1) Ao (n(T) x 5) = S*n(T);
pL2) (S*puT)oA*xT)o (T *A) = Xo (u™) xS).

DR1) Ao (T *n()) = n(S) « T
DR2) Ao (T* uS)) = (u) «T)o (S ) o(AxS).
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These conditions are expressed by the commutativity of diagrams

TX AT

TS — 2 . 9T TTS TST STT
ST
A
TSS AS_eTs AL §ST
- ST

Remark A.6.15. The notion of distributive law can be seen as just
a particular instance of a monad morphism: in particular, as a certain
kind of endomorphism (S, A) of the monad T'; we now provide the reader
with the precise definition of such notion. Let S, T be two monads, re-
spectively S : C — C and T : D — D; a monad morphism (X,\) : S = T
consists of a pair X : C — D and X : T X = XS such that the following
diagrams are commutative:

S\ AT

SSX SXT XTT
o N T
(S)X X#(T)
SX 4>XT X XT
(A.63)

Moreover, a 2-cell between two parallel monad morphisms (X, A), (Y, o) :
(S,C) = (T, D) consists of a natural transformation v : X = Y such that
the square

sx S, sy

Al lg (A.64)

is commutative.

Now, let C be a 2-category. A distributive law between two monads
can be characterised as a monad in the 2-category of monads on C,
monad morphisms and monad 2-cells (the reader is invited to make this
statement precise as an exercise: how do monad morphisms compose?
What is the object on which a distributive law is a monad on?).
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Remark A.6.16. Some authors prefer to restrict to a more rigid defi-
nition of monad morphism, where the endofunctor X of A.6.15 above is
the identity: we call such special monad morphisms restrained.

Remark A.6.17. There is a dual theory of comonads, these are como-
noids in the monoidal category of endofunctors [C, C]; outlining the basic
definitions is left as an exercise in A.15.

A.7 2-categories

Definition A.7.1. A category enriched over the monoidal base V, or
briefly a V-category A, consists of

MC1) a class of objects A,;
McC2) an object A[A, B] € V for each pair of objects A, B € Ay;
McC3) a family of composition maps capc : A[A, B] @ A[B,C] — A[A, (],

one for each triple of objects A, B,C € A,;

MC4) a family of identity arrows ia : I — A[A, A], one for each object

AeA,.

These data satisfy the following axioms:

A1) Composition is associative, where associativity is defined via the asso-

ciator of V: the diagram

(A(C,D)® A(B,C)) ® A(A, B) . A(C, D) ® (A(B,C) ® A(A, B))
CBcD®1l l1®CBCD
A(B, D) ® A(A, B) A(C,D) ® A(A, C)

A(A, D)

(A.65)

is commutative.

A2) Composition has the identities 4 as neutral elements, i.e. the two
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diagrams
) CABB A(A B) CAAB A
zB®1T / \ Tl@lA
I® A(A, AB)Y®I
(A.66)
commute.

Definition A.7.2 (V-functor and V-natural transformation). If A and

B are two V-categories, a V-functor F : A — B consists of

e A function F, : A, — B,;

e A family of V-morphisms Faa : A(A,A") — B(FA,FA'), one for
each pair A, A’ € A,;

These data are such that the following diagrams commute:

A(A, A') @ A(A!, A7) 22 BTwar gip s p Ay @ B(FA!, FA”)

A(A, A" B(FA,FA")

Fyanm

B(FA,FA)~———

e

A(A, A)

A V-natural transformation o between two V-functor F,G : A — B
consists of a family of maps a4 : I — B(F A, GA) such that the following
diagrams commute:

T® A(AA) 2 A(A, A
aA’®FAA/l/ Zlﬁ
B(FA,GA') ® B(FA,FA) AAA)®T (A.68)

C\L lGAA,@aA

B(FA,GA") < B(GA,GA') @ B(F A, GA)

These diagrams express the fact that « is ‘natural’ in the sense that
apoFf=Gfoau for every f: A — A’; of course, there is no such
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thing as f : A — A’ here, because A(A, A’) does not have ‘elements’
strictu senso.

Definition A.7.3. A 2-category is a Cat-enriched category, with the
tensor product given by the product of categories and the terminal cat-
egory as unit. Similarly, a 2-functor is a Cat-functor, and a 2-natural
transformation is a Cat-natural transformation. We explicitly spell out
the definition of a 2-category, leaving the definition of functor to the
reader, once they will have understood how to (easily) argue by analogy.

Spelling out the definition above, a 2-category C consist of

MA1) a class of objects C,,

MA2) for any pair X,Y € C a small category C(X,Y),

MA3) for any triple X,Y,Z € C a functor u: C(X,Y) x C(Y,Z) — C(X, Z)
called composition law,

MA4) a unit functor Z — C(X, X), that is to say an object idx € C(X, X)
for every object X € C.

Furthermore, these data are subject to the following conditions
MA1) for every X € C, the functors
u(—,idy): C(X,Y) = C(X,Y)
p(dx, -): C(X,Y) = C(X,Y)

are the identity functors,
MA2) for every XY, Z, W € C, the diagram

puxid

C(X,Y) x C(Y,Z) x C(Z,W) 225 (X, Z) x C(Z, W)
id Xul l# (A69)
C(X,Y) x C(V, W) ——————=C(X, W)
commutes.

The objects of C are called 0-cells, the objects of C(X,Y") are called 1-
cells and the morphisms of C(X,Y") are called 2-cells. The notations are
the same as for categories, functors and natural transformations in Cat,
which is the prototypical example of 2-category.

Remark A.7.4. The vertical composition of 2-cells is defined by means
of the composition law of the hom-categories, while the functor u recov-
ers the composition of 1-cells and the horizontal composition of 2-cells.
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Moreover, the functoriality of u can be used to prove the interchange
law for 2-cells.

Definition A.7.5. A l-cell f: X — Y inside a 2-category C is said to
be an equivalence if there exists another 1-cell g: Y — X together with
two invertible 2-cells 1x = ¢gf and fg = 1y.

Naturally, the next step is to describe how the notion of enriched
functor specialises to this case.

Remark A.7.6. The previous is also known as strict 2-functor, to dis-
tinguish it from other weak versions of 2-functors between 2-categories.
Indeed, a 2-functor sends identities to identities and respect composi-
tions, just as an ordinary functor does, with an extra action on 2-cells.
Nevertheless, it makes sense to ask for a weak version of the coherences,
whose diagrams commute only up to a 2-cell. If these 2-cells are invert-
ible we get a pseudofunctor, otherwise we have a laz or colazx functor
(depending on the direction of the 2-cell). Further details can be found
in [Bor94a, §7.5], and in A.7.12 below. We say that a co/lax functor is
normal if it preserves identities strictly.

Example A.7.7. The simplest example of 2-functors is the 2-dimen-
sional analogue of an hom-functor. For instance, the correspondence
C(X, _): C — Cat, for a fixed X € C, defines a 2-functor. The action of
this functor is really simple:

(i) it sends every O-cell Y to the small category C(X,Y),
(i) it maps every 1l-cell f: Y — Z to the functor
fo_:C(X)Y)—=C(X,2)
g fog
(vig=g)r1pxy
where * is the horizontal composition of 2-cells.

(iii) and finally it sends every 2-cell a: f = g to the horizontal post-
composition a * _.

The contravariant case C(—,Y"): C°? — Cat is completely analogous.

Definition A.7.8. Let F,G: C — D be 2-functors between 2-categories.
A 2-natural transformation a: F' = G is the datum of a 1-cell

ac: FC — GC (A.70)
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for every C' € C, in such a way that the following diagram

c(c, 0’y —eL pre, Fe

Gcczl laclo_ (A?l)
D(GC,GC") —=> D(FC,GC)

cominutes.

In Remark A.7.6 we said that 2-functors have weaker counterparts, namely
pseudofunctors and lax functors. So it happens for 2-natural transforma-
tions, which in turn can be weakened into pseudonatural transformations
and lax natural transformations. For the sake of simplicity, we prefer to
give the definitions in the strict case. An explicit definition can be found,
again, in [Bor94a, §7.5].

Definition A.7.9. Let F,G: C — D be 2-functors and o, 5: F = G
2-natural transformations. A modification Z: o = [ is a family of 2-cells

=0t ao = ﬁc (A72)

such that for any two 1-cells f,g: C = C’ and any 2-cell v: f = g, we
have that

Eorx Fy=Gy*xEx (A.73)

The definition above applies, basically unchanged, also to pseudonatu-

ral and lax natural transformations. By its very definition, a modification
is a kind of ‘morphism in dimension 3’.

Theorem A.7.10. Let C be a 2-category, F: C°? — Cat a 2-functor
and C' a 0-cell in C, then there exist an isomorphism of categories

[C°P, Cat)(C(C, _), F) = FC (A.74)

where [C°P, Cat](C(C, _), F) is the category whose objects are the 2-nat-
ural transformations C(C, _) = F and with the modifications between
those 2-natural transformations as morphisms.

Definition A.7.11 (Bicategory). A (locally small) bicategory B consists
of the following data:

BC1) A class B, of objects, denoted with Latin letters like A, B,...;
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BC2) A collection of (small) categories B(A, B), one for each A,B € B,,
whose objects are called I-cells or arrows with domain A and codo-
main B, and whose morphisms « : f = g are called 2-cells or trans-
formations with domain f and codomain g; the composition law o in
B(A, B) is called wertical composition of 2-cells;

BC3) A horizontal composition of 2-cells

BB,ABC : B(Bﬂc) X B(AvB) — B(Aﬂ C) : (gvf) — gef (A75)

defined for any triple of objects A, B, C. This is a family of functors
between hom-categories;

BC4) for every object A € B, there is an arrow id4 € B(A, A) such that for
every A,B€C, and f: A— B we have fBidy = f = idg8f.

To this basic structure we add

BS1) a family of invertible maps ayg, : (fBg)Bh = fB8 (98 h) natural
in all its arguments f, g, h, that taken together form the associator
isomorphisms;

Bs2) a family of invertible maps Ay : idpBf = f and g5 : fBida = f
natural in its component f : A — B, that taken together form the left
unitor and right unitor isomorphisms.

And these data are subject to the following axioms:

BA1) For every quadruple of 1-cells f, g, h, k we have that the diagram

Afg,hk Af.g,hk

(feg)eh)ek —(fBg)B(hBk) — fB (98 (hBE))

af’g'hekl/ Tfeagthk

(fe(9Bh) Bk fe((gsh)ak)
(A.76)
commutes.
BA2) For every pair of composable 1-cells f, g,
(feida)ag —2" —~ fa(idsBg)
\ (A.77)
erBg faXg
f8g

comimutes.
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Definition A.7.12 (Pseudofunctor, co/lax functor). Let B,C be two
bicategories; a pseudofunctor consists of

PF1) A function F, : B, — C,;
PF2) A family of functors Fap : B(A, B) — C(F A, FB);
PF3) An invertible 2-cell p¢, : Ff o Fg = F(fg) for each A ENYJER C,

natural in f (with respect to vertical composition) and an invertible
2-cell n: my :idpa = F(id4a), also natural in f.

These data are subject to the following commutativity conditions for
every l-cell A — B:

Ffoidy —2  _ pf idpoFf — 51 py
Ff*nJ/ lF(Qf) n*Ffl lF(Af)
Ff o F(ida) 5> F(f oida) F(idp) o Ff > F(idp of)
(FfoFg)oFh SRR Ffo(FgoFh)
Mfy*FhJ/ lFf*Hyh
F(fg)oFh FfoF(gh)
ufg*Fh\L l:“‘f,gh
F((fg)h) Faro F(f(gh))

(A.78)
(we denote invariably «, A, ¢ the associator and unitor of B,C).

A laz functor is defined by the same data, but both the 2-cells p :
FfoFg= F(fg)andn:idrpa = F(id4) can be noninvertible; the same
coherence diagrams (A.78) hold. A colaz functor reverses the direction
of the cells p, 7, and the commutativity of (A.78) changes accordingly.

A.8 Higher categories

Definition A.8.1 (The simplex category). The simplex category, de-
noted A, is defined as the category having

e objects the nonempty finite sets that are totally ordered: the typical
object of A is denoted [n] = {0 < --- < n}, in this way, [0] is the
terminal object of A,;
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e morphisms [n] — [m] are the order preserving functions.

Remark A.8.2. If in A we consider

e the n+ 1 injective functions d, : [n] — [n + 1] whose image misses k
(called co-faces);

e the n + 1 surjective functions o, 1 : [n] — [n — 1] assuming the value
k twice (called co-degeneracies);

we obtain that every f: [m] — [n] can be written as a composition
f=0ni k00000, ke ©Tmyhy 000 T h, (A.79)
for some indices n;, m; and 0 < k; < n;, 0 < hy <my.

Remark A.8.3. The functions d, ; and o, satisfy the cosimplicial
identities, namely they fit into commutative diagrams

1 L R | L =
] o e e
0 =1 =2 =1 ] =1
n—1——>[n] [n+1]——n] (A.80)
Ujl i>j+1 laj ail i<j laj
=2 =1 [~ o1

Along the discussion, we consider A as a full subcategory of Cat, via
the identification

{0<---<n}={0—>1—---—=n} (A.81)
This secretly defines an identity-on-objects functor « : A — Cat.

Definition A.8.4 (The category of simplicial sets). The category of
simplicial sets is defined as the category [A°P, Set] of presheaves on A.

A simplicial set can equivalently be specified by a collection of sets (a
graded set) {X, | n > 0} with maps

dnﬁii Xn — Xn,1 Sn,j- Xn — XnJrl, 0 < ’L,] <n (A82)

(respectively called the faces and degeneracies of X) satisfying the dual
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identities of (A.8.3), called the simplicial identities

did; = dj_1d; 1<]

disj = sj_1d; 1< g

djs; =id = djy155 (A.83)
dis; = s;d;—1 1>75+1

$iSj = Sj+18i 1<j

In the following discussion, we will freely employ, and without further
mention, this identification. The elements of X,, are called n-simplices
of X.

The Yoneda embedding Ja: A — sSet sends every object A in
the representable simplicial set &[n] = A(_, [n]), acting on objects and
morphisms of A in the expectable way. The usual notation for the rep-
resentable X[n] on [n] is A[n].

e Show that the m-simplices of A[n] are in bijection with the tuples
(ag, ..., am) of elements of {0,...,n}, such that ag < a1 < -+ < am;

e Given a simplicial set X and one of its n-simplices x € X, is called
non degenerate if it can’t be expressed as degeneracy of some lower
dimensional simplex y € Xj. Show that the non degenerate m-sim-
plices of Aln| are in bijection with the subsets of {0,...,n} having
cardinality m + 1.

Definition A.8.5 (Boundaries and horns). We define the boundary of
A[n] as the union

OA[n] = U dp.i(Aln —1)), (A.84)

and we define the k" n-dimensional horn as the union

A¥n] = dni(Aln - 1)). (A.85)
ik

A.9 Miscellaneous definitions

The already hard endeavour to write a self-contained introduction to
category theory is made harder by the vastness of the subject. As a con-
sequence, we must necessarily leave out important fragments of theory
that often constitute research areas in their own right; these sub-theories
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are here only touched in one or two lines of the book, in so tiny space
that it is impossible to do them justice.

While referring the interested reader to the customary sources, we
employ this last section of the book to give a rapid glance to the category
theory we left out of it.

For us, an ordinal number will be any well-ordered set, and a cardinal
number is any ordinal which is not in bijection with a smaller ordinal.
Every set X has a unique cardinality, i.e. a cardinal x with a bijection
k = X such that there are no bijections from a smaller ordinal. We
freely employ results that depend on the axiom of choice when needed.
A cardinal k is regular if no set of cardinality & is the union of fewer than
k sets of cardinality less than x; all cardinals in the following subsection
are assumed regular without further mention.

Definition A.9.1 (Filtered category). Let x be a cardinal; we say that
a category A is k-filtered if for every category J € Cat., with less than
k objects, A is injective with respect to the cone completion J — J%;
this means that every diagram

K
i (A.86)
D
Nid

has a dotted filler D : 7> — A.

We say that a category C admits filtered colimits if for every filtered
category A and every diagram D : A — C, the colimit colim D exists
as an object of C. Of course, whenever an ordinal « is regarded as a
category, it is a filtered category, so a category that admits all x-filtered
colimits admits all colimits of chains

Co—Cr— -+ —=Cy— - (A.87)

with less than k terms. A useful, completely elementary result is that the
existence of colimits over all ordinals less than x implies the existence
of k-filtered colimits; this relies on the fact that every filtered category
A admits a cofinal functor from an ordinal a 4.

Definition A.9.2. Let C be a category;

e We say that C is k-accessible if it admits x-filtered colimits, and if
it has a small subcategory S C A of k-presentable objects such that
every A € A is a k-filtered colimit of objects in S.



A.9 Miscellaneous definitions 287

e We say that C is (locally) k-presentable if it is accessible and cocom-
plete.

There is a 2-category whose objects are x-accessible categories, whose
morphisms are functors that preserve s-filtered colimits (also called k-
ary functors, or functors of rank k), and all natural transformations
between these. In particular we call finitary the functors of rank w.

The theory of presentable and accessible categories is a cornerstone of
categorical logic, i.e. of the translation of model theory into the language
of category theory.

Accessible and presentable categories admit representation theorems:

e A category C is accessible if and only if it is equivalent to the ind-
completion Ind,(S) of a small category, i.e. to the completion of a
small category S under k-filtered colimits;

e A category C is presentable if and only if it is a full reflective subcat-
egory of a category of presheaves i : C — Cat(S°P, Set), such that the
embedding functor ¢ commutes with x-filtered colimts.

All categories of usual algebraic structures are (finitely) accessible, and
they are locally (finitely) presentable as soon as they are cocomplete; an
example of a category which is Rj-presentable but not Ng-presentable:
the category of metric spaces and short maps.

We now glance at topos theory:

Definition A.9.3. An elementary topos is a category &

e which is cartesian closed, i.e. each functor _ x A has a right adjoint
(A, _];

e having a subobject classifier, i.e. an object Q € £ such that the functor
Sub : £°P — Set sending A into the set of isomorphism classes of

U
monomorphisms [ i‘ } is representable by the object €.

The natural bijection £(A, ) = Sub(A) is obtained pulling back the
monomorphism U C A along a universal arrow t : 1 — €, as in the
diagram

-1
4 (A.88)

<0

—
XU

»eq

so, the bijection is induced by the map [ } = XU-
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Definition A.9.4. A Grothendieck topos is an elementary topos that,
in addition, is locally finitely presentable.

Whenever we spoke about sheaves on a topological space or a Gro-
thendieck site, we wer secretly talking about topos theory; the notion of
Grothendieck topos is intimately connected with co/end calculus, as we
have seen all along chapter 3, and especially in 3.2.16.

In fact, Giraud theorem gives a proof for the difficult implication of
the following recognition principle for Grothendieck toposes:

Theorem A.9.5. Let £ be a category; then £ is a Grothendieck topos
if and only if it is a left exact reflection of a category Cat(A°P, Set) of
presheaves on a small category A.

(recall that a left exact reflection of C is a reflective subcategory
R — C such that the reflector r : C — R preserves finite limits. It
is a reasonably easy exercise to prove that a left exact reflection of a
Grothendieck topos is again a Grothendieck topos; Giraud proved that
all Grothendieck toposes arise this way.)

Next, we mention the existence of abelian categories.

Albeit tangential to the co/end calculus exposed in this book, the no-
tion of abelian category is historically relevant: the definition of co/inte-
gration was given by Yoneda [Yon60] in the setting of module categories,
and these constitute the main motivating example for the abstract defi-
nition of abelian category.

Definition A.9.6. A category A is called abelian if it satisfies the fol-
lowing list of axioms:

A1) it is enriched A.7.1 over abelian groups, i.e. every A(A,A’) is an
abelian group and the composition operation is Z-bilinear, thus can be
represented as an abelian group homomorphism A(A, A )®@A(A", A”) —
A(A, A7),

A2) A has all finite limits and all finite colimits;

A3) in A, every monomorphism is a kernel, and every epimorphism is a
cokernel (this means that if m : A — B is a monomorphism, then

f
it appears in an equaliser diagram A = B = C, and dually, if e :
0

B — C is an epimorphism, then it appears in a coequaliser diagram
g

A= B50).
0

Remark A.9.7. The notion of abelian category admits many equivalent
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definitions; so, A.9.6 above is not the only possible way to define it. An
alternative presentation of the axioms disassembles A2 into

A21) A has finite products and finite coproducts;
A22) Every morphism f: A — B in A has a kernel and a cokernel.

A category satisfying only A1 is called preadditive (note that this entails
that A has a zero object if and only if it has an initial object, if and only
if it has a terminal object); a category satisfying A1 and A21 is called
additive; a category satisfying A1, A21 and A22 is called preabelian.

A merit of A.9.6 above is that all axioms are visibly auto-dual, i.e. A
satisfies A1—A3 if and only if the opposite category A°P satisfies A1—A3.

Along this book, there are few explicit mentions of abelian categories:
see for example 3.2.10, or the discussion in 7.2.2; derived categories ap-
pearing in 7.2.2 are seldom abelian, because they lack finite co/limits.

Exercises

A.1 Show that for every fixed cardinal number &, there exists an abelian
group of cardinality . If  is infinite, is it true that there is a field of
cardinality x (of course, it’s false if « is finite and not a power p" of
a prime number p)?

A.2 Let C be a category admitting an initial and a terminal object; prove
that the initial object is the colimit of the unique empty diagram
@ — C from the empty category, using A.3.7, and dually that a
terminal object is the limit of the same empty diagram.

A.3 Prove that a category C has a terminal object if and only if the
unique functor C — * to the terminal category has a right adjoint;
dually, a category C has an initial object if and only if the unique
functor C — * to the terminal category has a left adjoint.

A.4 Prove that the category Set®?, i.e. the opposite category of sets and
functions, is not equivalent to Set.

A.5 Consider the comma category of A.2.14;

e Let ide be the identity functor: characterise the category (ide /G);
let C' be the functor J — C assuming the value C constantly:
characterise the category (C/idc).

e What is the relation between (F/G) and (G/F)?
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The iso-comma category of the functors F' and G is given by a sim-
ilar definition of A.2.14; the only difference is that we only consider
arrows F's — Gt that are invertible; we denote it as [F/G]. What is
the relation, now, between [F'/G] and [G/F|? Are they isomorphic?
Show that there are two functors S <= (F/G) 25 T such that the
square

(F/G)pS—>I‘
T—F—>C

commutes.

Consider the functor J; : (F/G) 2% S L, €. Determine the cate-
gory (J1/G). Does the composition of the projections above in the
triangle x equals the projection (J1/G) — T (in other words, does
the triangle commute)?

A F/G)

(J1/G) —= (F/G) == 8
ar * pTl ‘/F

C

Does the category (F//G) have a universal property?

A.6 Let S be the Sierpiniski space, where a two-point set J = {a, b} has
topology {@,{a}, J}. Let Cbe the codiscrete space, where {a, b} has
trivial topology {&, J}, and Dthe discrete space where J has discrete
topology {@, {a}, {b}, J}. Show that

the functor O : Spc®® — Set that sends a topological space into its
set of open subsets is representable, and that S is its representing
object;

the functor D : Spc®® — Set that sends a topological space X
into its set of disconnections, i.e. the set of pairs (U, V) such that
UUV =X and UNV = &, is representable by the discrete space
D.

the functor S : Spc®® — Set that sends a topological space into its
set of subspaces is representable by the codiscrete space C.

Show that the set of natural transformations [Spc°?, Set](O, S) has
exactly four elements.
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A.7 Show that a cocone D : J% — C for a diagram D : J — C is exactly
a cone D°P : J< — C°P for the opposite functor D°P : J°P — COP,
Prove it directly, but then notice that A.3.4 and in particular (A.21)
give a slick argument to conclude.

A8 Let f : [n] — [m] be a map in A (see A.8.1). We regard A as a
subcategory of Cat in the obvious way. Show that

e A morphism f: [n] — [m] in A has a left adjoint if and only if
f(n) = m; in such a situation the adjoint fr, sends 4 into f7(i) =
min{j € [n] | f(j) = i},

e Dually, a morphism f: [n] — [m] in A has a right adjoint if and
only if f(0) = 0; in such a situation, the adjoint fr sends ¢ into
Frli) = max{j € [n] | £G) < i}.

Deduce that for every j € [n] the function o, ; has both a left and a

right adjoint, and in particular

-

on-1,j—= [n — 1]
- "

Onj+1 T on—1,5 4 dn;: 0]

A9 Let I’ — E be a homomorphism of rings between fields; it is thus
a monomorphism. We define

Fiz(E|F) = {0 : E = E | o|p = idp}

as the set of automorphisms of F that become the identity map when
restricted to F', and

Ext(E|F) ={K | F <K < E}

the set of intermediate extensions between F' and E. We define two
functions i : Fiz(E|F) — Ext(E|F) and j : Ext(E|F) — Fiz(E|F)
sending respectively o € Fiz(E|F) in the intermediate field {a €
E | o0(a) = a} and the intermediate field FF < K < F in the group
of those F-automorphisms that become the identity when restricted
to K. Show that i,j set up an adjunction (thus the name Galois
connections for these adjunctions) when the posets Fiz(E|F) and
Ezt(E|F) are regarded as categories; who is the right adjoint, and
who is the left adjoint? Who is the unit, and who is the counit?

A.10 Show that the limit of a constant diagram A7 A : J — A is a prod-
uct of copies of A indexed by the set myJ of connected components
of the domain J: prove that there is a bijection

Cn(X, A) = Set(moJ, A(X, A))

and conclude, using (2.16).
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A.11 Show that the following conditions are equivalent in a category C
with a terminal object:

X
e The terminal arrow [ % } is right orthogonal to f : A — B;

e The functor C(_, X) sends f to an isomorphism;
e Every arrow A — X in C has a unique extension to B — X along
I

A.12 Show that in the same notation of (A.42), Yx is the X-component
of a natural transformation Cat(C°P, Set)( &k, F') = F, that is natural
in both its arguments; in other words, show that for every arrow
X — X' the square

Cat(CoP, Set)(k X, F) ——= FX
[C‘“’,Set](ot(f),F)T TFf
Cat(C°P, Set)( & (X'), F) — FX’

is commutative.

Similarly, for every natural transformation 7 : F' = G the square

Cat(CoP, Set)( Xk X, F) ——= FX
Cat(CoP,Set)(J:X,T)l er

Cat(C°P, Set) (& X, G) ——=GX

is commutative.

A.13 Denote Cr the category defined in A.6.7. Define the category KI(T)
as follows: it has the same objects of C, and KI(T)(X,Y) := C(X,TY).
Composition of X LTy with Y % TZ is defined by the rule

ger f=(X L1y 1% 1717 L2, 72)

e Prove that this really defines a category, if the identity map of an
object A is the unit 4 : A — T A (prove that the composition is
associative and that np er f = f = fern, for every f: A — TB).

e Defines a functor W : KI(T) — Cr that acts as T on objects, and
such that W f = upoT f. Prove that W so defined, is fully faithful,
and that its essential image is made by free T-algebras.
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A.14 Show that each square

gq

I+ 1] 2 [n]

Uil i<j lf’j

[n] [n—1]

Oj+1
is an absolute pushout, and that every square

i

-1 = [n]

Sjll/ 1<J Sjl/

[n] ——=[n+1]
is an absolute pullback.
A.15 A comonoid in a monoidal category is an object M € C endowed
with maps ¢: M — M ® M and e : M — I such that the following
diagrams commute

MoMeo M veM Ml oMM 1M
" N
MeM~— M M

witnessing coassociativity and counitality properties for (c,e). A co-
monad on a category C is now a functor S : C — C which is a comonoid
with respect to the monoidal structure ([C,C],0); a

e Write down the axioms of coassociativity ad counitality for .S;

e Show that if F %{ G is an adjunction then S = FG is a comonad
with comultiplication F %7 * G and counit ¢;

e Define a category of coalgebras for S, and of free coalgebras for S;
show that they enjoy suitable universal properties.

A.16 Let

R
-

C—Fr=7D

e e
L

be a triple of adjoint functors, meaning that L 4 F and F - R; show
that L is a fully faithful functor if and only if R is a fully faithful
functor.
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A.17 [Seg74] Given a monoidal category (V,®), show that there exists
a category V® defined as follows:

e the objects of V® are n-tuples of objects in V, denoted [C1, ..., C)]

(this follows the convention that if n = 0, the tuple is empty);

e morphisms [C1,...,Cy,] = [D1,..., Dy] are defined as pairs (o, { f;})

where « is a partial function [n] — [m] having domain S, and

{fi: Qgijatiy=jy Ci = Dj |1 <j <m}

is a family of morphisms in V.
Define the composition law of two morphisms (o, f), (8, g).

e Let Fin, be the category */Set,, of pointed finite sets. Show that

there is a functor p : V¥ — Fin, sending [C1, . .., C,] into [n].; show
that p is an opfibration: for every object C' = [C4,...,C,] € V¥
and every arrow f : p(C) — [m], in Fin, there is an arrow (6y, f) :
C — D = [Dy,...,Dy,,] such that p(d, f) = f, and such that the
composition with f induces a bijection for every E = [Ey, ..., F4],

as follows:
V#(D,E) 2 V¥(C, E) Xpin. (jn). [4).) Fin.([m]«, [d].).  (A.89)

Show that if we denote V& the fiber of [n]. along p, then the functor
p induces a functor V€ — V& among the fibers, for every f : [m],. —
[n]« in Fin,.

Show that V§ =2 {0}, V¥ = V, and that more in general V¥ =
VYV x---xV (n times).

Show that the correspondence sending V into V¥ is functorial in V;
are strong monoidal functors enough?

Show that Fin, = {0}® with respect to the unique monoidal struc-
ture that exists on the terminal category {0}; show that p is the
functor induced by the unique functor ¥V — {0}.
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Table of notable integrals

C/DT(C,D,C,D) g/'D/CT(C,nC,D)g/(C’D) T(C,C, D, D)

Fubini rule

Cor Con (C1,0esC)
Vn > 2,0 € Sym(n), / / T%/ T

Natural transformations Cat(C,D)(F,G) = / D(FC,GC)
c

c
Tensor product of functors GXF = / GC®FC

A
FX%/ X, 4] x FA Fxg/ Set([A, X], F A)
A
Yoneda lemma

GX%/A[A,X]XGA GX%/Set([X,A],GA)
A
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Table of notable integrals

A
Lang F(C) %/ C(GA,C)® FA

. G F
Kan extensions: C +— A — B

Rang F'(A) §/ C(C,GA) M FA
A

density comonad: Tp = / C(_,FA)mMFA
A

A
codensity monad: SF =~ / C(FA,_)®FA

A
colim" F = / WA®FA
Weighted co/limits ’

im" F = / WAMFA
JA

'e
pea=[ b X)@alx, )
Profunctor theory

Ranpq=/hom(p,4,qA) Rift, g = / hom(ta,pa)
Ja Ja
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Table of notable integrals

XY
F*G::/ C(X®Y, )@ FX®GY

G* M =G kG

m times

Operads FOG:= / Fm®G™

FoG—H o :
e {G,H}mf/k[G e, HE]

515 T(A, A) = / SA(A', A”Y N T(A, A")
A

Al AN

Simplicial coends

A AlAY
yﬁ (4, A) ::/ SAA', A" @ T(A', A")

neA
SA(A', A”) :/ [T ARx A4 Xo) x - x (X, B)

Xo0,.., Xn€A

AB
[F*mG]C’:/ P(A,B;C) x FAx GB
Promonoidal structures

zZ zZ
[ ravege = ["peopye

Y 7 z Y zZ
/ JZH§‘P§Z/ JZ(/ H{PE?) g/ JzP4% 2 hom(A, B)

cuVv
Tambara module: ep(X,Y) = / C(X,CoU)xC(C®V,Y)x P(U,V)
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