arXiv:1608.05314v2 [math.CT] 19 Sep 2019

INFINITY CATEGORY THEORY FROM SCRATCH
EMILY RIEHL AND DOMINIC VERITY

ABSTRACT. These lecture notes were written to accompany a mini course given at the
2015 Young Topologists’ Meeting at Ecole Polytechnique Fédérale de Lausanne, videos of
which can be found at |hessbellwald-lab.epfl.ch/ytm2015. We use the terms oo-categories
and oo-functors to mean the objects and morphisms in an oo-cosmos: a simplicially
enriched category satisfying a few axioms, reminiscent of an enriched category of “fibrant
objects.” Quasi-categories, Segal categories, complete Segal spaces, naturally marked
simplicial sets, iterated complete Segal spaces, 6,-spaces, and fibered versions of each
of these are all co-categories in this sense. We show that the basic category theory of
oo-categories and oco-functors can be developed from the axioms of an co-cosmos; indeed,
most of the work is internal to a strict 2-category of co-categories, co-functors, and natural
transformations. In the oco-cosmos of quasi-categories, we recapture precisely the same
category theory developed by Joyal and Lurie, although in most cases our definitions,
which are 2-categorical rather than combinatorial in nature, present a new incarnation of
the standard concepts.

In the first lecture, we define an oco-cosmos and introduce its homotopy 2-category, the
strict 2-category mentioned above. We illustrate the use of formal category theory to
develop the basic theory of equivalences of and adjunctions between oco-categories. In the
second lecture, we study limits and colimits of diagrams taking values in an co-category
and relate these concepts to adjunctions between oco-categories. In the third lecture, we
define comma co-categories, which satisfy a particular weak 2-dimensional universal prop-
erty in the homotopy 2-category. We illustrate the use of comma oco-categories to encode
the universal properties of (co)limits and adjointness. Because comma oco-categories are
preserved by all functors of co-cosmoi and created by certain weak equivalences of co-
cosmoi, these characterizations form the foundations for “model independence” results. In
the fourth lecture, we introduce (co)cartesian fibrations, a certain class of oco-functors,
and also consider the special case with groupoidal fibers. We then describe the calculus
of modules between oco-categories — comma oco-categories being the prototypical example
— and use this framework to introduce the Yoneda lemma and develop the theory of
pointwise Kan extensions of oo-functors.
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Lecture 1. BASIC 2-CATEGORY THEORY IN AN 0o-COSMOS

The goal of these lectures is to give a very precise account of the foundations of oco-
category theory, paralleling the development of ordinary category theory.

To explain what we mean by the term “oo-categories,” it is useful to distinguish between
schematic definitions of infinite-dimensional categories and models of infinite-dimensional
categories. For instance, (0o, 1)-category is a schematic notion, describing a category that
is weakly enriched in co-groupoids, itself a schematic term for something like topological
spaces. The main source of ambiguity in this definition is meaning of “weakly enriched,”
which is not precisely defined.

Models of (oo, 1)-categories are precise mathematical objects meant to embody this
schema. These include quasi-categories (originally called weak Kan complexes), complete
Segal spaces, Segal categories, and naturally marked simplicial sets (1-trivial saturated weak
complicial sets), among others.

To develop the theory of (oo, 1)-categories in a non-schematic way, it makes sense to
choose a model. André Joyal pioneered and Jacob Lurie extended a wildly successful
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project to extend basic category theory from ordinary categories to quasi-categories. A
natural question is then: does this work extend to other models of (o0, 1)-categories? And
to what extent are basic categorical notions invariant under change of models?

The general consensus is that the choice of model should not matter so much, but one
obstacle to proving results of this kind is that, to a large extent, precise versions of the
categorical definitions that have been established for quasi-categories had not been given
for the other models.

Here we will use the term oo-category to refer to any of the models of (oo, 1)-categories
listed above: quasi-categories, complete Segal spaces, Segal categories, or naturally marked
simplicial SetsEI Note that, for us “oo-category” will not function as a schematic term: sev-
eral well-behaved models of (0o, 1)-categories will be included in the scope of its meaning,
but others are excluded. With this interpretation in mind, let us describe a few features
of our project to extend the basic theory of categories to oo-categories.

e It is blind to which model of co-categories is being considered.

That is, our definitions of basic categorical notions will be stated and our theorems will
be proven without reference to particular features of any model of oco-categories and will
apply, simultaneously, to all of them.

e It is compatible with the Joyal/Lurie theory of quasi-categories.

In the special case of quasi-categories, our presentation of the basic categorical notions will
necessarily differ from existing one, as our formalism is unaware of the fact that quasi-
categories are simplicial sets. Nonetheless the categorical concepts so-defined are precisely
equivalent to the Joyal /Lurie theory, and so our approach can be mixed with the existing
one. This is good news because, at present, the Joyal/Lurie theory of quasi-categories is
considerably more expansive[]

e It is invariant under change of models between (oo, 1)-categories.

Independent work of Bertrand Téen and of Clark Barwick and Chris Schommer-Pries
proves that all models of (0o, 1)-categories “have the same homotopy theory,” in the sense
of being connected by a zig-zag of Quillen equivalences of model categories [T] or having
equivalent quasi-categories [BSP]. In lectures 3 and 4, we will see that the models of
(00, 1)-categories that fall within the scope of this theory all “have the same basic category
theory,” in the sense that the answers to basic categorical questions are invariant under
change of model. Finally:

e It is as simple as possible.

Our original aim in this project was to provide a streamlined, from the ground up, de-
velopment of the foundations of quasi-category theory that more closely parallels classical
category theory and is relatively easy to work with, at least for those with some affinity
for abstract nonsense. With a bit of effort, these ideas could be extended to cover a wider

ILater, we will explain that the results we prove about co-categories also apply to other varieties of
infinite-dimensional categories, but let us not get into this now.
2But we are not finished yet.
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variety of models of (0o, 1)-categories, but to do so would come at the cost of complicating
the proofs.

The plan for the first lecture is to introduce the axiomatic framework that makes it pos-
sible to develop the basic theory of oco-categories without knowing precisely which variety
of infinite-dimensional categories we are working with. In the second installment, we will
continue with a discussion of limits and colimits of diagrams valued inside an oco-category,
which we relate to the adjunctions between oo-categories that we will define now. In the
third lecture, we will introduce comma oco-categories, which will be the essential ingredient
in our proofs that basic category theory is invariant under change of models. In the first
two lectures, we will see how basic categorical notions can be developed “model agnosti-
cally,” i.e., simultaneously for all models. In lecture three, we will be able to prove that
this theory is both preserved and reflected by certain change-of-model functors. Finally,
in the final talk we will introduce modules between oo-categories, which we use to develop
the theory of pointwise Kan extensions.

The work to date on this project can be found in a series of five papers:

I. The 2-category theory of quasi-categories [RV-1|, arXiv:1306.5144

IT. Homotopy coherent adjunctions and the formal theory of monads [RV-II],
arXiv:1310.8279

ITI. Completeness results for quasi-categories of algebras, homotopy limits, and related
general constructions [RV-III|, arXiv:1401.6247

IV. Fibrations and Yoneda’s lemma in an oo-cosmos |[RV-1V], arXiv:1506.05500

V. Kan extensions and the calculus of modules for oco-categories [RV-V],
arXiv:1507.01460

references within which will have the form, e.g., 11.7.2.4.

1.1. Formal category theory in a 2-category. Recall the term oo-categories refers to
the reader’s choice of one of several listed models of infinite-dimensional categories. Each
fixed model of oco-categories has an accompanying notion of oco-functors between them.
The reason we are able to develop the basic theory of oo-categories without knowing
exactly what the oo-categories are is that the oo-categories and oo-functors of each type
are packaged inside an axiomatic framework that describes the surrounding category with
these objects and morphisms. We will say more about this in a moment, but first we
want to illustrate how closely our development of the theory of oo-categories parallels
the development of the theory of ordinary categories. One thing that is provided by the
axiomatization that we will describe in a moment is a reasonable notion of oco-natural
transformations between oco-functors.

Categories, functors, and natural transformations naturally assemble into a 2-category
hCat, a structure which records the various ways in which functors and natural transforma-
tions can be composed. Similarly, we will see that the oo-categories of each fixed model,
the oo-functors between them, and the oo-natural transformations between oo-functors
also assemble into a 2-category, which we call the homotopy 2-category. Each variety of
oo-categories will have their own homotopy 2-category — one example being hCat. A
homotopy 2-category is a strict 2-category whose:


http://arxiv.org/abs/1306.5144
http://arxiv.org/abs/1310.8279
http://arxiv.org/abs/1401.6247
http://arxiv.org/abs/1506.05500
http://arxiv.org/abs/1507.01460
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e objects A, B, and C are oco-categories;
o l-cells f: A— B, g: B— C, are (oco-) functors;
f

A
e 2-cells A Yo B, written in line as a: f = ¢g: A — B, are (co-)natural transforma-
~
g

tions.

1.1.1. Recall (pasting diagrams in 2-categories). The objects and 1-cells in a 2-category
define its underlying 1-category. In particular, the 1-cells have the familiar associative and
unital composition law. The 2-cells can be composed in two ways:

f
—
A o B s
~_"7 o
e The vertical composite of g defines a 2-cell A 8o B .
g ~_"7
—
AT B "
~_"7
h
f h hf
— — !
e The horizontal composite of A 4o B Uy C defines a 2-cell A 4y C' .
~ 1~ ~
g k kg

A degenerate special case of horizontal composition, in which all but one of the 2-cells is
an identity id; on its boundary 1-cell f, is called whiskering:

f h ? h Chf
! !l ! ! >
AV, B 4 C hia, D = A—L5B 1 0 —45D = Awaf D
~_ ~—_"7 ~_ 7 ~_ "7 ~_
f k ¢ k kf

Vertical composition is associative and unital with respect to identity 2-cells: there is a
category of 1-cells and 2-cells between each fixed pair of objects. Horizontal composition
is associative and unital with respect to those identity 2-cells idiq, on identity 1-cells.
Moreover, the vertical and horizontal composition operations commute by the law of middle
four interchange which says that any pasting diagram, examples of which are displayed
below, has a unique composite 2-cell.

; ; ; B— ¢

N h
SIaN SN AT R AN,
A—9— B ——C A—m— G Uy D

Now let us explore how such a framework can be used to develop the basic category theory
of the co-categories that define the objects of the homotopy 2-category. For instance, the
homotopy 2-category provides a convenient framework in which to define the notion of
adjunction between oco-categories.
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1.1.2. Definition. An adjunction between oo-categories consists of:

e a pair of co-categories A and B;
e a pair of functors f: B —+ A and u: A — B; and
e a pair of natural transformations n: idg = uf and €: fu = idy

so that the triangle identities hold:
B

=B B B=——=21B B
VUE\&M/ _ u(iguﬁu f\‘“"//ue\f/‘ _ fgiglf
A——=A A A—==A A

The left-hand equality of pasting diagrams asserts that ue - nu = id,, while the right-hand
equality asserts that ef - fn = idy.

We write f - u to assert that the functor f: B — A is left adjoint to the functor
u: A — B, its right adjoint. From the standpoint of this definition, we can easily prove
some basic properties of adjunctions. Note that in the special case of the homotopy 2-
category hCat, these proofs are exactly the familiar ones.

1.1.3. Proposition. Adjunctions compose: given adjoint functors

I f ff
C 1 'B,1 A ~ C1 A
u’ u u'u

the composite functors are adjoint.

Proof. Writing n: idg = uf, €: fu = ida, 0': ide = /f’, and €: fu = idp for the
respective units and counits, the pasting diagrams

DYIEEVAR 2N
DA

define the unit and counit of f f’ - u/u so that the triangle identities
C C

fl C u/ C
hY Y’ w” e\ 7o N e 1l Y’
"B B B, = (" B B uru
N Ut Je N “A Ye S
™A A A A A

hold. U

A

It is also straightforward to show that the existence of adjoint functors is equivalence-
invariant, in the sense of the standard 2-categorical notion of equivalence.

1.1.4. Definition. An equivalence between oo-categories consists of:
e a pair of co-categories A and B;



INFINITY CATEGORY THEORY FROM SCRATCH 7

e a pair of functors f: B — A and g: A — B; and

e a pair of natural isomorphisms 7: idg = gf and e: fg = id4.
An (oo-)natural isomorphism is a 2-cell in the homotopy 2-category that admits a vertical
inverse 2-cell.

We write A ~ B and say that A and B are equivalent if there exists an equivalence
between A and B. The direction for the natural isomorphisms comprising an equivalence
is immaterial. Our notation is chosen to suggest the connection with adjunctions conveyed
by the following exercise.

1.1.5. Ezercise. Show that an equivalence, defined in any 2-category, can always be pro-
moted to an adjoint equivalence by modifying one of the 2-cell isomorphisms. That is, show
that the 2-cell isomorphisms in an equivalence can be chosen so as to satisfy the triangle
identities.

Combining Exercise[I.1.5]with the symmetry in the definition of an equivalence, we have:

1.1.6. Corollary. Any functor f: A — B that defines an equivalence of oo-categories
admits both a left and a right adjoint.

f
1.1.7. Proposition. If B, 1 " A is an adjunction and A ~ A" and B ~ B’ are any

u
f/
B 1A

are again adjoints.

equivalences, then the equivalent functors

Proof. Promoting the equivalences to adjoint equivalences we have the composite adjunc-
tion

B, 1 "B, 1L A 1"A,

defining " -’ O
An analogous result to Proposition holds for other notions of equivalent functors:

1.1.8. Exercise. In any 2-category show that:
(i) If f/= fand f 4 u then f' - u.
(i) If f 4w and f" 4w then f = f'.
(iii) If f'= f and f is an equivalence then so is f’.

1.2. oo-cosmoi. The results in the previous section illustrate some of the basic formal
category theory that can be developed internally to any 2-category. As our terminology
suggests, Definitions [1.1.2] and [1.1.4] indeed define appropriate notions of adjunction and
equivalence for many varieties of (0o, 1)-categories in such a way that [1.1.3] [1.1.5} [1.1.6]
[[.1.7 and all hold. To understand this, we will now explain how to define homotopy
2-categories whose objects are, respectively, quasi-categories, complete Segal spaces, Segal
categories, or naturally marked simplicial sets, among other examples. Each homotopy




8 RIEHL AND VERITY

2-category arises as a quotient of an oo-cosmos, which records the properties of the model
category — typically used to encode the “homotopy theory” of each type of (oo, 1)-category
— that will be required to develop their basic category theory.

It is not necessary to know anything about model categories in order to understand
the definition of an co-cosmos, but for those who are familiar with them, we briefly say a
few words to motivate this axiomatization. If our aim was to establish the basic homotopy
theory of some type of objects, experience suggests that a good setting in which to work is a
simplicial model category, that is in a simplicially enriched category equipped with a model
structure that is enriched over the Kan/Quillen model structure on simplicial sets. In a
simplicial model category, there is a formula for the homotopy limit or colimit of a diagram
of any shape. In the subcategory of fibrant-cofibrant objects, the model-theoretic notion
of “weak equivalence” coincides with a more symmetrically defined notion of “homotopy
equivalence.” Also, mapping-spaces between objects that are fibrant and cofibrant have
the “correct homotopy type” and are invariant under these notions of equivalence.

By analogy, we posit that a good setting in which to establish the basic category theory
of some type of objects (the “oo-categories”) is in a simplicially enriched category equipped
with a model structure that is enriched over the Quasi/Joyal model structure on simplicial
sets. Each of the models of (0o, 1)-categories listed above arise as precisely the fibrant
objects (which are also cofibrant) in a model structure of this kind. In fact, to do our work,
we need only a portion of the axioms defining a Quasi/Joyal-enriched model structure,
which define what we call an co-cosmos.

1.2.1. Definition (co-cosmos). An oo-cosmos is a simplicially enriched category K whose

e objects we refer to as the co-categories in the co-cosmos, whose
e hom simplicial sets Fun(A, B) are all quasi—categorieﬂ

and that is equipped with a specified subcategory of isofibrations, denoted by “—", satis-
fying the following axioms:

(a) (completeness) As a simplicially enriched category, K possesses a terminal object
1, cotensors AV of objects A by al]ﬂ simplicial sets U, and pullbacks of isofibrations
along any functorE]

(b) (isofibrations) The class of isofibrations contains the isomorphisms and all of the
functors !: A — 1 with codomain 1; is stable under pullback along all functors; and
if p: E — B is an isofibration in C and ¢: U < V is an inclusion of simplicial sets
then the Leibniz cotensor iﬁp: EV — EY xgv BY is an isofibration. Moreover, for
any object X and isofibration p: E — B, Fun(X,p): Fun(X, E') — Fun(X, B) is an
isofibration of quasi-categories.

3A quasi-category is a particular type of simplicial set. See

1t suffices to require only cotensors with finitely presented simplicial sets (those with only finitely many
non-degenerate simplices).

SFor the theory of homotopy coherent adjunctions and monads developed in [RV-I1], retracts and limits
of towers of isofibrations are also required, with the accompanying stability properties of These limits
are present in all of the co-cosmoi we are aware of, but will not be required for any results discussed here.
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The underlying category of an oo-cosmos K has a canonical subcategory of (representably-
defined) equivalences, denoted by “—=", satisfying the 2-of-6 property. A functor f: A —
B is an equivalence just when the induced functor Fun(X, f): Fun(X, A) — Fun(X, B) is
an equivalence of quasi-categories for all objects X € K. The trivial fibrations, denoted by
“=»” are those functors that are both equivalences and isofibrations.
It follows from (b)| that:
(c) (cofibrancy) All objects are cofibrant, in the sense that they enjoy the left lifting
property with respect to all trivial fibrations in /.

A——B

(d) (trivial fibrations) The trivial fibrations define a subcategory containing the iso-
mgrphisms; are stable under pullback along all functors; and the Leibniz cotensor
ihp: BV = EY xguv BY of an isofibration p: £ — B in K and a monomor-
phism i: U — V between simplicial sets is a trivial fibration when p is a triv-
ial fibration in IC or ¢ is trivial cofibration in the Joyal model structure on sSet
(see V.2.1.3). Moreover, for any object X and trivial fibration p: £ —» B,
Fun(X,p): Fun(X, E) =» Fun(X, B) is a trivial fibration of quasi—categoriesﬁ

(e) (factorization) Any functor f: A — B may be factored as f = pj

q Nf
ﬁ »
7N
A B
s

where p: Ny — B is an isofibration and j: A == Ny is right inverse to a trivial
fibration ¢: Ny =» A (see IV.2.1.6).

Every oo-cosmos has products by . An oo-cosmos is cartesian closed if it satisfies the
extra axiom:
(f) (cartesian closure) The product bifunctor — x —: K x L — K extends to a simpli-
cially enriched two-variable adjunction

Fun(A x B,C) = Fun(A, CP) = Fun(B, C4).

1.2.2. Recall (quasi-categories). A quasi-category is a simplicial set satisfying the weak
Kan condition, i.e., in which every inner horn A™* < A" 0 < k < n, has a filler. The
quasi-categories define the fibrant objects in a model structure on simplicial sets due to
Joyal in which the cofibrations are the monomorphisms and the fibrations between fibrant
objects are maps we call isofibrations. An isofibration is a map that has the right lifting
property against the inner horn inclusions and also against the inclusion A® — T of either

6The surjectivity on vertices of such maps proves |(c)
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endpoint into the “interval” I, defined to be the nerve of the free category e = e containing
an isomorphismﬂ

The weak equivalences between quasi-categories are precisely the equivalences between
quasi-categories, which can be understood as a type of “simplicial homotopy equivalence”
with respect to the interval I. That is, amap f: A — B of quasi-categories is an equivalence
just when there exists a map g: B — A together with maps A — A' and B — B! that
restrict along the vertices of I to the maps idy4, gf, fg, and idg respectively:

A B

AL

fitA—B iff 4g:B—~—+A and A—— A" and B— B!

N N

A

The subcategory of fibrant objects in a model category that is enriched over the Joyal
model structure on simplicial sets defines an co-cosmos — assuming all fibrant objects are
coﬁbrantﬁ In such examples, the convention will be to define the isofibrations to be the
fibrations between fibrant objects. It follows that the equivalences are precisely the weak
equivalences between fibrant objects in the model category. This is the source of each of
the following examples of co-cosmoi.

1.2.3. Example. There exist oo-cosmoi:

e Cat, whose objects are ordinary categories, with isofibrations and equivalences the usual
categorical isofibrations and equivalences (IV.2.2.4);

e (Cat, whose objects are quasi-categories (IV.2.1.4), with isofibration and equivalences
as in [1.2.2}

e CSS, whose objects are complete Segal spaces (IV.2.2.5);

e Segal, whose objects are Segal categories (IV.2.2.7);

e sSet,, whose objects are naturally marked simplicial sets (IV.2.2.8);

all of which are cartesian closed. Thus each of these varieties of (oo, 1)-categories are
examples of co-categories, in our sense; the associated oo-functors are just the usual func-
tors, maps of simplicial sets, maps of bisimplicial sets, and maps of marked simplicial sets,
respectively. For ordinary categories, the isofibrations and equivalences coincide with the
usual categorical notions bearing these names. For the quasi-categories, complete Segal
spaces, Segal categories, and marked simplicial sets, the equivalences of co-categories are
exactly the weak equivalences between fibrant-cofibrant objects in the model structure that
is used to present the basic homotopy theory of each variety of (oo, 1)-category.

So, each model of (oo, 1)-categories mentioned in the introduction has an oco-cosmos.
These are not the only examples, however:

7Joyal refers to these maps as quasi-fibrations [J| and Lurie calls them categorical fibrations [L]. We
prefer isofibrations because this term indicates the corresponding 2-categorical property; see 1V.3.1.4.
8This hypothesis is not essential; see IV.2.1.1.
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1.2.4. Example. There exist co-cosmoi:

e 0,-Sp, whose objects are 6,-spaces, a simplicial presheaf model of (oo, n)-categories
(IV.2.2.10)

e Rezk,, whose objects are Rezk objects in a sufficiently nice model category ./\/lﬂ Rezk
objects are used to define iterated complete Segal spaces, another simplicial presheaf
model of (0o, n)-categories (IV.2.2.9).

Moreover, if K is any oo-cosmos and B € K, then there is a sliced co-cosmos K,p, whose

objects are isofibrations with codomain B. Sliced oo-cosmoi will play a big role in[Lecture 4]

In summary, oo-categories, for us, are the objects in a universe called an co-cosmos that
is suitable for the development of their basic category theory — much like a simplicial
model category is a suitable environment in which to develop the basic homotopy theory
of its objects. In our definition of an oco-cosmos, we are not seeking to axiomatize the
universe surrounding any particular variety of infinite-dimensional category, in contrast
to [T] or [BSP|]. Rather, the axioms outline what is needed to prove our theorems. The
axiomatization presented here could also be made more general — indeed, |[RV-IV] uses
a weaker definition of oo-cosmos than will be considered here and further weakenings
are also possible. Our aim is to optimize for simplicity of presentation, while applying
sufficiently broadly. A perpetual challenge in category theory, or in many areas of abstract
mathematics, is to find the right level of generality, which is often not the maximal level
of generality.

1.3. The homotopy 2-category of an co-cosmos. In fact most of our work to develop
the basic theory of oo-categories takes place not in their ambient oo-cosmos, but in a
quotient of the oo-cosmos that we call the homotopy 2-category. Each co-cosmos has an
underlying 1-category whose objects are the oco-categories of that oo-cosmos and whose
morphisms, which we call co-functors or more often simply functors, are the vertices of
the mapping quasi-categories.

1.3.1. Definition (the homotopy 2-category of oco-cosmos). The homotopy 2-category of
an oo-cosmos K is a strict 2-category hiXC so that
e the objects of HK are the objects of I, i.e., the oo-categories;
e the l-cells f: A — B of hK are the vertices f € Fun(A, B) in the mapping quasi-
categories of IC, i.e., the oo-functors;
!

>
e a2cell A ia){ B in hK is represented by a l-simplex a: f — g € Fun(A, B), where
g
a parallel pair of 1-simplices in Fun(A, B) represent the same 2-cell if and only if they
bound a 2-simplex whose remaining outer face is degenerate.
Put concisely, the homotopy 2-category is the 2-category hK := ho,K defined by applying
the homotopy category functor ho: qCat — Cat to the mapping quasi-categories of the

9Here, “sufficiently nice” means permitting left Bousfield localization. With the definition of co-cosmos
presented in we also need to require that the resulting fibrant objects are all cofibrant.
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oo-cosmos; the hom-categories in h/XC are defined by the formula
hom(A, B) := ho(Fun(A, B))
to be the homotopy categories of the mapping quasi-categories in .

The homotopy 2-category hqCat of the co-cosmos of quasi-categories was first introduced
by Joyal in his work on the foundations of quasi-category theory.

1.3.2. Observation (functors representing (isomorphic) 2-cells). We write 2 for the simplicial
f

set A, which is the nerve of the walking arrow e — e. A natural transformation A \Ufc){ B
9

in the homotopy 2-category of an oco-cosmos K is represented by a map of simplicial sets

a: 2 — Fun(A, B), which transposes to define a functor in K that composes with the two

projections to the maps g and f respectively.

Ll
N’

The 2-cell A E B is an isomorphism in the homotopy 2-category hK if and only if the
g
arrow in hom(A, B) represented by the map ho(«): ho2 — hoFun(A, B) is an isomorphism.
This is the case if an only if the representing simplicial map a: 2 — Fun(A, B) extends to
a simplicial map «': T — Fun(A, B), which transposes to define a functor in K

A, B

\ lm
g

B

A priori, it is a bit of a surprise that the homotopy 2-category remembers enough infor-
mation from the oo-cosmos to develop the basic category theory of its objects. The first
result that shows why this might be the case is the following.

1.3.3. Proposition (IV.3.1.8). A functor f: A — B is an equivalence in the co-cosmos K
if and only if it is an equivalence in the homotopy 2-category HiC.
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Proof. By definition, any equivalence f: A —== B in the oco-cosmos induces an equivalence
Fun(X,A) == Fun(X, B) of quasi-categories for any X, which becomes an equivalence
of categories hom(X, A) —— hom(X, B) upon applying the homotopy category functor
ho: qCat — Cat. Applying the Yoneda lemma in the homotopy 2-category HKC, it follows
easily that f is an equivalence in the sense of Definition [1.1.4]

Conversely, as the map I — A of simplicial sets is a weak equivalence in the Joyal model
structure, the cotensor B' defines a path object for the co-category B.

/ Wo

B—>B><B

It follows from the 2-of-3 property that any functor that is isomorphic in the homotopy
2-category to an equivalence in the oo-cosmos is again an equivalence in the oo-cosmos.
Now it follows immediately from the 2-of-6 property for equivalences in the oo-cosmos
and the fact that the class of equivalences includes the identities, that any 2-categorical
equivalence in the sense of Definition [1.1.4]is an equivalence in the co-cosmos. U

The upshot is that any categorical notion defined up to equivalence in the homotopy
2-category is also characterized up to equivalence in the co-cosmos.

Axioms [1.2.1f(a)| and @ imply that an oo-cosmos has finite products satisfying a sim-
plicially enrlched universal property. Consequently:

1.3.4. Proposition. The homotopy 2-category of an co-cosmos has finite products, and if
the oo-cosmos s cartesian closed, then so is its homotopy 2-category.

Proof. The homotopy category functor ho: qCat — Cat preserves finite products. Applying
this to the defining isomorphisms Fun(X,1) = A% and Fun(X, A x B) = Fun(X, A) x
Fun(X, B) for the simplicially enriched terminal object and binary products of K yields
isomorphisms hom(X,1) = 1 and hom(X, A x B) = hom(X, A) x hom(X, B). These
demonstrate that 1 and Ax B are also the 2-categorical terminal object and binary products
in hKC.

In this case where K is cartesian closed, applying the homotopy category functor to
the defining isomorphisms on mapping quasi-categories yields the required natural isomor-
phisms

hom(A x B,C) = hom(A, C?) = hom(B, C*)

of hom-categories. O

1.3.5. Definition. A functor of co-cosmoi F': K — L is a simplicial functor that preserves
isofibrations and the limits listed in|1.2.1{(a)l Simplicial functoriality implies that a functor
of co-cosmoi preserves equivalences and hence also trivial fibrations.

For any oo-cosmoi that arise as the fibrant objects in a Joyal-enriched model category,
a simplicially enriched right Quillen adjoint will define a functor of co-cosmoi. This is the
source of many of the following examples.
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1.3.6. Example. The following define functors of oo-cosmoi:

e Fun(X,—): K — qCat for any object X € K (see Proposition IV.2.1.10).

e As a special case, the underlying quasi-category functor Fun(l,—): K — qCat. Ex-
amples include the functors CSS — qCat and Segal — qCat that take a complete
Segal space or Segal category to its Oth row (see IV.2.2.5 and IV.2.2.7) and the functor
sSet, — qCat that carries a naturally marked simplicial set to its underlying quasi-
category (see IV.2.2.8).

e (—)V: K — K for any simplicial set U, by and the fact that simplicially enriched
limits commute with each other.

e The inclusion Cat — qCat of categories into quasi-categories that identifies a category
with its nerve (see IV.2.2.4).

e The functor t': qCat — CSS defined in example 1V.2.2.6.

e The functor CSS — Segal that “discretizes” the Oth space of a complete Segal space.

The appropriate notion of functor between 2-categories is called a 2-functor, preserving
all of the structure on the nose. A functor F': K — L of oo-cosmoi induces a 2-functor
hF := ho,F': B — HL between their homotopy 2-categories. Because adjunctions and
equivalences in a 2-category are defined equationally, they are preserved by any 2-functor;
in particular, the 2-functor between homotopy 2-categories induced by a functor of oo-
cosmoi preserves adjunctions and equivalences. Hence:

f
1.3.7. Proposition. If B, 1 A is an adjunction between oo-categories then
Fun(X,f)
(i) For any oo-category X, Fun(X, B) _ L " Fun(X, A) defines an adjunction of quasi-
Fun(X,u)
categories.
hom(X,f)
(11) For any co-category X, hom(X, B) , L "hom(X, A) defines an adjunction of cat-
hom(X,u)
eqgories.
fU
(iii) For any simplicial set U, BY 71T~ AY defines an adjunction of co-categories.

uwU

(iv) If the co-cosmos is cartesian closed, then for any oo-category C' the pre- and post-
composition functors define adjunctions of oo-categories:

fx u*
BC 717 AC CcB17¢CcA
Ux f*

Taking X =1 in yields an adjunction between the homotopy categories associated
to the oo-categories A and B.

Proof. The adjunction f - u in K is preserved by the 2-functors Fun(X, —): H — hqCat,
hom(X, —): hK — hCat, (—)V: BK — K, (—)¢: BK — K, and C7): hKP — hK. O
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Via the simplicial cotensor and the embedding Cat < sSet, for any co-category A in
an oo-cosmos K, there is also a 2-functor A7) : hCat®® — HIC, which is another source of
adjunctions between oo-categories:

1.3.8. Example (1.4.5.8). For any oo-category A, there is an adjunction

JEIPY i ——.

between the “composition” functor m and the pair of functors that “extend an arrow into
a composable pair” by using the identities at its domain and codomain.
To prove this, first note that there exists a pair of adjunctions

between ordinal categories so that the counit of the top adjunction and unit of the bottom
adjunction are identities. Applying A7) : hCat® — HXC converts these into adjunctions

in which the upper adjunction has identity unit and the lower adjunction has identity
counit. We write 42 := A2 and refer to this as the arrow co-category associated to A on
account of a weak 2-categorical universal property that we will describe in

The horn inclusion A% < A? is a trivial cofibration in Joyal’s model structure, inducing
an equivalence p: A3 —» A2 x 4 A? of co-categories, whose codomain we identify from the
left-hand pushout in simplicial sets, which induces the right-hand pullback in the oo-
COSINOS:

A21 52 AL AA2 1 7o AZ
T _I T&O l _I lpl
Al — A° Az ——» A

Proposition tells us that p: A% —» A2 x 4 A? defines an equivalence in the homotopy
2-category. In particular, by Corollary [1.1.6] p admits an equivalence inverse p’ that is
simultaneously a left and a right adjoint. Composing p - p’ -+ p with the displayed
adjunction, we obtain the adjunctions ig 4 m — ;.

In fact, these adjunctions can be defined so that the unit and counit 2-cells, and not
just the functors, are fibered over the endpoint evaluation functors A2 x4 A2 — A x A
and A2 — A x A. The proof makes use of the fact that these maps are isofibrations; see
[.4.5.8.
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Lecture 2. LIMITS AND COLIMITS IN co-CATEGORIES

Recall that we use the term oo-category to refer to any variety of infinite-dimensional
category that inhabits an oo-cosmos. An oo-cosmos is a simplicially enriched category K,
whose homs Fun(A, B) are quasi-categories, that admits certain simplicially-enriched limit
constructions and whose specified class of isofibrations enjoy certain closure properties.
The objects and morphisms of the underlying category of K define the oo-categories and
oo-functors of the oco-cosmos. There are co-cosmoi for quasi-categories, complete Segal
spaces, Segal categories, and naturally marked simplicial sets, each of these being a model
of (oo, 1)-categories.

Our development of the basic theory of adjunctions and equivalences between oo-cat-
egories takes place entirely within the homotopy 2-category hK of an oco-cosmos K. The
objects and morphisms in the homotopy 2-category are again the oco-categories and oco-

f

functors. A 2-cell A @B between a parallel pair of functors between oo-categories
9

is represented by a l-simplex a: f — g € Fun(A, B), where two parallel 1-simplices are

equivalent if and only if they bound a 2-simplex whose third edge is degenerate. More

concisely, the hom-category hom(A, B) between two objects in the homotopy 2-category is

the homotopy category of the mapping quasi-category Fun(A, B).

Proposition demonstrates that the homotopy 2-category of any oo-cosmos has finite
products, satisfying a 2-dimensional universal property. For the terminal co-category 1, this
says that hom(X, 1) = 1, that is there is a unique oo-functor !: X — 1 for any oco-category
X and this functor admits no non-identity endomorphisms. Proposition demonstrates
that the notions of equivalence between oo-categories defined at the level of the co-cosmos
coincide precisely with the notions of equivalence in the homotopy 2-category, the upshot
being that equivalence-invariant 2-categorical constructions are appropriately homotopical.

Fix an ambient oco-cosmos . We will work inside this universe for the remainder of
this lecture. Our aim now is to define appropriate notions of limit and colimit of diagrams
taking values in an oco-category A inside the oo-cosmos. To define limits and colimits, we
need a way to look inside the oo-category A without leaving the comfort of the oo-cosmos
axiomatization. For this, we make use of the terminal co-category 1. A functor a: 1 — A
will be called an elememEj] of A; by analogy, a functor a: X — A is a generalized element
of A. Elements of A and the 2-cells between them define the homotopy category of the
oo-category A, as we record in passing.

2.0.1. Definition. The homotopy category of an co-category A is the category hom(1, A)
whose objects are the elements of A and whose morphisms «: a — a’ are 2-cells 1 \U_a)( A.

a/

108y nonyms include point or object. The term “element” is perhaps less traditional but also less likely
to be confused with other mathematical notions currently under consideration.
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2.1. Terminal elements. Before introducing the general notion of limits, we will warm
up with a special case of terminal objects, which we will call terminal elements.

2.1.1. Definition. A terminal element in an oo-category A is a right adjoint £: 1 — A to
the unique functor !: A — 1. Explicitly, the data consists of:

e an element t: 1 — A and
e a natural transformation 7n: idy = t! whose component nt at the element ¢ is an
isomorphism []

Several basic facts about terminal elements can be deduced immediately from the general
theory of adjunctions.

2.1.2. Proposition.
(i) An element t: 1 — A is terminal if and only if it is representably terminal, i.e., if

forall f: X — A there exists a unique 2-cell

7

(11) Terminal elements are preserved by right adjoints and by equivalences.
(1i1) If A" ~ A then A has a terminal element if and only if A" does.

Proof. For[(i)} Proposition proves that terminal elements are representably termi-
nal; the converse follows from the Yoneda lemma. is a special case of Proposition m

via Corollary [1.1.6} follows. d

2.2. Limits. Terminal elements are limits indexed by the empty set. We now turn to
limits of generic diagrams whose indexing shapes are given by simplicial sets. We have
a 2-category bhsSet of simplicial sets, extending in the evident way the definition of the
homotopy 2-category hqCat C hsSet of quasi-categories. The 2-category of categories sits
as a full subcategory hCat C hqCat C hsSet, with categories identified with the simplicial
sets defining their nerves. In this way, diagrams indexed by categories are among the
diagrams indexed by simplicial sets.

For any oo-category A in an co-cosmos K, there is a simplicial functor A7) : sSet°? — I,
which descends to a 2-functor A7) : hsSet®? — HI. These simplicial cotensors are used to
define oco-categories of diagrams.

x—1 .4
E]
! t
1

2.2.1. Definition (diagram oo-categories). If J is a simplicial set and A is an oo-category,
then the oo-category A” is the co-category of J-indexed diagrams in A.

2.2.2. Remark. In the case where the co-cosmos is cartesian closed, in the sense of Definition
1.2.1(f), we could instead take the indexing shape J to be an oo-category, in which case
the internal hom A7 is the oo-category of J-indexed diagrams in A. The development of
the theory of limits indexed by an oco-category in a cartesian closed oo-cosmos entirely

Hyg 7 is the unit of the adjunction ! - ¢, then the triangle identities demand that nt = id;. However, by
a 2-categorical trick, to show that such an adjunction exists, it suffices to find a 2-cell n so that nt is an
isomorphism (see 1.4.2.3).
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parallels the development for limits indexed by a simplicial set. The conflated notation of
[1.2.1(a)| and [1.2.1(f)| is intended to further highlight this parallelism.

In analogy with Definition [2.1.1] we have:

2.2.3. Definition. An oo-category A admits all limits of shape J if the constant diagram
functor A: A — A’ induced by the unique functor !: J — 1, has a right adjoint:
AT A
T

From the vantage point of Definition [2.2.3] the following result is easy:

2.2.4. Ezercise. Show, using[1.1.3land [1.1.8] that a right adjoint functor u: A — B between
oo-categories that admit all limits of shape J necessarily preserves them, in the sense that
the functors

AT, B
liml = J/lim
commute up to isomorphism.

The problem with Definition [2.2.3]is that it is insufficiently general: many co-categories
will have certain, but not all, limits of diagrams of a particular indexing shape. With this
aim in mind, we will now re-express Definition [2.2.3]in a form that permits its extension
to cover this sort of situation. For this, we make use of the following 2-categorical notion.

2.2.5. Definition (absolute right lifting). Given a cospan C' 2 A L B, afunctor /: C' — B

and a 2-cell

C—>A

(2.2.6)

define an absolute right lifting of g through f if any 2-cell as displayed below-left factors
uniquely through A as displayed below-right

b

X258 X—B
| o b f’ b
/ 4A

We refer to the 2-cell as an absolute right lifting diagram. In category theory, the
term “absolute” typically means “preserved by all functors.” An absolute right lifting dia-
gram is a right lifting diagram \: f¢ = ¢ so that the restriction of A along any generalized
element ¢: X — C again defines a right lifting diagram.
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2.2.7. Ezercise. Show that in any 2-category, a 2-cell €: fu = id4 defines the counit of an
adjunction f - u if and only if

A

defines an absolute right lifting diagram.

Applying Exercise [2.2.7, Definition [2.2.3] is equivalent to the assertion that the limit
cone, our term for the counit of A - lim defines an absolute right lifting diagram:

A
>l
A
Je
Al ——= A7

This motivates the following definition.

(2.2.8)

2.2.9. Definition (limit). A limit of a J-indexed diagram in A is an absolute right lifting
of the diagram d through the constant diagram functor A: A — A’

A (2.2.10)

the 2-cell component of which defines the limit cone \: Alimd = d.

If A has all J-indexed limits, then the restriction of the absolute right lifting diagram
[2.2.8) along the element d: 1 — A7 defines a limit for d. Interpolating between Definitions
2.2.9 and [2.2.3], we can define a limit of a family of diagrams to be an absolute right lifting
of the family d: K — A’ through A: A — A’. For instance:

2.2.11. Theorem (1.5.3.1). For every cosimplicial object in an co-category that admits an
coaugmentation and a splitting, the coaugmentation defines its limit. That is, for every

oco-category A, the functors
A
7]
A
A

A + res A
define an absolute right lifting diagram.

Here is the usual simplex category of finite non-empty ordinals and order-preserving
maps. It defines a full subcategory of ,, which freely appends an initial object [—1],
and this in turn defines a wide subcategoryH of |, which adds an “extra degeneracy”
map between each pair of consecutive ordinals. Diagrams indexed by C L C |

127 wide subcategory is a subcategory containing all of the objects.
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are, respectively, called cosimplicial objects, coaugmented cosimplicial objects, and split
cosimplicial objects. The limit of a cosimplicial object is often called its totalization.

Proof sketch. In hCat, there is a canonical 2-cell

(GEEEEEN n

|7
!
[—1]

1

because [—1] € | is initial. This data defines an absolute right extension diagram that is
moreover preserved by any 2-functor, as the universal property of the functor [-1]: 1 —
1 and the 2-cell X\ is exhibited by a pair of adjunctions (see 1.5.3.2). The 2-functor
A pCat® — hK converts this into the absolute right lifting diagram of the statement.
O

The most important result relating adjunctions and limits is of course:
2.2.12. Theorem (1.5.2.13). Right adjoints preserve limits.

Our proof will closely follow the classical one. Given a diagram d: 1 — A7 and a right
adjoint u: A — B to some functor f, a cone with summit b: 1 — B over «”’d transposes to
define a cone with summit fb over d, which factors uniquely through the limit cone. This
factorization transposes back across the adjunction to show that u carries the limit cone
over d to a limit cone over u’d.

Proof. Suppose that A admits limits of a diagram d: 1 — A7 as witnessed by an absolute
right lifting diagram (2.2.10). By Proposition [1.3.7, an adjunction f - u induces an
adjunction f/ 4 u”’. We must show that

A—3B

AN

1—d>AJ—J>BJ

is again an absolute right lifting diagram. Given a square

X b s B

N

1 A7 B’
d

u’

we first “transpose across the adjunction,” by composing with f and the counit.

b f f

X > B A x_-t.B A

1l Ux lA lA _ ,ly)lA

a7 g I g ma B
d d

l=— A
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The universal property of the absolute right lifting diagram A: Alim = d induces a unique
factorisation ¢, which may then be “transposed back across the adjunction” by composing
with u and the unit.

“ Bl s AT —— B’ 1 A7 B/
N~ d u’
Here the second equality is a consequence of the 2-functoriality of the simplicial cotensor,
while the third is an application of a triangle identity for the adjunction f/ 4 w’. The
pasted composite of ( and 7 is the desired factorisation of y through .

The proof that this factorization is unique, which again parallels the classical argument,
is left to the reader: the essential point is that the transposes defined via these pasting
diagrams are unique. U

The same argument also shows that a right adjoint preserves the limit of a family of
diagrams d: K — A”7. On account of Exercise [1.1.5, we have the immediate corollary:

2.2.13. Corollary. FEquivalences preserve limits.
Moreover, “completeness” of oo-categories is transferred along equivalences.

2.2.14. Proposition. If A ~ B then any family of diagrams in A that admits limits in B
also admits limits in A.

Proof. Consider a family of diagrams d: K — A’ of shape .J in A that admits limits in B
after composing with the equivalence A ~ B, given by an absolute right lifting diagram:

B
A
A
K~ Al —— B
We claim that the composite 2-cell

B—— A

/lA lA
UA
K Al — B =5 A7
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again defines an absolute right lifting diagram, proving that the original family d: K — A’
admits limits in A. Promoting the equivalence to an adjoint equivalence, as in Exercise
[I.1.5] the proof of this universal property is very similar to the proof of Theorem [2.2.12
the remaining details are left as an exercise. Il

2.3. Colimits. The theory of colimits of J-indexed diagrams in an oco-category A is dual
to the theory of limits by reversing the direction of the 2-cells but not the 1-cells in the
ambient homotopy 2-category hHXC.

2.3.1. Definition (absolute left lifting). Given a cospan C' % A L B, a functor {: C' — B

and a 2-cell
B
AL
o

define an absolute left lifting of g through f if any 2-cell as displayed below-left factors
uniquely through A\ as displayed below-right

x-t.B x-t.p
/ A
CT>A C—>A

2.3.2. Definition (colimit). A colimit of a J-indexed diagram in A is an absolute left
lifting of the diagram d through the constant diagram functor A: A — A7

colim d l
™A

1—>AJ

the 2-cell component of which defines the colimit cone \: d = A colimd.
We leave the formulation of the evident duals of 2.2.11] 2.2.12], 2.2.13] and 2.2.14] as an

exercise.

2.4. Arrow oo-categories. By design, our definitions of limits and colimits of diagrams
in an oo-category and of adjunctions between co-categories are in a form that can be easily
expressed internally to a 2-category. Consequently, we have not yet described the universal
properties encoded by the oo-functors represented by limit or colimit elements. Our aim in
the next lecture will be to present equivalent definitions of limits, colimits, and adjunctions
that can be given in these terms. These will require a more substantial use of the co-cosmos
axiomatization than we have needed thus far and will also form the basis for our “model
independence” results.
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To prepare the way for this discussion, we now briefly introduce the oo-categories that
will serve as a vehicle to encode these sorts of representable universal properties, at least
in the very simplest case: these are arrow oco-categories.

Here is the idea that motivates their importance. Recall that we use the terminal oo-
category 1 to probe inside an oo-category A, in the sense that an element of A is defined

to be a functor a: 1 — A. We would like to be able to probe similarly for arrows in A.

>
An approximate notion is given by a 2-cell of the form 1 \Uf)( A, but these correspond

a/

to arrows in the homotopy category of A, as in Definition [2.0.1] rather than arrows in A
itself. If we had a “walking arrow” oo-category 2, then we could define an arrow in A to
be a functor f: 2 —+ A. The axioms of an co-cosmos do not guarantee this, but we can
represent functors of this type in “transposed” form, as elements f: 1 — A? in the arrow
oo-category that we now define.

2.4.1. Definition (arrow oo-categories). For any oo-category A, the simplicial cotensor

A2 = AN PUPOL AN o f g

defines the arrow co-category A2, equipped with an isofibration (py,pg): A? - A x A,
where p;: A2 — A denotes the codomain projection and py: A% — A denotes the domain
projection.

Using the notation 2 := A!, the defining universal property of the simplicial cotensor
asserts that the canonical map defines an isomorphism of quasi-categories

Fun(X, A%) — Fun(X, A)?.

In particular, taking X = A2, the identity functor id,2 transposes to define a vertex in
Fun(A2, A)? which represents a 2-cell

Po
A2 T4 A (2.4.2)
T

in the homotopy 2-category hK.

There is an analogous categorical notion of cotensor with 2: if C' is an ordinary 1-
category, then C? is the category whose objects are morphisms in C' and whose morphisms
are commutative squares. In particular, for any pair of oco-categories, we can form the arrow
category hom(X, A)2 of the hom-category between them. There is a canonical functor
hom(X, A%?) — hom(X, A)? obtained by applying hom(X, —) to the 2-cell and
appealing to the universal property of hom(X, A)Z. Now the arrow oo-category A< would
be a strict 2-cotensor in the homotopy 2-category K if this map defined an isomorphism
hom (X, A?) =, hom (X, A)?, analogous to the isomorphism of mapping quasi-categories
that demonstrates that A2 is a strict Al-cotensor in K. Instead:
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2.4.3. Proposition (1.3.3.9). For any oco-categories X and A, the canonical functor
hom (X, A%) — hom(X, A)?
1s smothering: that is, surjective on objects, full, and conservative.ﬁ

Surjectivity on objects asserts that any 2-cell a: f = ¢g: X — A is represented by a
functor &: X — A? with the property that the whiskered composite of the representing
functor with the canonical 2-cell ¢: pg = p; equals «:

Po f

& A
X—>A2$A:X?A
m 5

These representatives are not unique:

2.4.4. Ezercise. Show that any parallel pair of functors &, & : X — A2 over A x A that are
connected by an invertible 2-cell that projects to the identity along (p;,po): A2 - A x A
will necessarily represent the same 2-cell a: f = g.

— .
X I A2

X

Then use Proposition to prove the converse: that any parallel pair of functors that
represent the same 2-cell a: f = ¢ are connected by an isomorphism of this form.
Lemma proven below, generalizes this result.

This non-uniqueness of representing functors implies, in particular, that the functor
of Proposition [2.4.3] cannot define an isomorphism of categories. Nonetheless, we are
able to make substantial use of the weak 2-dimensional universal property of the arrow
construction, as expressed by Proposition [2.4.3] as we shall shortly discover.

Lecture 3. COMMA 00-CATEGORIES AND MODEL INDEPENDENCE

In the first two parts of this series, we have introduced notions of adjunctions between
and limits and colimits of diagrams valued within co-categories, which are objects in some
well-behaved universe we call an oco-cosmos. In our treatment of adjunctions between
oo-categories and limits and colimits of diagrams valued in an oo-category we have priv-
ileged definitions of these basic categorical notions that can be defined internally to any
2-category. Consequently, we have not yet seen the analogues of, for instance, the idea
that an adjunction encodes a natural correspondence between certain arrows in a pair
of oo-categories, or the idea that a limit defines a terminal object in the oo-category of
cones. Our aim in this lecture is to present equivalent definitions in terms of these univer-
sal properties, utilizing additional structures in the homotopy 2-category guaranteed by

I3A functor is conservative when it reflects isomorphisms.
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the oco-cosmos axioms. The axioms imply that the homotopy 2-category of an co-cosmos

admits the construction of the comma co-category for any cospan of functors C' % A LB

Immediately from their constructions, comma oo-categories are preserved by functors of
oo-cosmoi. For a certain special class of functors, which we will call weak equivalences of
0o-cosmot, equivalences and comma oco-categories are also created and reflected. Having
encoded limits, colimits, and adjunctions as equivalences between comma oco-categories, a
corollary will be that these notions are preserved, reflected, and created by weak equiv-
alences of oo-cosmoi. In particular, these notions are invariant under change of models
between quasi-categories, complete Segal spaces, Segal categories, and naturally marked
simplicial sets.

3.1. The weak 2-universal property of comma oo-categories. Proposition
demonstrates that the homotopy 2-category of an oo-cosmos has finite products, in the
2-categorical sense. Unlike the special case of hCat, a general homotopy category will ad-
mit few 2-dimensional limit notions. However, certain simplicially-enriched limits in the
oco-cosmos provided by the axioms [I.2.1j(a)] and [(b)] descend to a particular variety of weak
2-dimensional limits. Arrow oco-categories define a special case of a more general comma
construction that we now introduce.

3.1.1. Definition (comma oo-categories). Any pair of functors f: B — A and g: C — A
in an oo-cosmos K has an associated comma oo-category, constructed by the following
pullback, formed in X:

flg——— A? (3.1.2)
"
(p1:p0) (p1,p0)

CxB——AXxA
gxf

The top horizontal functor represents a 2-cell

flg
p1 po
D
c ¢ B
DT
in the homotopy 2-category hiC, called the comma cone, which is defined by composing

with (2.4.2). Note that, by construction, the map (p1,po): flg — C X B is an isofibration.

As a simplicially-enriched limit in I, the oo-category f | ¢ has a universal property
expressed via a natural isomorphism of quasi-categories

Fun(X, f | g) — Fun(X, f) | Fun(X, )

for any X € K, where the right-hand side is computed by the analogous pullback to ,
formed in qCat.

There is an analogous 2-categorical notion of comma object. The comma oo-category
f 1 g would be a strict comma object in the homotopy 2-category HIC if there were an
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isomorphism between the hom-category hom(X, f]¢g) and the comma category hom(X, f){
hom(X, g) constructed from the pair of functors

hom(X, C) hom(X:9), hom(X, A)

hom(X,f)
7

hom(X, B).
Instead:

3.1.3. Proposition (1.3.3.18). For any object X, the induced comparison functor of hom-
categories

hOIIl(X7 f \l/g) - hOHl(X7 f) \L hOHl(X, g)
1s smothering: surjective on objects, locally surjective on arrows, and conservative.

3.1.4. Observation (the weak universal property of commas). Explicitly, the weak univer-
sal property expressed by Proposition supplies three operations in the homotopy
2-category:

(i) (1-cell induction) Given a 2-cell a: fb = ge

X
c X b ¢ \La b
N /mg\
N C[/gi\NB
A %A)/f

over the pair of functors f and g, there exists a 1-cell a: X — f | g, defined by
1-cell induction, so that ppa = b, p1a = ¢, and o = ¢a.
(ii) (2-cell induction) Given a pair of functors a,a’: X — f | g and a pair of 2-cells

X X

a’ a a’ a

flg = flg and  flg 2 flg
z§xcz61 ;&széo

with the property that

a’ i a a’ i a
flg =  f = fig 2 fly

Pl\/lc l/g 1/0

\p
/ g\/f

lg
Iy
g\)A
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then there exists a 2-cell 7: a = d/, defined by 2-cell induction, satisfying the

equalities
X X
, X a/<é>a ,X a/<£>a
TN N
flg <= flg = flg and flg <= flg = flyg
RN |- NP |-

C B

a

—
(iii) (comservativity) Any 2-cell X 4 f | g with the property that the whiskered
M

a/

2-cells po7 and p;7 are both isomorphisms is also an isomorphism.

3.1.5. Lemma (1.3.3.27). A parallel pair of functors over C' x B

X —— /1y

(Ck‘ %po )

Cx B

are isomorphic over C x B if and only if a and o' both enjoy the same defining properties
as 1-cells induced by the weak 2-universal property of f | g, i.e., if these functors satisfy
oa = gba’.ﬂ That is, 2-cells of the form displayed on the left

X b c X b
N / l N

C < B oy C a
N N

A flyg

stand in bijection with isomorphism classes of maps of spans, as displayed on the right.

B

Proof. An isomorphism 7 between a parallel pair a,a’: X — f | g with the same defining
conditions is induced by 2-cell induction and conservativity from the pair of identity 2-cells
p17 = id. and p;7 = id,. Conversely, by uniqueness of composites of pasting diagrams, if
there is any isomorphism 7: a = @’ over an identity on C' x B then whiskered composites
¢a and ¢a’ are equal. O

3.1.6. Lemma (V.2.3.8). For any pair of functors C Ny B, the universal property of
characterizes a unique equivalence class of isofibrations E — C x B. That is:

(i) Any pair of isofibrations E — C' x B and E' — C x B equipped with a comma
cone that enjoys the weak universal property of are equivalent, over C' X B.

HFor a and @’ to define a parallel pair of functors over C' x B we must have poa = poa’ and pra = p1d’.
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(ii) Any isofibration E — C x B that is equivalent over C' X B to the comma f | g —
C x B, has the universal property of [3.1.4)

Proof. The proof of [(i)|is an elementary exercise in the application of the universal prop-
erty of 3.1.4] paralleling the standard proof that a strictly-defined limit is unique up to
isomorphism. For , an equivalence E —— f | g defines a representable equivalence in
the homotopy 2-category. Thus, for any object X, we have a composable pair of functors

hom(X, £) == hom(X, f | g) — hom(X, f) { hom(X, g), (3.1.7)

the first being an equivalence and the second being smothering, and so the composite is
full, conservative, and essentially surjective on objects. To show that it is in fact surjective
on objects, we make use of the fact that the equivalence £ ~ f | g is fibered over C' x B.
Any object in the codomain of lifts to a representing functor X — f | g, which is
isomorphic over C' x B to a functor of the form X = F —— f | g. By Lemma e
defines the desired preimage in hom(X, F). O

3.2. Hom-spaces and groupoidal objects. The comma construction allows us to define
hom-spaces between a pair of elements in an oco-category.

3.2.1. Definition (hom-spaces). Given a pair of elements a,a’: 1 — A in an oo-category
A, their hom-space is the comma oo-category a | a’ defined by the pullback

ala —— A?

l - l(m .po)

l——Ax A
(a’,a)
We refer to the oo-category a | a’ as a hom-space because, as an easy corollary of the
conservativity of its weak universal property, it defines a groupoidal object in the oo-cosmos.

3.2.2. Definition. We say an object F in an oco-cosmos K is groupoidal if the following
equivalent conditions are satisfied:

(i) E is a groupoidal object in the homotopy 2-category h/C, that is, every 2-cell with
codomain F is invertible.
(ii) For each X € K, the hom-category hom(X, E) is a groupoid.
(iii) For each X € K, the mapping quasi-category Fun(X, E) is a Kan complex.
(iv) The isofibration E' —» F?, induced by the inclusion of simplicial sets 2 < I, is a
trivial fibration.
Here is an unpacking of The equivalence of and is a well-known result of
Joyal [, 1.4]. Condition |(iv)[is equivalent to the assertion that Fun(X, E)! — Fun(X, E)?
is a trivial fibration between quasi-categories for all X. If this is a trivial fibration, then sur-
jectivity on vertices implies that every 1-simplex in Fun(X, E) is an isomorphism, proving

. As 2 — 1 is a weak homotopy equivalence, implies
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3.2.3. Remark. In the co-cosmoi whose objects model (0o, 1)-categories, we posit that the
groupoidal objects are precisely the corresponding co-groupoids. For instance, in the co-
cosmos for quasi-categories, an object is groupoidal if and only if it is a Kan complex. In
the co-cosmos for naturally marked simplicial sets, an object is groupoidal if and only if it
is a Kan complex with every edge marked.

3.3. Commas representing functors. For any functors between oo-categories, e.g.,
f: B— Aand u: A — B, the following pullbacks in IC

flA—— A2 Blu——B?
(phpo)l - J/ ((h,tIo)J/ - l
AxB—AxA AxB—BxDB
idg X f uxidpg

define the comma oo-categories f | A and B | u, each of which is equipped with an isofi-
bration to A x B. The horizontal functors represent 2-cells

flA Blu (3.3.1)
Rl TR D 3

in the homotopy 2-category which satisfy the following weak universal property derived
from Lemma B.1.5t

e 2-cells x: fb = a stand in bijection with isomorphism classes of maps of spans:

N RS
A//f\\B s AK\\P/%B

p1 f \L A Po
e 2-cells (: b = wa stand in bijection with isomorphism classes of maps of spans:
X 0 b
. b N
/ é \ s A Y B
A———B Z\ ﬂ
u

Here the isomorphism classes are defined with respect to natural isomorphisms x = 2’

projecting to an identity over A x B. The bijection is implemented by whiskering a functor
over A x B with the 2-cells of (3.3.1]).
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If f - wu, then hom(X, f) 4 hom(X,u) defines an adjunction of categories for any oo-
category X. This tells us that there is a natural bijection between 2-cells

X
SEN e // N

implemented by pasting along the bottom with the unit or with the counit. By a Yoneda-
style argument, this yields the following result, which we instead prove directly.

f
3.3.2. Proposition (1.4.4.2). If B, L " A is an adjunction between oo-categories, then
there is a fibered equivalence between the comma oo-categories:

flA——=——Blu

(phpm %1,(10)
Ax B

The proof of this result mirrors the standard construction of the adjoint-transpose bi-
jection using the unit and counit of an adjunction.

Proof. The composite 2-cells displayed on the left of the pasting equalities induce functors
w:Blu— flAandw: flA— Blu

Blu Blu J1A J1A
VAN lw =N I
A" B = A1 "B - Blu

A4 AN N/ LN

A<—B

that commute with the projections to A x B.

fLAZ— ——Blu

>

(p1,p0) Ax B q1,90)
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Supposing f - u, we have the following series of pasting equalities:

f1A f1A f1A flA
J» NS S A
Blu Blu = A«1 "B A+ B

L0 T R

A—"——B A<—B

N\ \Nos

A<—B

in which the last step is an application of one of the triangle identities. This tells us that
the endo-1-cells w'w and ids 4 on the object (p1,po): f 1 A - A x B both map to the
same 2-cell @ under the whiskering operation. By Lemma [3.1.5] it follows that these are
connected via a natural isomorphism w'w and id; 4 over A x B. A dual argument provides
a natural isomorphism ww’ = idpg;; over A x B, defining a fibered equivalence f | A ~ B lu
over A X B. O

3.3.3. Corollary. If f: B — A and u: A — B are functors so that f - u, then for any
pair of elements a: 1 — A and b: 1 — B, the hom-spaces fa | b and a ] ub are equivalent.

Proof. Fibered equivalences can be pulled back along any functor to define another fibered
equivalence. Pulling back the equivalence of Proposition along a pair of elements

| @
—3 Ax B
fbia—>f¢A

j\z ’\,

aiub—>B¢u

/ (p1,p0) & \Z P1,P0)

1—>A><B

we obtain an equivalence of hom-spaces f b ¢ a >~ b | ua, the former in the co-category A
and the latter in the co-category B. O

The converse to Proposition follows from a general result that will have other
applications.

3.4. Commas and absolute lifting diagrams. A 2-cell A\: f¢ = g induces a functor

Bll—————flg
//]l ~ S N - (3.4.1)
CxB

C—>A
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between comma oo-categories defined by 1-cell induction for the comma f | g from the
pasted composite of the comma cone for B | ¢ and .

Bl¢
Bl |w
,p1/<:¢ 9 flg

t—— B =
Rjﬁ C/pl@mB

C

A Yoneda-style argument, making use of Lemmas [3.1.5] and [3.1.6] proves the following
result:

3.4.2. Proposition (I1.5.1.3, 1.5.1.8). The data of (3.4.1) defines an absolute right lifting
diagram in HIC if and only if the induced map w: B | ¢ — f | g is an equivalence over
C x B. Conversely, an equivalence

X

over C' X B induces a canonical 2-cell X: fl = g that defines an absolute right lifting of g
through f.

3.5. Adjunctions, limits, and colimits via commas. Special cases of Proposition [3.4.2
provide characterizations of adjunctions and (co)limits as equivalences between comma oo-
categories.

3.5.1. Proposition (1.4.4.3). If f: B — A and u: A — B are functors so that there exists
a fibered equivalence between the comma oco-categories:

flA————Blu

(pl,phﬂ %1,(10)
Ax B

then f - u.

Proof. By Proposition the fibered equivalence induces an absolute right lifting dia-
gram

B
/ lf
Je
A A

Exercise then implies that f 4 u, with €: fu = id4 as the counit. U
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3.5.2. Definition (the co-category of cones). Given a J-indexed diagram d: 1 — A’ in
an oo-category A, the co-category of cones over d is the comma oo-category A | d formed
over the cospan
Ald
p1 Po

Y
1 <y A
A

By the defining simplicial pullback (3.1.2)), the data of an element in A | d is comprised of
an element a: 1 — A (the summit) together with an element of the hom-space from Aa to
d in A7 (the cone).

Specializing Proposition [3.4.2 we have:

3.5.3. Proposition. An element ¢: 1 — A defines a limit for a diagram d: 1 — A’ if and
only if there is a fibered equivalence between the comma oco-category represented by £ and
the oco-category of cones over d:

All—"—Ald

D

The conclusion of Proposition [3.5.3| asserts that the oco-category of cones over d is rep-
resented by the element /: 1 — A.

3.5.4. Ezercise. Specializing to the case J = (), show that an element ¢: 1 — A is terminal
if and only if the projection py: A [t =» A is a equivalence, and thus a trivial fibration.

3.5.5. FExercise. Use 1-cell induction, 2-cell induction, and 2-cell conservativity for the
comma A | ¢ associated to an element ¢: 1 — A to show that the identity at ¢ defines a
terminal element id,: 1 — A | ¢, in the sense of Definition [2.1.1]

A fibered version of Exercise [3.5.5 (1.5.1.12) proves the following:

3.5.6. Proposition (1.5.2.6). A limit of a diagram d: 1 — A7 defines a terminal element
in the oo-category A L d — A of cones over d. Conversely, a terminal element in the
oo-category of cones defines a limit for d.

3.5.7. Remark. The oo-category of cones in A over any J-indexed diagram is the comma
A} A7 — A7 x A. Pulling back along an element d: 1 — A’ defines the oco-category
A | d of cones over d. The defining simplicial pullback for A | A7 reveals that it
is isomorphic to the simplicial cotensor AA%I , where “¢” is Joyal’s “fat join” construction.
For any pair of simplicial sets I and .J, there is a weak equivalence [ ¢ J —— [ % J in
the Joyal model structure under the disjoint union I [[J from the fat join I ¢ J to the
join I % J. Taking cotensors, this induces a fibered equivalence A2 —~5 A | A7 over
A7 x A, which pulls back to define an equivalence A,y —— A | d between Joyal’s slice
oo-category and the oo-category of cones over d; see §1.2.4. This is the geometrical basis for
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the proof that characterization of the limit of a diagram valued in a quasi-category given
in Definition and re-expressed by Proposition agrees with the Joyal’s original
definition (1.5.2.8).

3.6. Model independence of basic oo-category theory. We have seen that comma
oo-categories can be used to encode various universal properties including;:

e the existence of an adjunction between a pair of functors u: A — Band f: B— A
e the property that an element £: 1 — A defines a limit for a diagram d: 1 — A’

We will now see that any categorical property that can be captured by the existence of a
fibered equivalence between comma oco-categories is “model independent” in the sense that
it is preserved by any functor of co-cosmoi and reflected by those functors that define weak
equivalences of oo-cosmoi.

Recall, a functor of oo-cosmoi F': K — L is a simplicial functor that preserves the limits
listed in and the class of isofibrations, and hence also the classes of equivalences
and trivial fibrations. A functor F: K — L of oco-cosmoi induces a 2-functor hF' :=
ho,F': hIC — hL between their homotopy 2-categories.

3.6.1. Proposition (V.2.3.10). A functor F: K — L of co-cosmoi induces a 2-functor
bF: b — HL between their homotopy 2-categories that preserves adjunctions, equiva-
lences, isofibrations, trivial fibrations, groupoidal objects, products, and comma objects.

Proof. Any 2-functor preserves adjunctions and equivalences. Preservation of isofibrations
and products are direct consequences of the hypotheses in Definition recall that
the class of trivial fibrations in this intersection of the classes of isofibrations and equiva-
lences. Preservation of groupoidal objects is a consequence of the characterization |3.2.2(iv)
Preservation of commas follows from the construction of , which is preserved by a
functor of co-cosmoi, and Lemma , which says that all commas are equivalent an
oo-category constructed by the simplicial pullback formula. Il

3.6.2. Definition (weak equivalences of co-cosmoi). A functor F': L — L of oco-cosmoi is
a weak equivalence when it is:

(a) surjective on objects up to equivalence: i.e., if for every X € L, there is some A € K
so that FA~ X € L.

(b) a local equivalence of quasi-categories: i.e., if for every pair A, B € K, the map
Fun(A, B) == Fun(F A, FB) is an equivalence of quasi-categories.

3.6.3. Example. The following define weak equivalences of oo-cosmoi:

e The underlying quasi-category functor Fun(1,—): CSS — qCat that takes a complete
Segal space to its 0'' row (see example 1V.2.2.5).

e The functor t': qCat — CSS defined in example 1V.2.2.6.

e The underlying quasi-category functor Fun(1l, —): Segal — qCat that takes a Segal
category to its 0'' row (see example 1V.2.2.7).

e The functor d,: qCat — Segal defined by Joyal and Tierney [JT].

e The underlying quasi-category functor Fun(1, —): sSet; — qCat that carries a naturally
marked simplicial set to its underlying quasi-category (see example 1V.2.2.8).
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e The functor (—)*: qCat — sSet, that gives a quasi-category its “natural” marking.
e The functor CSS — Segal that “discretizes” the Oth space of a complete Segal space.
This commutes with the underlying quasi-category functors.

3.6.4. Proposition. If I' is a weak equivalence of oo-cosmoi, then the induced 2-functor
hE: I — L
(i) defines a biequivalence hF: BIC — HL: i.e., the 2-functor hF is surjective on ob-
jects up to equivalence and defines a local equivalence of categories hom(A, B) =
hom(F A, FB) for all A,B € K.
(71) induces a bijection between isomorphism classes of parallel functors: for all A, B €
K, the functor hom(A, B) — hom(F A, FB) induces a bijection on isomorphism
classes of objects.
(111) preserves and reflects groupoidal objects: A € K is groupoidal if and only if FA € L
s groupoidal.
(iv) preserves and reflects equivalence: A ~ B € K if and only if FA~ FB € L.
(v) preserves and reflects equivalences: f: A — B € K is an equivalence if and only
if Ff: FA— FB € L is an equivalence.

(vi) preserves and reflects comma objects: given E — C' x B and C % A L Bin IC,
then E ~ flg over Cx B if and only if FE ~ Ff|Fg= F(flg) over FCx FB.

Proof. The homotopy category functor ho: qCat — Cat carries equivalences of quasi-
categories to equivalences of categories; thus, the local equivalence of quasi-categories
Fun(A, B) == Fun(F'A, F'B) descends to an equivalence of hom-categories hom(A, B) —
hom(F' A, FB), proving . Any equivalence of categories induces a bijection between iso-
morphism classes of objects, proving . A category is a groupoid if and only if it is
equivalent to a groupoid, so |(iii)| follows similarly, via Definition .

The preservation halves of |(iv) holds for any functor of co-cosmoi, as observed in
Proposition m The reflection halves of and ld for any biequivalence, by a
standard argument. The proof of the remaining half of is similar to the proof of
using the fact that the local equivalence of mapping quasi-categories pulls back to define
a local equivalence of fibered mapping quasi-categories

Fung(E, E') > Fun(E, E')
4 ey ‘ T~
Funpp(FE, FE') Fun(FE, FE')
_
A° Fun(E, B)

\AO —

> Fun(F'E, FB)

The assertion made in [3.6.4[vi)| can be strengthened, using Lemma [3.1.6}
3.6.5. Ezercise. Show that:
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I fEf:B—>Aandg=g:C — A then flg~ f'| ¢ over C x B.
Combine this with Lemma V.2.3.6, which says that a commutative diagram

C’L>A’<f—B’

b

induces an equivalence f | g == f'| ¢ over ¢ x b: C' x B’ = C x B, to conclude:
(ii) If £ — C x B is an isofibration in K whose image under a weak equivalence of
oo-cosmoi F': K — L defines a comma oo-category for some pair of functors in L,
then F — C' x B defines a comma oo-category in K.

3.6.6. Theorem (model independence of basic category theory I). The following notions
are preserved and reflected by any weak equivalence of oo-cosmoi:
(i) The adjointness of a pair of co-functors f: B — A and u: A — B.
(1) The exzistence of a left or right adjoint to an co-functor u: A — B.
(11i) The question of whether a given element £: 1 — A defines a limit or a colimit for
a diagram d: 1 — A7,
(iv) The existence of a limit or a colimit for a J-indexed diagram d: 1 — A7 in an
oo-category A.

Proof. |(1)| and |(iii)| follow directly from Proposition
Propositions [3.3.2 [3.5.1) and [3.5.3] Then and |(iv)| follow, using to lift an

adjoint or limit element from £ to K and Exercise |3.6.5((i)| to transport the universal
property encoded by an equivalence of commas along isomorphic functors. O

3.6.4(vi)|, via the characterizations of

3.6.7. Remark. By definition, if F': I — L is a functor of co-cosmoi, A € K, and J € sSet,
then F(A7) @ FA7 € L. If K and L are cartesian closed oo-cosmoi and J € K, then
there is a natural functor F(A7) — FAT’  the transpose of the image of the evaluation
map A7 x J — A under F. If F is a weak equivalence of oco-cosmoi, then this map
induces a natural equivalence Fun(X, F(A”7)) —— Fun(X, FA/) for all X € L, and so
F(A7) ~ FAY. With more care, analogs of the assertions of Theorem [3.6.6(iii)| and |(iv)|
concerning limit and colimits of simplicial set-indexed diagrams can be proven for diagrams
indexed by another oco-category.

Lecture 4. FIBRATIONS, MODULES, AND KAN EXTENSIONS

A section of Saunders Mac Lane’s Categories for the Working Mathematician is famously
entitled “All concepts are Kan extensions.” Our aim in this final lecture is to develop the
theory of Kan extensions for functors between oco-categories.

At first glance, this might seem easy. After all, any 2-category has an internally-defined
notion of extension diagram.
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4.0.1. Definition. Given a span C' Lak B, a functor r: B — C and a 2-cell
A—t.B
<=v
iz
C
define a right extension of f along k if any 2-cell as displayed below-left factors uniquely
through v as displayed below-right:

At .B A—t.p
<X _ <:1//

fl/ ! =3

C C g

Dually, a functor ¢: B — C and a 2-cell \: f = (k define a left extension of f along k if
any 2-cell as displayed below-left factors uniquely through A as displayed below-right:

A—t.B A—Lt.B
AR P
/ 9 =3l
C C g

In the 2-category hCat, defines the usual right and left Kan extensions for functors
between ordinary categories. Special cases of these, in turn, define adjunctions (by a dual to
Exercise and limits and colimit (as right or left extensions of the diagram f: A — C
along the functor !: A — 1). However, in general it turns out that the universal property
expressed by this naive notion of right extension is insufficiently strong. In particular,
Definition [£.0.1], interpreted in the homotopy 2-category, does not define the correct notion
of Kan extension for oo-functors. Instead, the correction notion will be of pointwise right
Kan extensions.

In fact, we will give two equivalent definitions of pointwise Kan extensions, both of
which make use of comma oo-categories, our vehicle for encoding oco-categorical universal
properties. One of these could be stated immediately, but we instead delay it in order
to first develop the prerequisite theory for the other. Specifically, our aim will be to
describe the full universal property of the comma oo-category construction: namely that

an isofibration (p1,po): f 1 g = C x B constructed from functors C 9 4L B encodes a
module from C to B, with C acting covariantly “on the left” and B acting contravariantly
“on the right.” The calculus of modules describes the 2-dimensional structure into which
modules most naturally assemble, which turns out to be a familiar setting for formal
category theory, the scope of which includes pointwise Kan extensions.

4.1. Arrow oo-categories define modules. The prototypical examples of modules are
comma oo-categories. For simplicity, we specialize to the case of the arrow oco-category
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a

(p1,po): A2 = A x A. Lemma [3.1.5 describes its universal property: 2-cells X\@ A

b
with codomain A correspond to generalized elements §: X — A2, up to isomorphism over
A x A. By Lemma this universal property characterizes the arrow oo-category up to
equivalence of isofibrations over A x A. However, it does not capture the additional fact
that 2-cells from X to A can be composed vertically

xT

m
O~

X oA (h-g)-f=h-g-f=h-(g-f)
\&/
)

defining commuting contravariant and covariant actions on the domains and codomains
of the 2-cell g: a = b. Observe that the domain and codomain 1-cells for the 2-cell
g: a = b can be recovered as the composites of a representing functor §: X — A2 with
the projection functors: ppg = a and p;g = b. One way to express these actions is to
note that the domain-projection functor py: A2 — A and the codomain-projection functor
p1: A% — A respectively define a cartesian fibration and a cocartesian fibration: any 2-cells
as displayed on the left-hand side of the pasting equalities below admit lifts as displayed
on the right-hand sides:

g g
§ A g A
X 25 42 X s A2 X —25 42 X p A2
f ~_ m ~_
h po = [*(z) Po Y 1 = hs(y) P1
A A A A

Moreover, the lifted 2-cell x; can be chosen to project along p;: A% — A to id, and the
lifted 2-cell x" can be chosen to project along py: A% — A to id,.

In summary, the arrow co-category A2 defines a module from A to A. The definition
will make use of the fact that slices of co-cosmoi are again co-cosmoi.

4.1.1. Definition (V.2.1.6). If K is any oco-cosmos and B € K is any object, then there is
an oo-cosmos K, g, the sliced oo-cosmos of K over B, whose:

e objects are isofibrations p: £ — B with codomain B;

e mapping quasi-category from p: F — B to q: F' — B is defined by taking the pullback

Fung(p,q) — Fun(E, F)

LA [Funten

A Fun(E, B)
p

in simplicial sets;
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e isofibrations, equivalences, and trivial fibrations are created by the forgetful functor
K /B — ’C;
and in which the simplicial limits are defined in the usual way for sliced simplicial categories.

4.1.2. Definition. In an oo-cosmos IC, a module E from A to B, denoted by A 5B , 1
given by an isofibration (¢,p): F — A x B such that

F—“Y AxB

(i) q\y ) &/m is a cartesian fibration in K,4; informally, “B acts on the right

of £, over A.”
(a.p)

. E———AXB . . :
(ii) N\, / is a cocartesian fibration in K,p; informally, “A acts on the left
P o0

of E, over B.”
(ili) (¢,p): E — A x B is groupoidal as an object in IC/4x ; this means that any 2-cell
/% . N . . . S . .
X \%}{ E over an identity in A X B is an isomorphism, which implies in particular

e/

that (¢,p): F — A x B has groupoidal fibers.
4.1.3. Example (V.3.1.4). For any oco-category A, the arrow oo-category defines a module

2
A4S A The fact that 42 — A x A is groupoidal is related to but stronger than the
fact that each fiber over a pair of elements in A, the hom-spaces of Definition [3.2.1], is a
groupoidal oo-category.

4.2. Cartesian and cocartesian fibrations. To explain Definition we need to
define what it means for a functor in an co-cosmos to be a cartesian fibration or cocartesian
fibration. We will not actually require any of these details for out ultimate aim in this
lecture, to initiate the theory of pointwise Kan extensions, but we include them because
these fibration notions are of independent interest.

4.2.1. Definition (cartesian 2-cells). A 2-cell x: ¢ = e: A — FE in the homotopy 2-
category of an oo-cosmos is cartesian for an isofibration p: E' — B if and only if
(i) (induction) for any pair of 2-cells 7: ¢” = e and v: pe” = pe’ with pr = px - v
there is some 7 : €’ = €’ with p7 = v (7 lies over ) and the property that 7 = x-7.
(ii) (conservativity) for any 2-cell v: €/ = €' if x - v = x and p~v is an identity then ~
is an isomorphism.

All isomorphisms with codomain F are p-cartesian. The class of p-cartesian 2-cells is
stable under composition and left cancelation (Lemmas IV.5.1.8 and IV.5.1.9).

4.2.2. Definition (cartesian fibration). An isofibration p: £ — B is a cartesian fibration
if and only if:
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(i) Every 2-cell a: b = pe has a p-cartesian lift y,: a*(e) = e:
X—5E X

« ~71
& lp = a*(e)
b
B

(ii) The class of p-cartesian 2-cells for p is closed under pre-composition by all 1-cells.

UCHT@

Importantly, there is a “model independent” characterization of cartesian fibrations given
in terms of adjunctions between commas. Any functor p: F — B induces functors between
comma oo-categories

E E2
i E Lk 72
Blp = J-N Blp = Ve
TN E——D8 Vo N\ E—p—B
E——B ES 2B

that are well-defined up to isomorphism over £ x B.

4.2.3. Theorem (IV.4.1.10). For an isofibration p: E — B, the following are equivalent:

(i) p is a cartesian fibration.
(1) The functori: E — B | p admits a right adjoint which is fibered over B.

Blp<Z_ L _TSE

A

B

(iii) The functor k: E? — Blp admits a right adjoint right inverse, i.e., a right adjoint
with invertible counit.

Bip/—\

T

Cocartesian fibrations are defined dually, by reversing the direction of the 2-cells in
Definition and of the adjoints in Theorem [£.2.3] A cartesian or cocartesian fibration
p: E — B that defines a groupoidal object in the sliced co-cosmos over B is called a
groupoidal cartesian fibration or groupoidal cocartesian ﬁbmtz’onﬂ A groupoidal cartesian
fibration is a cartesian fibration with groupoidal fibers. Condition of the following
theorem provides a “model independent” characterization of groupoidal cartesian fibrations.

4.2.4. Theorem (V.2.4.5). For an isofibration p: E — B, the following are equivalent:

151 the oo-cosmos of quasi-categories, these coincide with the right fibrations and left fibrations intro-
duced by Joyal [J]; see IV.4.2.9.
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(i) p is a groupoidal cartesian fibration.

(i1) Every 2-cell a: b= pe: X — B has an essentially unique lift x: ¢ = e: X — F,
where the essential uniqueness is up to composition into the domain of x with an
wnvertible 2-cell that projects along p to an identity.

(iii) The functor k: E? — B | p is an equivalence.

Recall that a functor F': K — L of oo-cosmoi induces a 2-functor between the ho-
motopy 2-categories that preserves equivalences, adjunctions, and commas, and if F is a
weak equivalence of oco-cosmoi, then these notions are also reflected; see Proposition
Proposition [3.6.4, and Theorem It is straightforward to extend Theorem to
see that the existence of a right adjoint right inverse is preserved and reflected as well. By

Theorem and Theorem we conclude:

4.2.5. Corollary.

(i) Functors of co-cosmoi preserve cartesian fibrations, cocartesian fibrations, group-
oidal cartesian fibrations, groupoidal cocartesian fibrations, and modules.

(1) Weak equivalences of co-cosmoi both preserve and reflect cartesian fibrations, co-
cartesian fibrations, groupoidal cartesian fibrations, groupoidal cocartesian fibra-
tions, and modules: an isofibration in the domain is a functor of this type if and
only if its image 1s.

Proof. The preservation and reflection of a module from A to B follows from the statements
concerning fibrations together with Propositions [3.6.1] and [3.6.4|(iii)| applied to the sliced
functor of oco-cosmoi K/axp — L/raxrs- O

4.3. The calculus of modules. The calculus of modules between oo-categories bears
a strong resemblance to the calculus of (bi)modules between unital rings, with functors
between oo-categories playing the role of ring homomorphismsm

unital rings A oo-categories
A
ring homomorphisms fl oo-functors
B
bimodules between rings A —%+ B modules between oo-categories
A B
module maps aJ/ 4 lb module maps
A —— B

161y more detail, unital rings, ring homomorphisms, bimodules, and module maps define a proarrow
equipment, in the sense of Wood [W]. This can be seen as a special case of the prototypical equipment
comprised of V-categories, V-functors, V-modules, and V-natural transformations between then, for any
closed symmetric monoidal category V. The equipment for rings is obtained from the case where V is the
category of abelian groups by restricting to abelian group enriched categories with a single object.
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Our first result, analogous to restriction of scalars, is that modules can be pulled back.

4.3.1. Proposition (V.3.1.6). If (¢,p): E — A x B defines a module from A to B and
a: A" = A and b: B' — B are any functors then the pullback

E(bja) —— E

l _I l(q,p)

A ' x B W Ax B
defines a module E(b,a) from A’ to B'.

4.3.2. Example. Recall that comma oo-categories are defined to be pullbacks of arrow
oo-categories.

flg—— A2
|
(p1,p0) (p1,po)

OXBWAXA

2
Since we know from Example [4.1.3 that A2 defines a module A A5 A , Proposition 4.3.1

implies that f | g defines a module C ﬁ—% B.

As is the case for rings, horizontal composition of modules between co-categories is a

complicated operation. For general modules A 5B and BHC , the pullback
E XB F

1 ™o

J&J&

defines an isofibration £ xg F' — A x C' that is a groupmdal cartesian fibration in the slice
over A and a groupoidal cocartesian fibration in the slice over C'. However, it fails to be
a groupoidal object over A x C, as can be seen by considering the case E = F = A2, We
use the notation F x g F' to denote this pullback construction, reserving £ ®p F' for special
cases in which there is a module from A to C' that can be recognized as the horizontal
composite. For particular types of co-categories, general composite modules F ®pg F' can
be defined via a “fiberwise coinverter” construction, but to do so requires that we leave the
oo-cosmos axiomatization, which does not provide for any colimits.

Rather than leave the axiomatization in search of a general composition formula, it
turns out to be simpler to do without it. There is a natural categorical framework into
which modules assemble, even without general horizontal composites, that turns out to
be sufficient for our real goal: developing a theory of pointwise Kan extensions. Rings,
ring homomorphisms, modules, and module maps assemble into a 2-dimensional structure
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known as a double category. By analogy, oo-categories, oo-functors, modules, and module
maps, to be introduced assemble into a virtual double category.

4.3.3. Definition (V.4.1.10). The virtual double category of modules Mod,- in an co-cosmos
IC consists of
e a category of objects and wvertical arrows, here the oo-categories and oo-functors

e for any pair of objects A, B, a class of horizontal arrows A —» B, here the modules
from A to B
e cells, with boundary depicted as follows

Ap s Ay I Sy 4, (4.3.4)
fl 3 lg
By 5 By

including those whose horizontal source has length zero in the case Ay = A,, which we
depict as

A——==A (4.3.5)
fl ! lg
By —}—> B

Here, a cell with boundary (4.3.4]) will be an isomorphism class of objects in the mapping
quasi-category

Funfvg(El XAy XA,y EmF) - FUH(El XAy XA, ETL?F)
[~ |
A° FUﬂ(El XAy XA, En>BO X Bl)

Similarly a cell with boundary (4.3.5)) is an isomorphism class of objects in Funy 4(A, F').
e a composite cell, for any configuration

(f.9)

Ell,...,Elnl E217-~~7E2n2 Enla---vETL’ﬂn

AO .......... [ S Al .......... [ Se e e [N An
fol 4 lfl 4 4 lfn
By F11 B FI2 Fln B,
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e an identity cell for every horizontal arrow

A B
| s |
A —}5—> B

so that composition of cells is associative and unital in the usual multi-categorical sense.

The following examples motivate our definition of module maps, i.e., cells in the virtual
double category Mod.

4.3.6. Example. Lemma [3.1.5] which expresses 1-cell induction as a bijection between
isomorphism classes of maps of spans whose codomain is a comma span and certain 2-cells
in the homotopy 2-category, provides an alternate characterization of cells in the virtual
double category of modules whose codomain is a comma module. Explicitly, for any cospan

c%Aadp , there is a bijection between cells in Mod,- whose codomain is the comma

module C' ﬁ—% B and 2-cells in the homotopy 2-category h/XC under the pullback of the
spans encoding the domain modulesE| and over the cospan defining the comma module

flg.

Ey xa, - Xa, , By

N
Ay A,
Cl =S lb
C B
N | 7

4.3.7. Ezercise. Use the correspondence described in Example to define canonical
nullary and unary cells in Mod,- associated to any functor f: A — B.

AO | Al ; | A

3

P
=
o
¢

s B

f‘lg

A—— A A2 B Ae—— A B 4

| w s e | || | v s

A—— B B—— B B—— A B—— B
Blf B2 fiB B2

1"In the case of a cell with nullary source A, this empty pullback corresponds to the identity span
A=A=A
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4.3.8. Example (V.3.2.4). Any functor f: A — B induces a map

t A
B, = /N
<o A —B
A———B

over A x B. Then for any module E from A to B, pre-composition with t: A — B | f
induces an equivalence of quasi-categories

Funaxg(Bl f, E) = Funaxp(A, E).

This result is a direct application of the Yoneda lemma for groupoidal cartesian fibrations
(IV.6.2.13) in the slice oo-cosmos K,4. Passing to isomorphism classes of objects in the
mapping quasi-categories, this result asserts that there is a bijection between cells in Mod

A2 B A——A
|« 5 b
A_}E_>B A_,J;_>B

implemented by restricting along the nullary cell v, as defined in Exercise [4.3.7] represented
by the functor t: A — B | f.

Proposition tells us that modules in an oo-cosmos can be pulled back. Given

A5 B and functors a: A’ — A and b: B’ — B, the horizontal functor p: E(bja) - E
in the diagram defining the pullback module

E(b,a) —2—FE (4.3.9)
(q’,p’)l - l(qm)
A x B — Ax B
defines a unary cell in the virtual double category of modules with a universal property
that we now describe.
4.3.10. Proposition (V.4.2.2). In Mody., the cell

A2

1w |

A—}g—> B
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defined by pulling back a module AL B along functors a: A* — A and b: B — B has
the property that any cell as displayed on the left

Xy xy, P A
Xy x, e e fl = lg
afl I by = A o) . B’
A }; B al Up b
A 4 » B

factors uniquely as displayed on the right.
Proposition [£.3.10] asserts that p is a cartesian cell in Mod.

Proof. The simplicial pullback (4.3.9)), induces an equivalence of hom quasi-categories
Fungfpg(E1 X -+ X B, E) >~ Fung (B x -+ X E,, E(b,a)). O

Each module A iﬁi A defined by the arrow construction comes with a canonical cell
with nullary source. Under the identification of Example [4.3.6] this cell corresponds via
1-cell induction to the isomorphism class of maps of spans representing the identity 2-cell
at the identity 1-cell of the object A.

A

A=—=A A lj

D - A

A_A|2_>A A p1g<=¢2po
A

This cell also has a universal property in the virtual double category of modules.

4.3.11. Proposition (V.4.2.4). Any cell in the virtual double category of modules whose
horizontal source includes the object A, as displayed on the left

x A A At Iy
X 5 ... f|’7l> A _}T1_> . 5(1) Y ‘ Yidp, || || Vidg, || W ‘ Yidpy |- |[Vidg,
| ; o= xS matanl ey
B é;' s C fl 43 lg

B é C

factors uniquely through v as displayed on the right.
Proposition asserts that ¢ is a cocartesian cell in Mod.
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Proof. In the case where both of the sequences F; and F}; are empty, the Yoneda lemma for
modules, in the form described in Example[1.3.8] supplies an equivalence of quasi-categories

Funfvg(Azu G) = FunAXA(A27 G(g7 f)) i_*> FunAXA(A7 G(ga f)) = Fun.ﬂg(Aa G)

This equivalence descends to a bijection between isomorphism classes of objects, i.e., to a
bijection between cells

A4 A A—A
f 4 lg = l g

implemented by restricting along the cocartesian cell ¢. See V.4.2.4 for the proof in the
general case. O

Propositions [4.3.10] and [4.3.11] imply that the virtual double category of modules is a
virtual equipment in the sense introduced by Cruttwell and Shulman [CS| §7].

4.3.12. Theorem. The virtual double category Mody of modules in an oo-cosmos K is a
virtual equipment: i.e., Mod, s a virtual double category such that

(i) For any module and pair of functors as displayed on the left, there exists a module

and cartesian cell as displayed on the right satisfying the universal property of

Proposition [{.3.10,
A B A 20 g
al lb 2 al Up lb
A —= B A —= B

(11) Every object A admits a unit module equipped with a nullary cocartesian cell sat-
isfying the universal property of Proposition|].3.11.

A=—=A

—|—> A

The virtual equipment of modules in K has a lot of pleasant properties, which follow
formally from the axiomatization of a virtual equipment. For instance, certain sequences
of composable modules can be said to have composites, witnessed by cocartesian cells as

in Proposition [4.3.11] (see V.4.3.9, V.4.3.13, V.4.4.5, and V.4.4.7). Also, for any functor
f: A— B, the modules A E\i—{ B and B ﬁl—% A behave like adjoints is a sense suitable to

B
a virtual double category; more precisely, the module A —Ii—j; B defines a companion and
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the module BL5 A defines a conjoint to f: A — B (see V.4.4.2 and V.4.4.3). Another
formal consequence of Theorem [£.3.12] is the following:

4.3.13. Lemma (V.4.4.11). For any pair of parallel functors there are natural bijections
!
between 2-cells A /ll\rl B in the homotopy 2-category and cells
~_~7
g

AL B AN A B2 A

H H | v s | v

A B B—i B B—i— A
B

in the virtual equipment of modules.

It follows from Lemma and the cited results about composition of modules that
there are two locally-fully-faithful homomorphisms hC — Mod, and HP — Mod,- em-
bedding the homotopy 2-category into the sub bicategory of Mod,- comprised only of unary
cells whose vertical boundaries are identities; the latter homomorphism is contravariant on
both 1- and 2-cells as signaled by the “coop.” The modules in the image of the first ho-
momorphism are the covariant representables and the modules in the image of the second
homomorphism are the contravariant representables. We refer to these as the covariant
and contravariant embeddings, respectively.

4.4. Pointwise Kan extensions. We are now close to achieving our goal, definitions
of pointwise Kan extensions between oo-categories. By Proposition [£.3.10 any cell in
the virtual equipment of modules can be represented uniquely as a cell between parallel
sequences of modules, which we display inline as Ey X4, --- X4, , £, = E, where E is a
module from A to B and Ei,..., E, is a composable sequence of modules starting at A
and ending at B.

4.4.1. Definition (right extension of modules). In the virtual equipment Mod,- of modules,
a right extension of a module A RIe; along a module A5 B s given by a module

B-LC together with a cell v: K xg R = F so that for any composable sequence of

modules Fi, ..., E, from B to C, composition with v defines a bijection
A—rF B
‘ e ‘ P
P =X Al = e Al
| = 1/
Céep Ay C 4

In the case where the modules A -5 B , Al C , and B 5 ¢ are all covariant
representables, the Yoneda lemma, in the form of Lemma [4.3.13] implies that the binary
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cell v: K xp R = F arises from a 2-cell in the homotopy 2-category. The following lemma,
whose proof is left as an exercise, asserts that this 2-cell defines a right extension in K in

the sense of Definition [4.0.11

4.4.2. Lemma (V.5.2.2). Ifv: BlkxgClr = C|f displays B Eﬁ_ﬁ C' as a right extension

of A gﬂ C along A EI& B in Mody, then v: rk = f displays v as the right extension of
f along k in HIC.

A% B A+, B

| =/ - l*:/
UL oy oo
C C

4.4.3. Definition (stability of extensions under pasting). In any 2-category, a right exten-
sion diagram

A-tsp
<=V
e
C
is said to be stable under pasting with a square
D"
gl <A

A

E
|
B

if the pasted diagram
D

|

A
17
C

displays rb as a right extension of fg along h.

E

(=

B

N

The following proposition defines pointwise right Kan extensions for oo-categories:

4.4.4. Proposition (V.5.2.4). For a diagram

ALB
<=V
fl/
C

in the homotopy 2-category of an oo-cosmos KC the following are equivalent.
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(i) v: rk = f defines a right extension in HiC that is stable under pasting with comma

squares.
(i) The imagev: Bl k xgClr= C/| f of v under the covariant embedding hIC —
Mod,- defines a right extension in Mod.

There are other equivalent conditions, one of which says that pointwise right Kan ex-
tensions are right extension diagrams that are stable under pasting with a larger class of
exact squares in hIC. Exact squares, which are characterized using the virtual equipment
Mody, can also be used to define fully faithful functors of co-categories (see V.5.2.7) and
initial and final functors between oo-categories (see V.5.3.5).

Definition can be dualized, by turning around the 1-cells but not the 2-cells, to

define a right lifting C 25 B of amodule C -5 A along a module B X5 A In the case,
where all three modules are contravariant representables, the Yoneda lemma, in the form
of Lemma [£.3.13] implies that the binary cell v: r | C' xp k] B = f ] C arises from a 2-cell
v: f = rk in the homotopy 2-category, which defines a left extension in hX in the sense
of Definition [A.0.1]

The dual to Proposition defines pointwise left Kan extensions for oco-categories:

4.4.5. Proposition. For a diagram
At B
=V
f T
C
in the homotopy 2-category of an co-cosmos IC the following are equivalent.

(i) v: f = rk defines a left extension in HKC that is stable under pasting with commas
squares.

(11) The image v:r | C xp k| B = f | C of v under the contravariant embedding
hICOP — Mody defines a right lifting in Mod.

Recall Definition [2.2.9; in a cartesian closed co-cosmos, the limit of a diagram d: J — A
is a element /: 1 — A equipped with an absolute right lifting diagram

A
|
A
“
d

(4.4.6)

1—— A7

Here the 2-cell v encodes the data of the limit cone.

4.4.7. Proposition (V.5.3.4). In a cartesian closed co-cosmos K, any limit (4.4.6) defines

a pointwise right Kan extension
J——1
v
d
¢

A
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Conversely, any pointwise right Kan extension of this form transposes to define a limit
[EZ0) in A

Proposition [4.4.7] suggests the way to extend the definition of limits and colimits of
diagrams indexed by oco-categories to non-cartesian closed co-cosmoi.

4.5. Model independence revisited. We conclude with some remarks concerning the
model independence of these notions. Note that a functor of co-cosmoi F': X — £ induces
a functor of sliced oo-cosmoi F': K,p — L/rp for any B € K.

4.5.1. Proposition. Suppose F': I — L is a weak equivalence of oo-cosmoi. Then the
induced functor F': K/p — L/pp 1s also a weak equivalence of oo-cosmos.

Proof. We first argue that the functor between slices defines a local equivalence of sliced
mapping quasi-categories, as defined in Given a pair of isofibration p: F — B and
p': E' — B in K, the induced functor on mapping quasi-categories is defined by

Fung(p,p’) Fun(E, E')
R ‘ T~

Funps(FE, FE') Fun(FE, FE')
]
A? \ > Fun(E, B)
\ A Fun(FE, FB)

As the maps between the cospans in qCat are equivalences, so is the induced map between
the pullbacks.

For surjectivity up to equivalence, consider an isofibration ¢: L — F B in L. As F is sur-
jective on objects up to equivalence, there exists some A € K together with an equivalence
1: FA = L € L. As F defines a local equivalence of mapping quasi-categories, there is
moreover a functor f: A — B in L so that F'f: FA — FB is isomorphic to ¢gi in h£. The

map f need not be an isofibration, but |1.2.1(e)| allows us to factor f as A = K L. B.
Choosing an equivalence inverse j: K —— A, the result defines a diagram in h£ that does
not commute on the nose but which does commute up to isomorphism.

i\L

FE -2 pat
FB

Now a basic fact about isofibrations in an oo-cosmos that we have not had occasion to
mention is that they define isofibrations in the homotopy 2-category. An isofibration in a
2-category is a 1-cell that has a lifting property for isomorphisms with one chosen endpoint;
see IV.3.1.3 and IV.3.1.4. In particular, as q: L — F' B defines an isofibration in hL, we
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may lift the displayed isomorphism along ¢ to define a commutative triangle:

i . i-Fj

gpl & _ -

N NN
FB FB

As e is isomorphic to an equivalence i - F'j, it must also define an equivalence, whence
we have shown that the isofibration p: K — B maps under F' to an isofibration that is
equivalent to our chosen ¢: L — FB. O

By Proposition [3.6.1] and Corollary a functor F': L — L of co-cosmoi induces a
functor of virtual equipments F': Mod, — Mod ,; the important point here is that modules
and simplicial pullbacks are preserved.

4.5.2. Proposition. If F: K — L is a weak equivalence of oo-cosmoi, then the induced
functor F': Mod, — Mod, defines a biequivalence of virtual equipments: i.e., it is

(i) surjective on objects up to equivalence;

(i1) locally bijective on isomorphism classes of parallel vertical functors;
(1) locally bijective on equivalence classes of parallel modules;

(iv) locally bijective on cells.

Proof. [(i)] and are restatements of Proposition [3.6.41)] and [(if)] The proof of is
more subtle. Corollary [£.2.5] tells us that the property of an isofibration £ — A x B in K

defining a module is both preserved and reflected by F'. An argument similar to that given
in the proof of Proposition shows that the weak equivalence of co-cosmoi F': K axp —
L/ raxrp creates modules, and of course also preserves and reflects equivalences. Finally
is an application of Proposition to this weak equivalence of co-cosmoi. U

4.5.3. Theorem (model independence of basic category theory II). Any basic co-categorical
notion that can be encoded as an equivalence-invariant proposition in the virtual equipment
of modules is model invariant: preserved and reflected by weak equivalences of oo-cosmoi.

We are only just beginning to explore the consequences of this result but they appear to
be quite strong. For instance, we can prove that any (large) quasi-category E that admits
limits and colimits of every diagram indexed by a small category defines a derivator

Cat? 2 qCat Loy Cat

in the sense of [H|; see V.5.3.10. The proof makes use of two (non-formal) facts that we
prove directly in gCat:

(i) For any pair of modules A 4% C and A5 B between quasi-categories, there
exists a right extension B RN

Clr
(ii) A module B JL €' is equivalent to a comma module B SE. ¢ for some functor
r: B — C between quasi-categories if and only if this property is true for the
modules obtained by pulling back along each vertex b: 1 — B.
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Now if K — qCat is any weak equivalence of oo-cosmoi, the biequivalence Mod, —
Mod, ., implies that also holds in L. Given a pair of modules in C form the right

2=>qCa
extension of their images in Mod, ¢, and use [4.5.(iii)| and |(iv)| to lift this module and the

universal cell to a right extension diagram in Mod,. Now if B 25 € is a module in K
that pulls back along all elements b: 1 — B to a represented module, then its image in
qCat also has this property, using to see that elements in B correspond to elements

in F'B up to isomorphism. The representing functor for the module FB IR FC between

quasi-categories lifts to a representing functor for B .
As a consequence, we conclude that in an oo-cosmos that is weakly equivalent to qCat,
any oo-category that admits limits and colimits of every small diagram defines a derivator.
By a similar argument, a related result — 1.6.1.8 — that says that universal properties in
hgCat are determined “pointwise” can also be generalized to weakly equivalent co-cosmoi.

REFERENCES

[BSP]  Clark Barwick and Christopher Schommer-Pries, On the unicity of the homotopy theory of higher
categories, 2013. arXiv:1112.0040

[CS] G. S. H. Cruttwell and Michael A. Shulman, A unified framework for generalized multicategories,
Theory Appl. Categ. 24 (2010), no. 21, 580-655.

[H] A. Heller, Homotopy theories, Memoirs of the American Mathematical Society 71 (1988), no. 383.
[J] A. Joyal, Quasi-categories and Kan complezes, Journal of Pure and Applied Algebra 175 (2002),
207-222.

[JT] A. Joyal and M. Tierney, Quasi-categories vs Segal spaces, Categories in Algebra, Geometry and
Mathematical Physics (StreetFest) (A. Davydov et al, ed.), Contemporary Mathematics, vol. 431,
American Mathematical Society, 2007, pp. 277-325.

[L] J. Lurie, Higher topos theory, volume 170 of Annals of Mathematics Studies. Princeton University
Press, Princeton, NJ, 2009.

[RV-I] E. Riehl and D. Verity, The 2-category theory of quasi-categories, Adv. Math. 280 (2015), 549-642,
arXiv:1306.5144

, Homotopy coherent adjunctions and the formal theory of monads, Adv. Math 286 (2016),
802-888. larXiv:1310.8279

[RV-III] | Completeness results for quasi-categories of algebras, homotopy limits, and related general
constructions, Homol. Homotopy Appl. 17 (2015), no. 1, 1-33. arXiv:1401.6247

, Fibrations and Yoneda’s lemma in an oco-cosmos, J. Pure Appl. Algebra 221 (2017),

no. 3, 499-564, |arXiv:1506.05500

, Kan extensions and the calculus of modules for co-categories, Algebr. Geom. Topol. 17
(2017), no. 1, 189-271, arXiv:1507.01460

[T] Bertrand Toén, Vers une aziomatisation de la théorie des catégories supérieures, K-Theory 34
(2005), no. 3, 233-263.

(W] Richard J. Wood, Abstract proarrows I., Cahiers de Topologie et Géom. Diff. XXTII-3 (1982),
279-290.

[RV-I1]

[RV-IV]

[RV-V]

DEPARTMENT OF MATHEMATICS, JOHNS HOPKINS UNIVERSITY, BALTIMORE, MD 21218, USA
E-mail address: eriehl@math. jhu.edu

CENTRE OF AUSTRALIAN CATEGORY THEORY, MACQUARIE UNIVERSITY, NSW 2109, AUSTRALIA
E-mail address: dominic.verity@mq.edu.au


https://arxiv.org/abs/1112.0040
http://arxiv.org/abs/1306.5144
http://arxiv.org/abs/1310.8279
http://arxiv.org/abs/1401.6247
http://arxiv.org/abs/1506.05500
http://arxiv.org/abs/1507.01460

	Lecture 1. Basic 2-category theory in an infinity-cosmos
	1.1. Formal category theory in a 2-category
	1.2. infinity-cosmoi
	1.3. The homotopy 2-category of an infinity-cosmos

	Lecture 2. Limits and colimits in infinity-categories
	2.1. Terminal elements
	2.2. Limits
	2.3. Colimits
	2.4. Arrow infinity-categories

	Lecture 3. Comma infinity-categories and model independence
	3.1. The weak 2-universal property of comma infinity-categories
	3.2. Hom-spaces and groupoidal objects
	3.3. Commas representing functors
	3.4. Commas and absolute lifting diagrams
	3.5. Adjunctions, limits, and colimits via commas
	3.6. Model independence of basic infinity-category theory

	Lecture 4. Fibrations, modules, and Kan extensions
	4.1. Arrow infinity-categories define modules
	4.2. Cartesian and cocartesian fibrations
	4.3. The calculus of modules
	4.4. Pointwise Kan extensions
	4.5. Model independence revisited

	References

